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INPENUCJIOBHE K TPETBEMY HN3/1AHMNIO

B TperneMm m3pannu go0aBneHa riaBsa 3, BKoTopo# obcy-
NAI0TCA Ba)kKHEEHMINEe YCJOBUA KOHEYHOCTH — IIePHOAMIHOCTE
M JOKAJbHASL KOHEYHOCTh, YCJIOBHA MHWHHUMAJIBLHOCTH M MAaK-
CHMAJIbHOCTH, yCIOBHe KOHEYHOCTH panra. Ecrp maMemenmsa
M B IpYTHX 4YacTAX KHWTH, MHOITA MOBOJLHO 3HAYHATEJBHHE,
Bo n36e;xagne IyTaHANH NPOBOJNTCA Y€TKOE PA3IAINE MEKIY
cTenenpl (rpynnosl, cBoGogHEOR B MHOroo06pasumu), pasmMepHO-
cTei0 (abeneBoit TPyNOH) A PAHTOM T'PYINIH.

CeropmHsi, Korma A IOHUIIY 5TO WPEIHUCJIOBHE, HMCHIOJIHFETCS
nATH JieT co A KoHuYMHK Muxamna NsanoBuua HapramosmoBa.
Bxiaoyerme B KHETY TeopemMun 25.2.1, «mambosee riryboxoit
N3 TeopeM o paspemuMbx rpymnmax» [43],— maHp ero cBer-
JO# ITAaMSATH.

I 6naropaper B. fA. baomummmay, 0. M. I'opuaxosy,
B. JI. Maayposy, [O. B. CocHoBckomy, B. A. Uypkury mu
B.II. IllysxkoBy, Gecens! ¢ XoTOpHMH IOMOINIHN MHe B pabore.

HoBocu6BpcK, AKaieMropofok, 10. A. Mepsaskos
20 geBpansa 1981 r.

n3 IPEANCJIOBAA KO BTOPOMY HN3JAHMIO

Hacrosimee uspaane oTINYAeTCA OT MPEANAYIIET0 OTHENb-
HLIMH M3MeHEHWAMHM B PasHHX MecTax KHHUTH. bojabme Brn-
MAaHMA yHeJeHO, B YaCTHOCTH, NOJHIAKJINYECKAM A JIOKAJBEHO
OOJMOMKJINYECKUM TIpynIlaM — CaMHM eCTeCTBeHBRIM 0000-
DIeHNUAM KJIACCHYECKOT0 MOHATHA KOHEYHOH pas3pemmuMoin

CpyIIH.
Asmopbi

HoBocuGmApcK, AKajeMropoyox,
14 samBapsa 1976 r.
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N3 NPEANCIOBAA K HEPBOMY N3TAHNIO

JTa KHATA — 3aIACKH JEeKIM#E 110 TeopuH Ipynm, YUTAH-
guX aBTopamMm B HoBocmbGmpckoM yHHBepcuTere B 1968 —
1970 rr. My xoTedH H3I0KUTH MMEHHO OCHOBHI, HE BIaBaAChH
B feTaau u o6xofs Tpsicury oboOmernmit. HageeMcesa, uto cry-
IeHT, JKeJamMi 3aEUMaThCA TeopHell Ipynn X No3HAKOMUB-
ImuiCA WO STHM 3amuCKaM C eée OCHOBaM®, CMO3KeT ObICTpo
nepedT! K YTeHHIO CIeNUaNbHOU JUTEPATYPH 0 u3OpaHHOMY
BOIIPOCY.

Mu cTapajmCh He mepecTymaTh I'PAHHIY MeRIY a6CTpaKT-
HOIl M CXOJIaCTHYECKO#l TeopHe:l rpynu, 110 BO3MOKHOCTH IIO-
SICHAA BHICOKHE DOHATAA IPOCTHIMM OpuMepaMu. YeTnpe Tuma
OPAMEPOB COLPOBOKIAIOT M3JIOKEHHWO: YJHCJa OO CIoKe-
HOIO, 9MCJIA HO0 YMHOKEHHIO, HOACTAHOBKH M Marpuis. na
IIOEMMAHNA OCHOBHOTO TEKCTA NOCTATOYHO 3HAHMA obmero
Kypca anre6pe, B IpuMepax MHOTJA HCHOJb3YHTCHA (olee
cuneqHalbHHE cBepeHmA. [IpaMepn m ynpakHeHHA YacCTHIHO
ACHOJB3YIOTCA B OCHOBHOM TEKCTE, MOTOMY MX HOpPMYJIHPOB-
KM He CJIef[yeT IPONyCKATh OIPA YTeHUH, 4 PEIICHUE OTKJIAJBI-
BATh CJIMIIKOM HAaIOJTO.

B HeCKoAbKMX MeCTax OTMe4eHH HepPemeHHLEe BOIPOCH.
Hocratouno mosnHOe coGpanume TAKAX BONPOCOB, OTPAXKAKIIEE
MHTEpPEeCH IMWPOKOTO KPyra CHEIMAJHMCTOB IO Teopwu I'pymm,
MOKHO HaUTH B mociefHeM H3ganmu «HoypoBcko# TeTpanm.

Aemopu
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BBEJTEHUE

IToueMy xBajpar Kaxercs HaM CHMMETPHYHO® ¢HUrypou,
Kpyr — eme OGoxee cmMMeTpmuHOH, a mumdpa 4 coBceM He-
cumMmeTpuaHoid? UToOH OTBETHTH HA 3TOT BONIPOC, PACCMOT-
pPUM OBIPKEHHNA, CoBMemawmue ¢urypy ¢ Heio camoii. Jlerko
IOHATH, UYTO TAKUX ABWKEHWA NJA KBajpaTra CYmecTBYeT BO-
CeMb, N1f Kpyra — 0eCKOHeYHO MHOIO0, & AAA Hudpe 4 JAMb
OOHO — TOMKJECTBEHHOE, KOTOPOE OCTABJAET KaKAYI0 TOY-
Ky ¢urypsl na mMecte. MuoskectBo G pa3iIMYHHX JBIMKeHHH,
CaMOCOBMEM AI0IINX NAHHAYI0 GUIypy, M CIYKHT XapaKTepmc-
THUKo# Gonbmie#d miIKM MeHpIIEH €€ CHMMETPUYHOCTH: 9eM 60Jib-
me G, TeM cuMMerpuudee purypa. Qupenennm ra MHoecTBe &7
KOMIO3WIHIO, T. €. NefiCTBHe Ha)| ero 9JIeMEeHTAMH, IO CAERYIO-
ImeMy OpaBHIY: eClM Z, ¥ — JBa ABmWKeHna u3 &, To pe3yib-
TATOM HMX KOMOO3UOUM (MHOINA TOBOPAT «OPOHU3BEJEeHHEM?)
HA3HBAeTCA NBIMKEHNE Iy, PABHOCHJILHOE IIOCIEXOBATEJIb-
HOMY BHIIOJHEHMIO CHAYAJIA IBIKeHHUA X, 4 3aTeM JIBIDKeHNA Y.
Haopumep, ecim x, y — orpakeEns KBajgpara OTHOCHTEILHO
AMaroHalieif, To r-y — ero moBopoT okoyo mentpa Ha 180°.
OueBupao, KoMpo3uiusa Aa G 061a7aeT CHETYIOMAMU CBOMCT-
BamMn: 1) (zy) z = x (yz) nmaa nOOHX DdJIeMeHTOB X, Y, 2
u3 G, 2) B G cymeCTByeT TaKo# DJEMEHT e, 4TO X€ = ex = X
A goboro x w3 G, 3) ana mwboro x u3 G cymectByeT B &
TaKkoM pjeMenT z~ !, uro zz~! = 27 lx = e. JleiicTBHUTENLHO,
B Ka4ecTBe ¢ MOKHO B3AThH TOK/CTBEHHOE IBIDKEHAE, & B Ka-
YecTBe r~! — nBmKenme, ofparHOE X X, T. €, BO3BPAIIAKILEE
KOHIIYI0O TOYKY GHUTyps m3 HOBOTO HOJIOKeHHS B CTapoe.

OTBreueMcs Temepr or Hamero IpHMera M PacCMOTPEM
OpoM3BONIEHOE MHOKECTBO (, HA KOTOPOM 3afaHA KOMIO3H-
ouda, T. e. g Jo0b6WX ABYX 3JeMenToB X, ¥ U3 (7 onpeneler
9JieMeHT xy cHOBA m3 (. Eciim mpu 5ToM BHIOJIHAIOTCH yCI0OBHS
1),2), 3), To MHOKecTBO G ¢ 3aIaHHOR HA HEM KOMITO3WIMeil Ha-
SHBaeTcA epynnoii. I'pynnsl — oguH W3 OCHOBHBIX THIIOB



10 BBEJIEHHE

anre6pamyeCKHX CHCTEM, & TEOPHA TPYIN — OXMH M3 OCHOB-
HBIX pa3felloB COBpEeMeHHOH aixrebpHl.

ITorapobmiack pabora HECKONBKMX MOKOJEHWI MAaTeMa-
THKOB, 3aHABMAA B 00me# CI0KHOCTH 0KOJIO CTa JIET, IIPeXK e
4eM Hjes IPYUOH BHKPHUCTAJIM30BANACH C €€ CeTONHAIIHEH
acaocThio. Ot Jlarpasa, cTUXHMiAHO IIPAMEHABIIETO I'PYIIIE
HONCTAHOBOK JJIA pemeHus anre6pamuecKux ypaBHCHH#E B pa-
nuraiax (1771), wepes paborst Pydpduam (1799) m Abensn
(1824) k IBapuery T'amya, B paGotax xoroporo (1830) ymxe
JIOCTATOYHO CO3HATEIHLHO MCHONBL3YeTCHA Hied TPYIOE (UM Ke
BIIEPBHIE BBEJEH M CaM TEPMHH),— BOT OYTh, IO KOTOPOMY
pa3BMBajiaCh 3TAa HIeA B paMKax Teopum aarebpamvecKux
ypapuenmit. He3zapucmMo u mo gpyruM IpHImHEAM OHA BO3-
HOAKJIAa B TeoMerpmu, xorjga B cepemmie XIX B. Ha cMeRy
elNHOA AHTHYHOH FeoMeTPHM UPHILIN MHOTOYMCJISHHBIE «Teo-
METPHH» M OCTPO BCTAdA BoONpoC 00 YCTAHOBIEHWH CBA3EH W
POAICTBA MEKAY HUMH. Brxon OHI yKaszaH «JpIaHTEHCKOM
nporpamMmoiry Hiueitna (1872), monoxmBme# B oCHOBY Kiac-
cupAKAUN TeoMeTpHAd WOHATHE Tpynne mpeoOpa3oBaHW.
Tpernii MCTOYHMK MOHATHA Tpynusl — Teopmsf uymcen. OrMe-
TAM 37ech paGory Jiliepa o BHYeTax, OCTAIOMMAXCA IIPH Jeie-
aum creneneit (1761), m paGory I'aycca 0 xoMmos3wnue gBOMY-
HEIX KBagparmuueix dopm (1801).

Ocosraame B xoune XIX B. DpuHOIMIAAIBHOTO €IMHCTBA
TeOpPeTHKO-TPYNIOBHX HJeil, CymecTBOBABIIAX K TOMY Bpe-
MEHH He3aBHCMMO B PAa3HHIX 00JaCTAX MATeMAaTHKH, IPHBEJO
K BHpa6oTKe COBpEMEHHOT0 aGCTPAKTHOTO MOHATHA I PYINIH
(Komm, @pobernyc, Ban JIuK n mp.). IT0 ORI OFMH M3 CaMBIX
PaHHWX IIpuMepoB abGcTpaxTHOR anrefpamueckoi CHCTEMH .
OH mOCJTY:XHJI BO MHOTMX OTHONIeHWMAX 00pasnoM Opu mepe-
cTpoiike npyrux obsacredf ajreGpsl m Bcel MareMaTHKH Ha py-
6erxe XX B.— uX OyTh y:Ke He ObLI CTONb M3BUIMCTHM H TPY]-
HEIM. V3yuenne rpynn 6e3 mpejnosnokenns XoHEYHOCTH 1 Ge3
Kakux OH To HE OHLJIO MpPEANOJOKEHAH ¢ NPHPORe BIEMEHTOB
BOEpBHE 0fOPMUIOCH B CAMOCTOATONBHEYI0 00JacCTh MaTeMa-
TuKH ¢ BrixooM xrurn O. 0. IlImagra «AGeTrpakTHaA Teopud
rpyom  (1916).

HACTOAMmMEee BpeMA TeOpHA TIpynu ABAAeTCA ONHOA
B3 CaMhIX pas3BHUTHX o0jacreit anreGpH, MMelomesd MHOTOYNC-
JeHHHEe IMPUMEHEHNS KaK B CaMoll MaTeMAaTHKe, TAK M 3a ee
OpefejaMu — B TONOJOTHMHM, TEOPHUH GYHKOUE, KPHCTAIIO-
rpadgum, KBAaHTOBOH MeXaHHMKe W J[pyrmx o0JacTAX MaTeMa-
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TAKA B ecTecTBo3HannsA. Horeunoit nenpio co6cTrBeRHO TEOpHH
Ipynn ABAAETCA ONMCAaHHMEe BCeX TIPYINHOOBHX KOMIO3HI{MMA.

ITprBeeM HECROJBKO IPAMEPOB NpHMEHEeHNAA TPYNN B aj-
rebpe, B MaTeMaTnKe BooOIle W B €CTECTBO3HAHHH.

1. T'pyonwu I'anya. ComepsxanmeM KIacCHIeCKOR
treopun l'anya ABIAeTCA NMpHMeHeHHMe TEOPHH I'pYINHN K M3y-
yeHdl0 nojledl B ciegyomeMm ayxe. llyers K — KoHeuHoe,
cenapabennHOe M HopMalbHOe paclimpeHne Hous k. ABTOMOp-
¢uamel mons K, ocraBiasiomue dleMeHTH Hopunond k Hemos-
BIKHEIMH, 06pasyoT rpynny G oTHOCHTeIBRHO HX HOCIeR0oBa-
TeIbHOTO BhimolHeHns1. OHa HaswBaercsa epynnoi I'asya pac-
murpeans K/k. OcHoBHas TeopeMa teopnd 'anya yreep:xgaer,
970, ComocTaBiiAas Kakmod nopgrpynue H < G ee HemogBmx-
noe moxmone KH = {z|z & K, 2" = z gua Becex h = H},
MBI MOJYYMM aHTHUH30MOp(HOe oToOpaskeHHe pelleTKHA IOfi-
rpynn rpynnst G Ha pemeTKY DpOMeXYTOYHBIX HOIIOJel, 3a-
KnogeHHHX Mexny & u K. Pacmumpenne KH/k Torna u TonbpKo0
Torga 6yaer CHOBa KOHEeYHHM, cenapabelbHEIM B HOPMAIBHEIM,
Korga moarpynna H Hopmaxbaa B G, OpmdYeM B TOM ciIydae
cysxkeHme aBToMop¢uaMoB m3 G Ha KH Gypmer roMomMopdmamoM
rpynos G va rpynny lanya pacmupennss KH/k ¢ sgpom H.

IIpEnoxesne K BOHOpoOCY O pa3spellMMOCTH ypaBHeHHHA
B pajMKalax ocCyIecTBIsgeTcs clexyomuM oGpasoM. Ilycrs
/ — MHorounes or X mag nonem k, K — mone paslioykenusd f.
Ilyers G — rpynna 'anya pacmupenns K/k. Ona HasbiBaercs
rpyanoir T'amya Mmuorowiena f mam moineMm k (ee sleMeHTH
ecTecTBeHHHM 00pa3oM m300pakamoTcs mOACTAaHOBKAMH KOp-
Heil ypapHeHud f (X) = 0). OxasuBaercs, ypasuenue f (X) =
=0 rorga ¥ TONBKO TOTZA pemaercd B pafgMKalax, Korga
rpynna [anya MuorowileHa [ moilmuukiaMdYecKas.

Ananorom Tteopuu I'amya sBusercsa reopusa Iluxapa —
Beccmo, maygamomasi cpegcTBaME TeOPHH TPy paclipeHAS
RupPepeHORAJbHNX KOJIEl, W pemaiomas, B 4aCTHOCTH, BOI-
poc o paspemmMocTH AAGPepeHNHANLHRX ypaBHeHHAN B KBajl-
parypax. Ta pons, KoTopyio BTeopuu ['aslya MrpamoT rpyIms
noncramoBoK, B Teopud Iluxapa—Beccmo nDpmmapdexmr
alre6pamuyeCcKIM TIpynmaM MaTpHI.

B yrasamsmX mpumepax Ipynns BO3HHKalwT B (QopMme
I'Pynno aBTOMOPPH3MOB MAT€MaTHYeCKHUX CTPYKTYp. ITO HE
TOJBKO ofHAa M3 Ba)kHeHmMuX dopM, Ho U Boobme mpmcymas
TOIBKO Tpynnam ¢gopMa NpHAMeHeHHs, obecledmBalomas HM
ocoboe monoxienne B anrebpe. llemo B ToM, 9TO aBTOMOPHHM3-
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MBI IIPpOR3BOJBHHEX CTPYKTY P, TOBOpA cioBamu l'anya, Bcerga
MOKHO «TPYIIXAPOBAThH», TOI'Ka KaK OmpeeanTh Ha MHOKeCTBO
aBTOMOP}HU3MOB CTPOEHME KOJbIa MNA KaKoU-HAOYQb ApyTro#
MOJI€3HOH CTPYKTYPH YAaeTCA JUINE B CIeqUalbHEX CIylasax.

2. ToMonormaecknme Tpynnsu. Begymei
Aeed TEOpMH TOMOJIOTMA ABIAETCA IPHMeHeHHe TEOPHH.
(aGeneBhix) Ipynn K H3y9eHHI0O KaTelOPUH TOMOJOTHYECKHX
npocrpanctB. Raxgomy mpocrpamcrBy X comocramisercs
cemeiicTBo aGemeBux rpymua H, (X), Hy (X), ... u Kaxgomy
HenpepeBHOMY oTolOpaskermuio f: X — Y — cemeiicTBO romo-
Mopipusmos fp: Hp (X)—> H, (Y),n =0, 1, 2,... Hayue-
Hue roMojormueckux rpymn H, (X) m #X romoMopdusMoB
cpefiCTBaMul TEOPUH I'PylIO YacTO HO3BOJfeT peliETh HCXOf- |
HYI0 TOTOJOTHYeCKY0 3aavyy. THIOEYHHHA HOpEmep — 3agava
OpoROJUKEeHAsI: MOKHO Im oToOpaskenme g: A — Y, onpepe-
JeHHOe Ha mognpocTpaHCrBe A mpocrpancTBa X, OpPOLOIIKATE
Ha BC& X, T. e. OpeJCTAaBUTh § KAK CyNepHO3AMAIO BIOKEHAA
h: A > X ¥ HeKoTOpOro HeOpepHBHOTO OTOOpasKeHWA §:
X — Y? Ecau ga, 70 B TOMOJIOTHAX JOIKHO OHTEL 2, = Znfin,
T. €. KayKIuit roMoMopdusM g,: H,(A) - H, (Y) MmoxuO Dnpo-
nyctats uepes H, (X) ¢ saganHHM MHOMKHETeNeM An,. Ecam
oTa airefpamveckas 3ajada HepaspelimMma, 710, KOHEYHO,
M HMCXOJHAsg TOHDOJNOTMYEeCKAs 3ajada HepaspelluMa.

Taxkmm cmocofoM MOKHO MOJy4aTh Ba)KHHE IIOJOKHATEIb-
Hbie pe3yJabrarhl. B KawecTBe milOCTpalid HaMeTHM AOKa3a-
TEJHCTBO TeopeMH Dbpayspa o HenoaBHKHOH TOYKe: Kajoe
HenpepbiBHOe oTo0paykemme f n-MepHolo mapa £™ B cebn
o6nmagaer HenoxBMKHOA TouKo#. Ilycrs, Hanporms, f () 5= x
nasa Beex x & E™. IlpoBegeM Jiyd ¢ Ha9aJoM f(I) depes TO4-
Ky z. llyers oB mporwikaer cdepy S™ ! B Touke g (z). Oue-
BMJHO, § HeNPepPHBHO, TAK 9TO 3ajada NPOAOJLKEHHA TOHKJe-
CTBeHHOTO oToOpamenda g: S" ! — S™! go orobpaskenns
E™ — 8™ paspemmma. Ilpm n = 1 310 cpasy pmaer mporm-
Bopeuane. llycts n > 2. PaceMmorpuM TeopHio ToMoJIOTHH
¢ KodpPuuMeHTaMM HU3 TIpynnw / HeldHX 4uHceld. Torpa
Hn—-l (En) — 0? Hn-l (S‘n-l) - Zs hn—-l = Os En-1 = 1. HCHO,
9T0 Npom3BoRZHadA aiarefpamdeckasd 3ajada Hepas3pemmMa.
JTO CHOBa [aeT HPOTHBOpeuHe.

Fomoltoraueckme Ipynmosl WLITIOCTPUPYIOT APYrOM THIHY-
HHI OyTh HOpAMeHeHMA Tpynn — OyTh M3ydeHHMs Heaiarebpau-
9eCKHAX 00DbeKTOB ¢ IOMOMbI0 airedpaM4eCcKMX CHCTEM, OT-
paskainax mx mopbegenue. VIMEHHO TAKOB OCHOBHOH MeTOX
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anre0pamvecKod Tomosormm. BrnpoueM, amaloTHYHBIE MeETOJ,
@, B 9aCTHOCTHM, I'OMOJOTAYeCKHe TI'pYyHOH yCHemiHO MCIOIb-
3yIOTCA H IJs H3yYeHHd caMux alnrebpamdecKmx CHCTEM —
HaIpAMep, B TEOpUHM pacli¥MpeHHH I'pym.

3. 'pynnonm cuMMmMerpni. Hak 6mumo ckasamo
BHIIE, HOHATHE TpPyNOH IO3BOJAET B TOYHHX TepMHHAX 0Xa-
paKTepHU30BATh CHMMETPHYHOCTL TOM HJIM MHOHA reoMerpudec-
kot ¢urypsi. Vmenuo ¢ raxkux nosunmit E. C. @emopos (1890)
pelnJ 3aavy KIacCHPUKAIMHA NpaBUIbHLEX IPOCTpPaHCTBEH-
HEIX CHUCTEM TOYeK, SIBIAMIYICA OXHOK M3 OCHOBHHX 3afav
kpucraniorpagpuu. Ilnocknx ¢efopoBCKEX Ipynn CymecTBY-
er Bcero 17, opm 6bam BHalifeHH HemocpepcTBeHHo. llpocrt-
paHCTBeHHHX jKe ¢efAopoBckux Trpyon cymectsyer 230,
M TOJABKO TeOpHUsA IPYNI HO3BOJWIA NPOBECTA MX HMCYEepIHBa-
OMyKw KlacCHPHKAnUKW. JTo ORI HCTOPHYECKH IEpBHHE CIYy-
Yall IpAMeHeHHAA TEOPHH IPyIn HeHOCPeJACTBEHHO B eCTECTBO-
SHAHAH.

AHaJlOTHYHYI0O pOJB WIpPaeT TeOpHA TI'pynn B (H3HKe,
Tak, B KBAaHTOBOM MeXaHUKe COCTOSHUE (M3UICCKOHA CHUCTEMEl
n300pakaeTcad TOYKOH OeCKOHEYHOMEPHOTO BEKTOPHOT'O HPO-
cTpancTBa. Eciam ¢usmueckas cmcTeMa mepexofHMT U3 OLHOTO
COCTOAHNA B fpyroe, To H3obpaskaomad ee TOYKA HOJBep-
raerca JnuHedHOMY npeo6pagoBanmio. (ooGpaskeHHs CHUM-
METpHH H TeOopHA IpefcTaBIeHMA TPyNN IWHEUMHHIMH IIpe-
obpasopaEMAMM MMEKNT 3/leCk NepPBOCTeNeHHOE 3HAYeHHE.

YKazaHHHE NpPEMEpPH WHIIOCTPAPYIOT KiacCHPHOupyio-
OiyI0 poJib TEOPHHU I'PyNN BCIOAY, I'/le pedb UJeT O CAMMETPHUH.
Naygasg cumMerpmio, mo cymecTBy MMeIOT AeJ0 C aBTOMopdus-
MaMi cucteM (He o06A3aTeIbHO MaTeMaTHMYeCKHX), MOJTOMY
TeopuA Ipymm HezaMeHHmMa B 3TuX Bompocax. Ee Kiaccudu-
OUpyomas polb BeJHKa M B CaMoil MaTeMaTHKe — [jocTa-
TOYHO BCHOMHETH 06 «IdpiaHreHCKoit mporpamme» Hueiina.

TakmM o6pasoMm, Jekamee B ¢yHOaMeHTe COBPEMEHHOM
MaTeMaTHKHM IOHATHe TPYNNH fABJAETCA BeCbMa pPasHOCTO-
POHHVM OpyAHEeM CaMoli MaTeMaTHKH — OHO HCHOJb3Yyercs
KaK BajkHellplasg coCTaBHAsA 94acTh pAAa CJIOKHBX alrebpan-
YeCKUX CHCTeM, KaK 9yTKMH oTpasKkaTellb CBOMCTB pasjgHIHHX
00beKTOB TOMOJIOTHMH, KaK MCHEITATEJLHHIl MOJIMIOH TEOpPHH
aNTropUTMOB M MHOTHMH HHBIMH Iy TsAMEH. BMmecTe ¢ TeM rpyn-
Ikl — 5TO MONIHHY WACTPYMEHT NO3HAHMA OfHOM M3 Hambolee
rIy6OKHMX 3aKOHOMEPHOCTEH peallbHOTO MUpa — CUMMeTpHH.

IlepeauciuM Temeps HEKOTOpPHE Ba)KHHE KJIacCH I'DyI.
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Crapefimeit B mo-mpe;HeMy RHTEHCHBHO pa3BMBAKOINEH-
CA BETBBIO TEOPHM I'PYyIN ABIAETCA TEOPHAA KOHEYHRIX TPymil.
BakHOe MeCTO B Hell 3aHHMaeT OTHICKAHME KOHEYHHIX IPOCTRIX
Tpynm, K KOTOPHM OTHOCATCA MHOTHME KJacCHYeCKHMe I'PyUNH
MaTpHl, HaJ KOHeYHRIMH MOJAMH, HECKOJbKO Cepuil Ipynn
aBToMopdmaMoB axreGp Jlm, a TakKe OTHeNbHHE «CIOpapH-
qecKkmey Ipynne. Ha gpyroM moiioce HaxomATCA KOHEeYHHe
paspemuMbe I'PyOnbl, B HAX OOBIYHO HHTEPECYIOTCA CHemnu-
GUIeCKUMEA CHCTEMaMH HOATPYHNH (XOJJIOBHIX, KapTePOBHX H
op.), BO MHOTOM ONpefelAlIuX CTpoeHme CaMod I'pyIH.
YacTo KoHeYHBE IPYNIH BO3HHKAKWT B ¢opMe Ipynn mofcra-
HOBOK MJIM MaTpHI| HaJ KOHCYHLIMHA IOJAMN; M3y YeHHI0 Npej-
cTapJIeHAA MaTpPHUIAMHA B NOACTAHOBKAMM IOCBAIMIEHO 60JbII0e
CaMOCTOATeIbHOS HAIPAaBJIeHNE TEeOPHH KOHEYHHX TCpYII.

TunuueeM MeTOZOM HCCIe0BaBMA 0eCKOHEYHHX I'DyNIN
AABJIAETCA HaJlO)KeHWe HA HUX YCHAOBMH KOHEUYHOCTH. Jaech
Han0oJbIIee BHAMaHNE NPHBIEKAOT NePHOZUICCKAE I'PYIIIb,
JOKaJNbHO KOHEYHHE TpPyNOe, TpyloOoh ¢ YCJIOBHEM MakK-
CAMANbHOCTH AJA NOATPYII, IPYNNH € YCIOBMEM MUHHMAIL-
HOCTH JJifi HOATPYNI, KOHEYHO MOPOKAEHHAE I'PYIObl, Irpyn-
OH KOHEYHOTO paHra, MHUTHO AaNIPOKCHMHpYeMble I'pYLIIH.

Ilpm m3yuenmm aleyeBHIX TPyNN BaKHYI POJIb MIPAIOT
monHbie afedeBH TI'pynnel, aGedeBH Tpynmsl 0e3 KpydeHHs
U mepHogu4ecKue albesieBnl Ipynne, a B HAX CepBaHTHHE H
npuMapHsie moaTrpynnel. llccnemoBasme mpomsBodsHOH abe-
JeBOM TPYOIOL BO MHOI'OM CBOAUTCA K TEOPHMAM YKasaHHHRX
KJIacCoB ¢ IOMOIIBI0 TeOpHH paclIApeHMi abeneBHX Ipymi,
pasBuBaeMOii B OCHOBHOM TIOMOJIOTHYeCKHMH MeTORAMM.

Bonee mupoKMMEH I0 OTHOHmEHHIO K Kjaccy aleleBalX
Tpynn ABJAKTCA KJIACCH HEJIBIOTEHTHHX W pa3peHHMBIX
Ipynn, Teopusa KOTOPHX TaK:Ke focrarogno passura. M3 0606-
MeHnA HHJIBHOTEHTHOCTH M pa3pemUMOCTH OTMETHM JIOKaJb-
HYI0 HHJIBNOTEHTHOCTH, JOKAJBHYI0 PpaspelImMOCTh, HOPMa-
IN3aTOPHOE yCJAO0BHe, dHI'ENeBOCTh, & TaKyKe MHOTOYMCIEeHHKIE
KJIAaCCH IpynN, ompeAenseMHe HaJl@Y¥eM B HUX HOPMAaJBHBIX
cHCTEM TOT0 HJHM HMHOTO THHA.

Haxonen;, HeCKOAbKO O0AbMAX CaMOCTOATEAbHHIX pasfe-
JIOB TeopuA TPyHOI ONpeAeNsioTCs BHECEHAEM B rpynmy no-
HOJHUTENbHEIX CTPYKTYP, COTJACOBAHHLIX ¢ IPYNNOBOM oIle-
panueld,— Ha3oBeM 3[eCh TONOJOTHYECKHME IPYONH, IpyHIk
JIu, anrebpamveckme IpYONH, JMHEHHnE TPYNIIH.



I'nasa 1

ONPENEJEHNE 1 BAJKHEAMNE YACTH TPYTINHI

§ 1. Onpenexnenne rpymmnb

1.1. Axcnomarara. zomopdnam. Muosxecrsa n pynKnnn
HA HUX — BOT /IBA THOA O0BEKTOB, K M3YICHAI0 KOTOPHX CBO-
MATCA B KOHEYHOM CcdYeTe J100af MATEMAaTHYECKas TEOPHSA.
Ecan apryMentsl ¢ynknun f mpoGeraior MaEOKecTBo M 1 0Ba
HPHHEMAaeT TPHA TOM 3HAYEHNUA U3 TOTO 3Ke CaAMOr'o MHOKECTRA,
To f HasnBaerca aazebpauneckoli onepayueii una M. Hayxa,
n3yganmasn aarebpanyecKne onepanan, Ha3EIBAeTCA a.42e0poll.
ITpu sToM ainre6py MHTepeCyeT TOJBKO BOHDOC, Ka X jRefcr-
ByeT Ta MJM mHag alrefpamvecKas omepanus, M BOBCE He
AHTEpecyeT, Ha YeM oHa feficTByeT. OTBJIeUbCA OT BTOPOTO
BOXIPOCA H COCPEHOTOYUTHCA HA NEePBOM IIO3BONAeT HOHATHE
nzomopdusma. ITycTs 3afKanm Ba MHOKeCTBa ¢ OTMEUCHHBIMHE
Ha HEHX anrefpamvecKHMP OmepamWAMHA H MOKHO YCTAHOBHTD
B3aMMHO OHO3HAYHOE COOTBETCTBHE MEIKNY CAMAMY MHOMKECT-
BAMA H MEXAY MHOKECTBAMU omepamuii Ha HHX, OpHYEM
COOTBEeTCTBeHHKE omepammé OYRYT QYHKIIAAMHA ONMHAKOBOTO
YNCJIa aPIYMEHTOB W IPH COOTBETCTBOHHHX 3HAUCHHMAX apry-
MEHTOB GYAYT DPUHWMATL COOTBETCTBEHHHE 3HAYEHHA. 1OTHA
5T MHOKECTBA C ONEpanAAMH Ha3hKIBAOT UIOMODPHBMU.
NaoMopprame 06HeKTH ONHHAKOBO YCTPOEHH B CMEICT® OIIe-
pannit, mosroMy B ainreGpe mx He pasnMYaloT WIH PpaccMmar-
PABareT KaK TOYHHE KONHMH RPYr Apyra — mogobumo ToMy,
KaK MH He PAa3JId9aeM YK3eMIISAPOB OFHOTO B TOrO JKe PpoMa-
118, HaleYaTAHHHX PAa3HHM IpudTOM ®W HA pasHoi Oymare,
eCIIM MATEepeCcyeMCA TOJBbKO coflepskaHmeM pomaHa. Paszymmuo
CYMTAaTh, 9TO KaXKIHH KJacC U30MOPPHEIX 00BLEKTOB KaK pa3
H BHfellAeT B YHCTOM BHAe HOKOTOPHIM TAN alreGpadveckKux
omepanuii. JTO CBOAWT 33544y anreOpw — H3yueHme ainrel-
pPavvecKknx omepanmit — K OoJee ocsA3aeMo# 3a/{aue A3YYeHHASA
MHOMECTB C omepamusMH € TOTHOCTBI0 KO HW3oMopdusma.

Hexroropme Bugm anreGpamuecKkmx omepamdit CTONE: Ya-
CTO BCTpedaloTcs B MaTeMaThKe, YTO HMX M3YyJYeHHMe CTalo
UPEAMETOM CaMOCTOATENBHEIX Teopmit. ViMeHHO TakoBo 1o-
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HATHE TPYIOH — OpefMeT Teopum rpynm. I'pymma — a7«
MHOKeCTBO ¢ OfHO# GuHapHOM (AByMeCTHOI) omepamuent, IO
IMHANIEHCA HeKOTOPHM aKcuoMaM. J3naveHme OmHapHOI
omepamu® f Ha mape 3JdeMeHTOB X, Y yA00HO 3amMCHBATH He
B Buae f (z, ¥), Kak s APyTHUX olepamuii, a B BHUAe Ify —
9T0 9KOHOMMT TPHM CHMBOJia H XOpOHDIO COriIacyeTcs ¢ KaHO-
HAYECKUMH 0003HaYeHMAMH YHMCJIOBHX OHepanuil: MH BeJE
npmeM 2 -+ 3 = 9, a me +(2, 3) = 5. B Teopnn rpyno 6m-
HAPHYI0 ONepanui0 HassBaloT 00HYHO YMHOKEHHEM X 00603Ha-
YalT TOYKOR (KOTOpyIo IOYTH BCerja OIyCKAalT), peKe Hc-
NOJNB3YIOT -, o, * X NPyIrue CAMBOJIK. JanMch OMepanuy TOY-
Koil HasHBaOT elile MyJLTHIJIMKATHBHON 3aIMCHI0, & 3aIHCh
OAI0COM — aJiATHBHON 38IUCHIO.

144, Onpengenenue MuoxecrBo G ¢ GuBapHOi
omepanmei . Ha3HBaeTcsd epynnoi, ecuu:

1. Omepanms accoyuamusgna, T.e. (ab) c = a (bc) pas
a00eix a, b, ¢ u3 G.

2. Onmepaiusi TapadTUpyer €JHHHnNY, T. €. B & cymecr-
ByeT TaKoO# »JAeMEHT ¢ — OH Ha3bBaeTca edunuyel, — 49TO
ae = ea = a nus jwboro a m3 G.

3. Omnepamma rapamrTupyer ofparHbie 5JEMEHTH, T. e.
pist ao6oro a m3 G cymecrsyer B (G Takoi sieMeHT ¥ — OH
HaszsiBaeTcd ob6pamuuly K a,— 9TO ar = Xa = e,

11.2. Onpenenenne. MuoxkecrBo G ¢ 6GmBapHOH
onepanuell - Ha3HBaeTCH 2pYnnou, ecim:

1. Onepamua accopmaTHBHA.

2. Onepanua rapaHTUpyeT JeBhie B IPaBbie 9acCTHbe, T. €.
IS 06K X BIeMeHTOB &, b U3 G cymecTByOoT B G TakKme aue-
MEHTH %, Y — OHHM HA3WBAIOTCH COOTBETCTBEHHO J€6blM M’
npasuim HaACmMHEMY OT Jedennua b Ha a,— 910 ax = b, ya = b.

113. Yopammnenne. Onpenenenus 1.1.1 m 1.1.2
paBHOCHIbEN. Efunana B n060i rpynne G egmacrBenHa. s
aio6oro sieventa a M3 G o6paTHHI K HeMy efUHCTBeH (OH
o6osmauaercs a~Y). Hua maobwx a, bms G oba gacTHHX
OT ReneHnA b HA a enuBcTBeHHH (0HW o6o3HawaTCA: @ \ b —
neBoe "acTHOe M b,a — IpaBoe YaCTHOE).

CornacHo ofme# KoHDenmm#d RA30MopPU3Ma B3AMMHO
OMHO3HAYHOE OTOOpa)keHHe ¢ OJHOM IpyNOH B APYIyw, Co-
Xpanfoiee NPoU3BeeHAe, HaskBaeTca usomop@Pruimu. ManmMu
croBaMu, oTo6paxkenue ¢ rpynnu G B rpynny G* (cuMBoamuec-
k@ @: G — G*) aBiasercs m3oMopdHEM, eciH 0Opase pas-
NAYHHX 3JeMeHTOB pasimusbl (o6pa3 sjeMeHTa ¢ OpH OTO-
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Opaxkennu @ ofosnagaeMm a%):
a® = b%*uapua#b (a, b = G)
n o0pas mnpousBe/ieHNA paBed NPOW3BeAeHUI0 0Gpa3oB!
(ab)® = a%be,

I'pynmu usomopgnwe (B cmMBosax G =~ G*), ecam cymecrt-
ByeT M30MOpH3M OJHOH M3 HHX Ha KPYTIYIO.

HanpnMep, MBOMecTBO G HONOKETEABHEIX AeHCTBATEINb-
HEIX 9uCe’ — IPpyNNa OTHOCHTENLHO OOHYHOrO yMHOMKeHHA
gncell, MHOKeCTBO G* BCex NefCTBHTENBHHX 9UCed — TpyI-
na OTHOCHTeIbHO OOLIYHOTO CIOKeHHA dTuced, a orobpasxe-
ane @: G—G¥*, onpepeaseMoe popmynoi a® = log a,— u30-
MoppmsM G Ba G*. lloampsysice norapmpMudecKod IuHEH-
KO, MH HpPOCTO HOMKHHAaeM NJOAH 3TOT0 RN3oMopdm3Ma.

damaua Teopmy Ipynn — HM3ydYeHHe T'PYOHNOBHX oleparui
WM, HHAaYe, H3ydYeHHEe TPYII C TOYHOCTHIO RO M30MopduaMa.
Teopua rpynn Ouiia 651 3aKpHTa, ecid OH y{aa0Ch COCTaBATD
KaTaJor BCeX BO3MOKHHX TPYIHI C TOYHOCTBIO {0 A3OMOPHH3-
Ma. K cuacrpio Aus TeopHH rpynnm M K HeCUACTBIO [JIA MPUIO-
JKeHUH, COCTaBUTH TAKOH KAaTalor NpaKTHIeCKH HEeBO3MOKHO.

1.2, Hpumepnt. Bnaronapsa accommaruBHOCTE B I'pymmax
aneMent (ab)c = a (be) MoKHO sanmmMcHBaThL OpocTo Kak abe,
o TOH ’Ke mpUYMHe OQHO3HAYHO ONpeieIeH0 Npou3BefieHne N
9NeMeHTOB a,l, . . . 4, — 0e3 yKazaHua CKoOOK, HO B yKa-
sapaOM nopsaake. Ilpom3Begenme n »IeMeHTOB, paBHHX d,
a3 BAETCA N-li cmenenbvlo dAeMeHTa a B ob0o3Bagaerca a”,
Ilonararor, namee, a®=e um ma n<<0 a" = (™)™ min
a”™ = (@~1)~", 4r0, KaK Jerko BHUJETh, OXHO M TO ;KE.

1.24. YVnpaxuaenne. Ecaim a — npousposrHHH
3JIeMeHT TIDynne, m, RN — mejble 9ucia, To @' a" = a™*™",
(am)n — amn. '

Mosker oxasarbea, gro a® = e npm HeroropoM n > 0,
TOrJa HauMeHbIIEe I C3THM YCIOBHEeM HA3HBAKT nNopadkonm
WA nepuodonm dieMenra ¢ u obosnagant |a |. Ecan a™ e
npu aobom n >0, To sieMeHTY ¢ NPUIOACHBAIOT OeCKOHeU-
HEA TOPSJOK M OHEmMYT |a | = oo.

1.22. YVopasxxseunne, Ecim a" = e, To n peanren
Ha |a |

1.23. ¥Vnpamuenue. Eciamsiements a, b nepecra-
HOBOYHH, T. ¢. ab = ba, 1 ¥X DOPARKH B3aNMHO HPOCTHI, TO
lab|=|a| |b]
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124, Yonpamuenne. llycry sideMenTH a, b mepe-
CTAaHOBOYHH M BMMeI0OT HOpPAAKH m, n. Torjga B rpymne cyie-
CTByeT 5JeMeHT — 3TO Y)Ke He Bcerga Oymer Ipom3BefeHme
ab,— NMopAROK KOTOpPOro paBeH HaMMeHbINeMy 00meMy Kpart-
HOMY 4YHCEeI M, n.

ToBopsT, wro G — rpynna 6ea Kpyuenus, ecin no6oir ee
HeeTUHAYHNH B3JeMeHT HmMeeT OeCKOHeqHHA mopamoK. Ecin,
HAIpPOTHB, NOPAAKYM BCeX 9JeMeHTOB IpyNns KOHEYHH, TO
OHAa Has3hBaeTCA nepuoduyeckoii. I'pynma, comepsramas
HAeefUHUYHEIEe HJEeMEHTH KAaK KOHEYHOro, Tak n 6eCKoHeuHOTIO
IOPsAKa, HA3EBaeTCHd caewannoli, Eciinm mopsaAKH 9JeMeHTOB
OepUOUYeCKON Ipynme OIrpaHM4eHH B COBOKYIHOCTH, TO HX
HaumMeHbIee o0niee KpaTHOe Ha3HBaeTCs nepuodom AIA nokKa-
aamesem Tpynud. Ilyers p — mpocroe umeno. Ilepmommuec-
Kafd Ipynna, HOpAJKM 9IeMeHTOB KOTOpPO# ABIAIOTCA CTene-
HAMY 9@clia p, HagHBaeTca p-zpynnoii. I'pynnsl, siBiAA0IACCA
p-TpynmaMu mpum KakoM-EMOy/p mpocToM p, HocAT ofmee
HasBaHme npumapuuxr rpynn. Momuocts |G | rpymmm G
Ha3BIBaeTCsa nopadkom rpynnsl, Eciu 9ra MoniHOCTh KOHEeYHA,
To rpynna G HA3KWBAaEeTCA KOHeuHOU, B NPOTHBHOM cJydae —
6eckoneynoli. Ecam omepamumsa B rpynne G KoMMyTaTHBHA,
T. e. ab = ba maa awb6ux a, b w3 G, To rpynna G HageBa-
eTcHa Kommymamuenoil mIm abesesoii — B dectb H. I'. AGens.
Yacro KoMMyTaTHBHYIO ONepamui0 3aIUCHBAIT aXTATUBHO O
TOTla M3MEHSIOT TEePMHHOJOImI0 W 0003Ha4eHHA, MOJAB3YACH
CIeAVIOMHUM CJIOBAPHUKOM:

. +
YMHOMKEHHE CHOKOHHE
IIpou3Be/icHEE cyMMa
elMHHIA HYTh
o0 paTHEIH IPOTHBOMOMOKHALH
cTemeHb KpaTHO®
YacTHOO pPas3BoCTh
e Ang 1 0
a~1 —a
a™ na
a/b, b\a a—>b




§ 1] ONIPEJEJIEHHAE I'PYIIEI 19

I'pynner Bespecymm: teopms I'anya m Teopusa puddepen-
nuaNbHHIX ypaBHeHEH, anrebGpamyeckas TONOJOTUA K KJjac-
cuUEAMUA 3JIeMeHTApPHHX JacTHn B (mauke, KpHCTAIIOIPa-
¢uss W TeOpHsA OTHOCHTENBLHOCTH, TEOPHA y3JI0B, PA3IHYHELE
ApyTHe BeTBH TONOJOTAN M TeOPUA PYHKOHUHA — BOT HeIOJHHIHK
nepedeHs Tex oflacTel HayKH, If¢ HOABIAETCHA IOHATHE
IpyInsl, OpU9eM He OpasfgHO «ABIAeT cebar, a akTABHO pabo-
raer. IIpuMeHennAM Teopun Ipynn B pa3HuBX 00jacTAX HAYKHA
IOCBAIIEHH TOJCTHEe KHUTCH, U ME OTCHJIaeM MHTepecyIoIuX-
¢ K 9TEM KHAram. llpumBegeM AWML HeCKONBKO IPHMEpPOB
3 Marepuara obmero Kypca anre6pH, KOTOPHM MBI OTpaHHK-
ymBaeMcA B 9Toll KHMTre. (O6o3HaveHusA, HaGpaHHBIe KUPHEIM
¥ GKYPHHM MpHUPTOM, 3aKPeNIATCA 3a COOTBETCTBYIONH-
MH (KJIaCCHMYeCKMMM» o0beKTaMd [0 KoHDA KHuru. Bce omm
o6IfeNpUHATH — ¢ TOYHOCTBIO [0 HIOAHCOB — M DIAPOKO
ynorpeGIAOTCA B IUTepaType; AldA yroOcTBa ImraTens HOJi-
HHIl CHMCOK TakMX 0003HAYeHMN BHIHEeCeH Ha crTp. 3.)

1.25. I pame poi. I. MBokecTBOo sieMentor mpoms-
BOJBHOTO KoJbila K, paccMaTpHBaeMoe OTHOCHTEJBRHO OIle-
panyum CciloKeHHd,— abeneBa rpynna. Opa HassBaeTca ad-
dumueroti zpynnoli xoavya K. Mun Gymem ofosmauarh ee Toi
e O6yKBoit K, mpupiep:xuBasachk obmero mpuenenma, 910 Oyk-
Ba 0603HAYaeT MHOKeCTBO, a KaKMe Ha HeM OTMe4eHH onepa-
MUY, DOMKHO OHTH ACHO B3 KoHTeKCTa. B uwacTHoCTH, ajqm-
THBHHe I'pynnn moiad C kKoMnineKcHHX uucen, modda R peii-
CTBHTEJBLHHX d9HcCel, moixsa {) papmoHAIBHHEIX 4HMCEJ, KOJbIA
Z, nensix umcen — aGeneBn rpynnsl 6e3 Kpygenmsa. BooGme,
anUTHBHAA I'pynIla MoJA HYJIeBO# XapaKTepUCTUKH He uMeeT
KPydeHHs, a4 afiuTHBHAA Ipynna HoJd HOJ0KATeNbHOH Xa-
PAKTepHCTHKH p MMeeT HEepHOX P. ANAUTHBHBE I'pymOsl Ko-
HeuHoro nois G'F (q) u3 g aneMeHToB M Koabma 7, BEIYETORB
M0 MOAYJI0 n — KoHeYHHe afeleBH I'pynme, IpPHYEM

|GF (q) | =¢, |Zn]|=n

llycts p — npocroe uncao. Panuonansroe wncao Buga m/p®,
rme m, n — mejble 4YUCJia, Ha3wBaeTcA p-UuHOU dJpobbio.
MnosxecrBo @p Bcex p-mYAHX ApoGell OTHOCHTENLHO 06HIU-
HOTO cno)keHmA 4qmces — abeireBa rpynna 0e3 KpydeHHA.

II. MuoxecTBo BCex OGpPATHMHIX 2JEMEHTOB IIPOH3BOJb-
Horo Kouxema K ¢ egmHMOel, paccMaTpmBaeMoe OTHOCHUTENb-
HO opmepam@:m YMHOKeHHs, ABIAercA Ipynnoi. OHa HasnBa-
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eTCA MYAbMUNAUKAMUBHOU epynnot koavya K m o6GosHa-
gaerca K* (eciu | K | > 2, 1o muoxecrBo K* 3zaBemomo He
COIEPIKUT HylsS M NOTOMY OTIMYHO OT MHO:kectBa K). Ecanm
Koapno K KoMMyTarmBHO, To M rpynma K* KoMMyrTaruBHA.
B wacrrocTH, MyasTUnNEKaTUBHEEe Ipynne C*, R*, Q*, 7%,

*®
GF (q)*, 7/ abenesn. Muomxecrso C, KoOMIIeKCHHX d9HCell,
VAOBJIETBOPAOIINX ypaBHeHNO 2" = 1, ¢ 00ONYHHM yMHOKe-
HueM uncesq — abeneBa rpynma. [Iyers p — mpocroe gmelo.

MuoxecrBo C . Bcex Kopmeir ypaememmit aF" =1, n =1,
2,. .., 13 1OIA KOMIUIEKCHRX 4uced ¢ OOGHIYHHBIM yYMHOjJKe-

HHeM — OeckoHeunas abesieBa p-rpynma. OHa HasHBaercd

keasguyukauveckoli zpynnoi muna p>. 'pynnwi 7*, GF (g)*,

*
ny C, KOHEUHH, HpuIeM

| Z*| =2, |GF (*| =q—1, |Zzl = o (),

| Cpl = 1,
rne ¢ — QyHKmEA Jiinepa, T.e. @ (mn) = @ (m) ¢ (n) opm
B3amMHO IPOCTHX m, n 1 @ (p¥) = p* — p*¥! mpu mpocrom p.

III. Iyers M — muomecrBo, 8 (M) — COBOKyHIHOCTB
BCeX B3aUMHO OHO3HAYHKX oToOpamenmit M Ha cebsa. Ecan
B KauecTBe yMHOKeHus Ha 8 (M) B3fTh HOCJefOBaTeNbHOE
BRIOJNHeHMe orobGpaskenumit, ro 8§ (M) cramoBuTCs I'pyHIoOi.
B uacrrocru, npu M = {1, ..., n} sra rpymma upeBpa-
maeTcss B Ipynny BCeX IOACTAaHOBOK n-i CremeHW. B aToMm
cAydae OHa HA3HEIBAeTCH CUMMeMPUYecKOU 2pynnoii n-u cre-
nesn # obospauaercsa 8,. I'pynma 8, xoneuna u | §,| = nl.
Ilpu n > 2 rpynna 8, neabenesa.

I1V. Muoskecrso GL, (K) Bcex ofparuMmX MaTpui Cre-
IeHH 72 HAJlL KOMMYTATHBHHM KOJbIOM K ¢ e[MHANEH SBIAET-
CA TPYIOOO#l OTHOCHTEIBbHO OOHYHOTO YMHOKeHHSA MaTpHL.
OHa Ha3bIBaeTCA 06lWell AUHEUHOU WIHA o06well MampuuHoli
rpyrmon crenienn n Haj KojapnoM K. Ouesupno, GL, (K) =

= M, (K)*, rqe M, (K) — KoIbIo BCex MaTpHI[ CTeNEHU 7
Hag KoxbumoMm K. Hpn n > 2 rpynna GL, (K) ueaGenena.
Paccmorpum eme B G L, (K) mogmuoxectso SL, (K) marpur
¢ ompemenurenem 1, mogMmuokecrBo D, (K) mumaroHalbHBX
Martpui, nogmMuokectBo T, (K) Marpum ¢ HYJIeBHM YIJIOM
oy, raaBHOM pAmaroHanpio H mogmuoKkectBo UT, (K) Mmat-
pHI| C HYJEBHIM YIVIOM DO I'JTaBHOM AMATOHAJIBI0 ¥ ¢ e TUHHAIA-
MH o AmaroHanu. Bce mnepeuncienHbie MHOKECTBA TOKe
ABIAITCA TpPyOmaMB OTHOCUTENHLHO YMHOMKEHUS MaTpHIl.
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Ix Ha3BaHHA: CREYUAALHAR AUHEUHAR 2pynna, OuazoHaib-
Haf 2pYnna, MmpeyzoibHaAa 2pynna, YHUMPeY20ibHaAl 2pYnnd.
Ecau B kadectBe K B3aTo KoHeuHoe nonae GF (g), To BMecTo
GL, (K) numyrt Taxkxe G L, (g) n apaJoru4do mis Apyrux
MaTPHYHKX IpyOI.

1.26. Yonpamxuaenne. 7, ~C,.

1.27. Ynpamxmuaernme. I'pyoma C* wusoMopdua

rpyine BceX HeBHPOMK/EHHHX MATPMI, BH/A (_g 2) ¢ geit-

CTBUTEIBHEIMH  KO3(pPUIMeHTaMH, pacCMAaTPpUBaeMHX OTHO-
CcUTeNbHO OOLIYHOI'0 YMHOMKeHHA MAaTpHIl.

1.28. Yonpamnbenne. Q, # Q, mpu p=£gq.

1.2.9. Yopamuesnune. Ecim mogcranoBka a u3 8,
OpejCcTaBIMa B BH/(eé NPON3BeJeHNA HEe3aBHCHMHX I[HKIOB
IUIAHEL Ry, . o ., Ny, TO €€ MOPAAOK | ¢ | paBeH HaMMeHbIIeMy
o0meMy KpaTHOMY 4YMCeN Ry, . . ., Ny.

Ypeno mpumepoB I'pynOo MOMKHO CHJIBHO YBEJIHUUTH, €CIM
YKazarh HKakylO-HHOYOb KOHCTPYKIHIO, IIPOM3BOAAIYI0 H3
38/laHHBIX TPyOI HOBhEe Tpynnel. TeopHAa Tpynm HMeer
Ha BOOpYKeHHMH pasHooOpasHne KOHCTPYKOHUM TAaKOI'0 poOja.
OxBa W3 caMbIX NPOCTHIX, HO BaKHEIX KOHCTPYKIHA COCTOHT
B Cle[yIomeM.

Ilyets Gy, ..., Gp, — rpynnH. Jlerko nDpoBepHThH, YTO
MHOkecTBo G =Gy X ... X G,  ToclenoBaTelbHOCTER
CEuse + vs EmYy La & Gy, ¢ NOKOMOOHEHTHRIM YMHOKEHUEM

Bire v s Bmd 8Ly - + -y Bm> = {181y « - «1 EmEm)

ABisgeTca rpynmoi. Ee HasmBalor Jexapmosum npoussede-
Huem rpyun Gg, a camu G — €ro MHoMumeaimyu. 310 HOHATHE
Jerko paCOpoCcTPaHUTH HA CIydad OPOM3BOJLHOK COBO-
KynHOCTM MHOxkMTeNe# Go, o &= I. A uMmenno, obGoszmauuMm
depes

MHOKeCTBO (QYHKI[HHA
f1 I— | Gy

ac=l
¢ ycaoBmeM, uTo f (o) & Gy gua awboro a & I. Jerko mpu-
BePDUTh, 4YTO MHOMeCTBO ( C YMHOMKEHHEM IO NPaBUIY
(fe) (@) = f (o) g () ABnAercs Tpymmoii; 0HA W Ha3HBaeTCH
Oexapmosum npoussedenuem rpyun G,. 3Hadenne QyHKIHHN |
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B TOYKEe O HA3LIBAeTCHA npoekyueu WNIA KOMROHeHMOoU 3le-
MeHTa [ B MHOMKHUTeNne Ggo. MBOKECTBO

supp () = {a |a € I, [ (o) 7= ¢}

Ha3LIBaeTCA Hocumesem UIW cynnopmom ¢yaxnun f. fAcao,
9T0 MHOKECTBO (PYHKIUM ¢ KOHeUHLIMM HOCHTEJIAMHU M3 JeKap-
ToOBA Npou3BefeHMA rpynno G, CaMo ABJIAETCA rpynmoit or-
HOCHTECABHO YMHOMKEHUS (QYHKIUMEA. JT1a IpyHIa HasbBaeTcs
npamvlm npouseedenuem rpymn G, m oboszHadaercsa depes

H G, (6e3 gepTH). OueBUAHO, I8 KOHEYHOT'O YACHA MHOKH-
o=l
TelleM TNpAMOe N JCKAPTOBO IIPOM3BCJEeHHA COBHAZAIOT.

Ilpy agguTuMBHOHK BanmcW TPynnoBod onepamum BMeECTO
OPOM3BEJeHNHA TOBOPAT O CyMMax, BMeCTO MHOMXKHTelel —
0 ClIaraeMbIX M IIMUIYT:

GZG]_@...@G"”
6=G, 6= G,

a=lI ac=1

1.240. Yopaxnusenue. Cp X C, >~ Cn, npn B3a-
MMHO TIPOCTHIX M, R.

1t2M1. Yopaxkueenne. D, (K)~K* X ... X K*
(n pas).

1.242. Y npaxuedue. [lycrs a — pueMeHT TpymmH,
MMeIOIUil KOHeUIHH# mopAok n. BodbMeM KaHoHMYeCKOe pas-
Jo;KeHHWe 9HCHA 7 HAa NOPOCTHe MHOMKHUTEIH

n=Ilpmnw
yu

M IOJOMHUM Ny = n/p™P). JineMeHT ¢ UMeeT MOPHAJZOK p™P),
A CymeCTBYIOT TaKme Ilelkle UYMCIa I,, 9TO

a = Ll g™%p.
g

§ 2. Iloarpynnei. HopMansaeie mogrpymms:

2.1. INogrpymsei. Ecam wacrs H rpynnu & 3aMKHYTA 0OT-
HOCHUTeJILHO YMHOMKeHHUA, T. €. BMecTe ¢ JIOOWMH JBYMA CBOH-
MM DJIeMeHTaMH &, b cofep:KUT M UX IpomsBejeHue ab, 10 Cy-
KeHne yMHo)KeHusa Ha H Oyuer anrebpamdeckodl omeparmei
B [I; roBOpAT, 94TO BTa omepamua UHOYYUPOsAHA YMHOKEHHEM
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n3 G. Ecaim H aBnasgerca rpynnoii OTHOCHATEJIBHO MHIYIAPO-
BAHHO! oOHmepauWy, TO ee HABKWBAKT nodzpynnoii rpynms &
noamyT H < G. Ecau H< G u H 5= G, to numyr H < G
(me myTaTh €O 3HakaMu C, C ANA BKJIIOYEHHA MHOKeCTB!).

244. Yuopaxueesgune. Qaa toro 9robm gacrs H
rpynnsl G 61a moxrpynno#, Heo6xXoauMo M JOCTAaTOIHO, YTO-
o H Omaa 3aMKHYTa OTHOCHMTEIbHO YMHOKeHMA u obpa-
MeHuA, T. €. BMecTe C JIOOLIMM JXBYMA CBOHMH »JIeMEHTaMH
a, b cogepskana 6H Takxe ab na”l. MoxHo 3TH ycaoBHA 3aMK-
AYTOCTH 3aIHCAThH eme TaK:

HHCH, H'C H,

eClIid BOCHOJAL30BATLCA OOLIYHLIMM 0003HaAYEeHUAMH
AB = {ab |a= A, b= B}, A™' = {a"! |a = 4}

LN JMOOHX nojMHOMecTR A, B maHHo# rpyno.

242, YVnpamuaennune. IIponssegenue AB mogrpynn
A, B rpynnst G Torga B TOJBKO TOrjga camo 6yeT noArpynioi,
korga AB = BA.

213. Yonpaxuaeunne. BEcau A, B — KoHeuHHe TIOA-
IPynns, TO
| 4[| B|
|lANBL -

Bo Bcaxolt rpymme MHOMKECTBO, COCTOAMmEee TOJHKO M3
eIHHMOB, a TaKKe BCA TrpyOoma ABIAIOTCA NOATDYOOAMH.
Iloprpynmu, oTawurnie 0T eqWHHYHOM M BCeil Irpynobi, Ha-
3RIBAIOTCA COOCMBEHHVIMU NN  UCMUHHUMU.

Ilpomon:kan wuayuenue rpymn I — IV u3 § 1, yxamem
B HUX HEKOTOPHIE HONTIPYIIMH,

214. Ipumepw. I. Ouenmgno,

7 <, <R <R LCE,
Zzﬂ@p’
GF (p™) < GF (p™) upm m | n.

II. Ogesupgno,

| AB|=

7* < Q* < R* < C*,
C<Cp<...<C,,
Cpoo — U Cpfu
GF (p™* < GF (pM* upu m | n.-
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IT1. B cmMmerpudeckoir rpynmme 8, Muoxxkectso 4, Bcex

YJeTHRIX IIONCTAaHOBOK — DOArpynna. Ora HasviBaeTcAa 3Ha-
|

xonepemennoli epynnoil crenenm n. Ouesuuuo, |A,|=3nl
IV. llpu n > 2
SL,n (K) < GL, (K),

'n (K) < T'n (K)$
UT,(K) < To(K) < GL, (K).

OtmetruM Tarkxe B8 GL, (K) opmozonasvhyio DORIpynmy
(mTpuXx 03HaYaeT TPAHCHOHHPOBAHME):

O, (K) = {a|ad’ = e},

a npn K = C eme ynumapnylo noarpyuny (depra o3HadaeT
B3ATHE KOMIJIEKCHO-CONPAMKEHHOTO 3JIeMEHTa K KaKgoMy
DJEMEHTY MATPHOH):

Haxoxen, ‘
UT,. (K)=UTL(Ky>UT: (K)>...,

rne UTy (K) — muoskecrpo Marpun u3 UT, (K) ¢ m — 1
HYJIeBHIMA AHATOHAJNAME BEIIIE IIaBHOH.

2.2. Tlopoxparomme MuOMKecTsa. Jlerko Buaers, 4To mepe-
cedcHHe N1000T0 MHOMKECTBa NOATpynn — mojrpynna. Eciam
M — ppomsBoabHAA 9acTh rpynnul G, 1o nmepecederne (M)
BCeX NOATpymHm, cofiep:kamux M, HazunBaeTcA NOATPYOOOI,
nopoxcdenrnoli MuoxectsoM M, a camo M — nropoxcdarowum
mHoxcecmeoxn moparpyuns (M). [Jonmyckas BOJBHOCTH pedH,
HHOrJa TOBOPAT, 49TO DJeMEHTH MHOMecTBa M ABIAKICA
nopoxcdarwwumu ssemenmamu noarpynnsr (M). Hoarpynmy
(M), ocoberno B cioKHHX ¢opmylax, yao6Ho o00603Ha9aTh
takke deped rp (M). I'pynma, oGmamaoimas KOHeIHHM NO-
POKAAIOIMIM MHOKECTBOM, HA3LIBAETCA KOHEUHO ROpONCOeH~
noli. bonee o6mo = Oonee TogYHO, rpynia Ha3HBaeTCH
m-nopoxcdernHoli, eCld 0HA 06JagaeT DOPOMKTAIONIAM MHOMKECT-
BOM MOINHOCTH i,

221. Teopewma. Ecau M — nodmroncecmso zpynnu
G, mo

My={a'...am|lg;, M, e, =1, m=1,2,...}

NoxaszaTeabcTso. OGo3HAaYMM INpPaByld dYacTh

yeped H. Tar rarg noarpymma (M) comepxuT BCe a; m3 M
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10 (M) = H. C ppyroit cropomm, HH — H, H'C H,
nosToMy H — poxarpynmna, coflepskaman M. Orciona H = (M)
n OKoHYaTearHo H = (M).

B kagecTBe HMamIOCTpamMM yKajkeM NMOPOXKIAAMMUE MHO-
sxecTBa A rpynn I — IV us § 4. Ilpu stoM Mu numem

(M) =(..[...),

ecqtu M 3amamo B BuMMe
M={..]...},

T. €. ONyCKaeM (QUIypHHE CKOOKM BHYTpDH KpPYIJIHX.
222, Mpumepu., I. OueBngmo,

Z - (1):
L, = (1 (mod r)),

@:Qﬂnzuzvq.
H:+OgeBunzo,
L2* = (_' 1):

Q* — (—1, 2, 3, 5, 7, 11,. . ),
GF (9)* = (L),
Cn - (a'n)v

Cow = (am |m =1, 2,...),

rae {, — mepBooGpa3Hulii KopeHb YypaBHeHHA 277! = 1
B mone GF (q),

== COS 2n -+ i sin =
U, = n - n °

III. 3 obmero Kypca aare6pw M3BeCTHO, YTO CHMMeT-
puyeckad rpynmna 8, ODOpOKIaeTCA CBOMMH TPaHCHO3UIMAMEI
(i7). Tax xax (ij) = (i) (17) (1i), ro §, moposkaaeTca Raxke
rpagcomosumuamu  (12), (13), ..., (Ir). 3naxomepemenmasn
Irpynna A, mopoXaaerCA BCEBO3MOYKHHMHA TPOUHLIMH ITHUK-
Jamu (ijk), Tak KaKk YeTHasd MONCTaHOBKA €CTh IPOMBBeJeHHE

YeTHOr0 YUCcJa TPAHCHO3ZMIMU U
(i) (ik) = (ijk), (i) (k) = (ilj) (kD).
IV. Ilyctes K — mone. Pacemorpum 8 G L, (K) MaTpRuH
BHUJIa

tij (OL) = € -+ 0eyj, d(ﬁ) =e -+ (ﬁ — 1)enm
a, BeEK, p+*0,i%],
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Ife ¢ — eINHNYHAA MaTPMIA, €;; — MATPHIa, COAeprKamad
Ha (i, j)-M MecTe 1, a Ha oCTaNXbHHX MecTaX HynH. MaTpuuu
t;j (o) mpu a 7= 0 masmBatorcd mpanceexyuamu. Iloraem,
9ro Ka)kAasa Martpuna m3 G L, (K) npegcraBuMa B BHJe

SRR S, 2% (1) T A RO
rae §; — TpaHCBleK]lHH. J1o GyKeT 03HaYaTh, B YaCTHOCTH, UTO
GL, (K) = (tj; (@), d(B) | &, =K, i5=])), (1)
SL, (K) = (tij (e} |la € K, i 5 ]). (2)

HelicTBUTENBHO, YMHOKeHMe MATPHIL HAa TPAHCBEKIHIO
cOpaBa PaBHOCHJIBHO [00aBIEGHUIO K OXHOMY ee CTONOmY ApYy-
roro croxlija, yMHOKEHHOTO HA cKanAp U3 K, a yMHOKeHME
HA TPAHCBEKIMIO CjieBa PaBHOCHJIbHO aHAJLOTHIHOMY Hpe-
o0pa3oBaBNI0 CTPOK; Takue mpeoGpa3soBaHWA Ha30BeM aJe-
meumaprumu. Ilyere @ & GL, (K). dneMeHTapHEMH Ope-
o6pa3oBaHMAMM CTOAOIOB MAaTPHIH @ MOMKHO JOONTHCA, ITOOH
Omiao a;, #+ (. Bopoxmsasa eme ofHO dXeMeHTapHOe mpe-

o0pasoBaHne — qo6aBIAsA K mepBOMY cToJa0ny BTOpOH#, yM-

1 — a4y

HOKeHHRHA Ha , MH DoxydmM egumumny Ha(1, 1)-m Me-

13
cTe, a 3aTeM C ee MOMOINBIO MOJYIAM HYJM B IHePBOR CTPOKe

n IlepBoM CToin0le Hame# MaTpHULl, 3a HCKIIYeHHEM
(1, 1)-ro MecTta, Tge ocrasuM exuauny. Ilpogomxan atoT npo-
mecc IOPUMeHHUTENBHO K IHpaBoM HMIKHEH KJIeTKe ¢TemeHH
n — 1, Mu golimeM B KoHIE KOHIOB [0 MaTpuuul THHa d (f).
Taxkum obpaszoM, ¢ = ¢, ... & d(B) 1. .. L, THe £ —
TpaHCBEKOMY, 4YTO A TpeGoBajoCh.

AHaJIOTHYHO IOKa3hBAaeTCH, UTO

Tw(K) = (ti; (@), diag (By,. -+ By) |, pEK, i <)), (3)
UT (K) = (ty (@) a =K, j—i>m). (4)

[lonydenHHe pe3ynbTaTH H03BOAAKT onpeneanty SL, (K)
HaJ HEKOMMYTAaTVBHHIMH KoJabmaMu K, Aus KOTOPHX O0mI4-
HOe MOHATHE OOPeeIUTeNA TepAeT CMbICI. A UMeHHO, IJId Ta-
kux K ¢opmyny (2) mpurmMaloT 3a olpefeneHue. [lanee,
nycrb K — Tel0. AHaJOrm9HO OpegHAymMeMy 06y obpa-
TAMYI0 MaTpEUY a Haj K MOXHO HpelCTaBUTh B BHIe a@ =
=t dP) tra...t, B0, OrMeTuM Has UHTaTe-
JAS, BHAKOMOTO ¢ MOHATHAME KOMMYTaHTa M (aKTOP-TPYIIOH,
uyro 0Gpas 3neMeHTa P IpH ¢axkropusanuy rpynmul K * mo KoM-
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MyTaHTY Ha3blBaeTCH onpeae.mume.mem MAMPUYR & 8 CMbICAE

HvedonHne.
223. Yopaxnuernune. Ilyecte nZ> 2, p, ...
.+ .y DPn — pas’IuYHHE OpPOCThle 9UCAA, [J; = Py« « »

. .. Pi-1Pi#1 - - - Pn. lorma
7 = rp (ﬁls' e = Pn)s

I HE ONMH 3JIeMEHT M3 3TOT0 HOPOKNAIMIET0 MHOMKECTBA
HeNAb3A YIaJWTh.
224 Yunpamuaennme: 8§, =r1p ((12), (12.. . n)).
225 . YopaXHeHHe:

SL,(Z)=rple +e;[1 <i<n, 1<Ky 1)),
SL,(Z)=rp(e - ez, €18 +- 5+ ...+ epq,n+
+ (— 4)" ten).

AHTHAIOROM IOPOKAA0IMMX MHEOKECTB ABJIACTCA NOATPYyH-
na Oparraan. YTtolOm npEHATE K >TOMY DOHATUIO, HazoBeM
noarpynny H rpynon G maxcumaavroll nodzpynnol co ceoili-
cmeom o, ecniu H obGnamaer cBONCTBOM O M He CONEP/KMTCHA HH
B Kako# Gompme#t moarpynme ¢ 3TMM CBoiicTBoM. Kcim o —
CBOMCTBO OHITH MeHbIIE€ BCEeH I'pynmH, TO MaKCHMaJbHLle HOJ-
rPyOILl CO CBOMCTBOM G Ha3HBAIOTCA NPOCTO MAKCUMAAL HMLMU.
Honeurno, B rpynme MOKeT W He OHITH MAKCHMAaJIBHHX OOA-
rpyon — cM. mpuMepnl HMiKe. [Io ompenenremmio nrodepynna

@pammunu @O (G) rpynus G — 5To HepecedeHHe BCeX €e
MaKCHMAaJbHBIX HOATPYIII, €CIHM OHU CYIECTBYIOT, U caMa G —
B OIPOTHBHOM cJjyvae.

JIeMeHT = rpynnmul G Ha30BeM HENOpONOAI0WUM 34eMeH~
moM TPYIOE, eCJIM €r0 MOKHO yHaluTh ¥3 J10060ro moposx-
Ralomero MHOMKeCTBa rpynusl (G, B KOTOpOoe OH BXORHT.

2.26. TeopewMa. Mnoweemeo S ecex rHenopodicoaio-
wux aremenmos epynnw (¢ coenadaem c nodepynnoli Dpammu-
Hu O (G).

NoxasaTeasrcTBoO. a) S D (G). HeiticTBaTEND-
HO, ecau G He COMEPKAT MaKCMMaJbHHX HOATrpyOI, TO yT-
Bepnenue tpuBmanbEo. Ilycrs remeps z & S, H — Max-
cuManpaafd nofarpyuna m3 G." Ecaw z £ H, 10 (2, H) =
= @G, (H) = G. 9T0 OPOTHBOPEIAT BKINYEHNID Z & §. 3Ha-
wr, x = H, z = © (G).

6) ® (G) = S. Ilycth, HampoTHB, CYMECTBYET B3JIEMEHT
¥ = @ (G), ROTOpDHI BMECT® C HEKOTOPHM MHOMKeCTBOM M



28 OIIPEJEJIEHUE ¥ BAXHEHWIIAE YACTH TPYHIIBL [rJI. 1

noposkgaer G, o (M) %= G. Ilo nemme Ilopmna cymecTBYIOT
nofrpynnst H, MakcuMabHble CPeE NOATPYOO, CONePKamuaX
M u Be copepskamux z. fIcHo, YTO BCEe HTH MOATPYUIIH MIPOCTO
MakcuMalabaH. Ho Torma omm comepskar @ (G), a BMecTe ¢ Helt
Z, BOIIpeKA mocTpoeHnio. TeopeMa Jokasana,

22%7. Ipumepwn. I. B rpymme 7 mnoxarpymma (p)
MaKcHManbHa npm a06oM mpocroM p, mostoMy @D (7) = 0.
Jlerko coob6pa3uTts, uTo B rpynme ) n1060i 31eMeHT ABAAETCA
"demopoknalomuM, mosroMy O (Q) = Q.

II. Tak kax rpynoa Cpm COBIIafaeT ¢ ob'beMUHedNeM IOI-
rpyma C ., n=1, 2, ..., TO ROKAKHA ee 3IEMEHT ABJIAETCH
genoposxnaomuM. [losroMy @ (C o) = C .

I1I. Moxmo mposeputh, uTo moxrpynnma H; rpyunu §,,
COCTOAIMAA M3 BCeX MOJCTAHOBOK, OCTABJAKIMMUX CHMBOI i
HEeIIONBIKHEIM, MakcumajabHa B §,. Tak kax mepecewexue
Hy( ... H, paBeo 1, 10 D (9,) = 1. Anaioruyuo
MOKHO moxasaTh, uto @ (4,) = 1.

1V. Bugennum B rpynme UT, (7) noprpyuny H;,, co-
CTOAMY0 M3 BCOX MATPHI[ X ¢ YCIOBHEM Z; ;.1 & (p), The 1
<L i< n—1, p— npocroe uncrno. Moxno mposepuThH, UTO
H;, makemmansra 8 UT, (7). Tax xax mepecedenme Bcex
H;, nesur 8 UT5 (7), 10 ® (UT,(Z)<UT2(Z). B neii-
CTBUTENHHOCTH MOKHO IOKa3aTh M 06paTHOE BKIIOYEHHE, T. €.

@ (UTn (Z)) = UTEI(Z)

2.3. luramgecknme M JIOKUIBHO NHUKIMYECKHE CPYNIIbI.
Panr. llonrpynma (a), mopoknenmHas ONHMM 3JIeMEHTOM 4,
Hasupaercsa yukauneckoll. Ilo teopeme 2.2.1 oma cocTonT H3
BCEBO3MOKHEIX CTONeHe#l MOPOKAAMEro 5HJIeMeHTAa:

@ ={" |n=0, =1, =2,...}.

IMpumep 2.2.2.1 moxasmBaer, yto 7 B 7, — QUKINYECKHE
rpyrmua. OKasHBaercd, TUMM IpyndaMd HCUYePOHBAITCH —
C TOYNOCTHIO OO0 M30MOp{HM3Ma — BCe IHKIMYECKHAe TPYIIIAL.
23.1. Teopema. Jwbas Geckoneunas YukauuecKas
apynna uzomopgua zpynne 7, awbas yukiuveckas zpynna
KoHeuHO20 nopadra n usomopgua zpynne 4.,.
NNoxasateabcTBo, Ilyers (a) —"beckomeunas
DUK/INYeCKad rpymna. 3agamaMm oTobpaskerme ¢: 7 — (a),
nonarad n® = g" Ono B3a¥MHO ONHO3HAYHO: eciH OH HpH
n_>mOHI0 n® = m® 1. . ¥ " = e, To Tpynna (a) okra-
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ganach Oul KodHeuHOH. [lamee, (n 4+ m)® = n°m®, 1. 6. ¢ —
nzomoppuam. Ecmu (b), (¢) — nukaMgeckue IpynmH KOHEY-
HOTO TOPARKA n, TO MH HOXYIHM naoMopqmau (b) ma (c),
eCIIH TIOJIOMUM b"»-—»c 0Lk n—1.

232 Teopem a. .Tlmiax nodzpynna yukaiuueckou
2pynnul — YUKAIULeCKaA, |

HNoxasarteansbctBo. Illyers (a) — muxanmdeckas
rpynna mopanka n, H — ee meegmEMuHas moarpynna (oge-
BUJHO, eOWHAYHAA NoArpynma — mukiamveckas). Ilycts
m — HanMMeHbIee [eloe IUCIHO ¢ YCIOBMeM:

a" = H, 0<<m<n.

Ougepupgno, (a™) & H. IloxakeM, 9T0 B JqeHCTBHUTeNLHOCTH
(@) = H. BospmMeM 8B H npouWsBoNBHLI# 3JIEeMEHT, OH HMeeT
Buf af, 0 < k < n. Hopmennm k Ha m ¢ ocTaTROM: k mq -+

+ r, 0<r<m. Torga
a" =a" (@)= H.

Ilo Bubopy umcenx m, r oTcofa clegyer, uro r = 0 u af =
= (¢™). Aganoraygo AOKA3RBAETCHA IUKIHYHOCTh MOATPYON
0eCKOHEeYHON NMUKJIMYECKOR I'DYNUH.

I'pynny Ha3nBawT J10KGAbHO YUKAUYECKOD, eClH KasKmoe
ee KOHEUHOe HOJIMHOKECTBO MOPOKAAeT MUKINYeCKYIO IOJ-
IpyImy.

233. Yupasxkuenmue. J[oxasarh, auto @ m C
— JIOKaJbHO [HMKIAYeCKHe Trpynnu. B wactHocTn, oMM He
JOOYCKAIOT HAKAKOrO KOHETHOTO MOPOKIAIOMEr0 MHOMKECTBA,

Bonee o6mo, maszoBeM Tpymomy J40KaAbHO M-ROPOXCIeH-
HOll, eClIM RajKIas ee KOHEYHO HOPOKICHHAA IIOArpymma AB-
AfeTCA N-HOPOKNEHHOM OpH HekoTopoM ft < m. Hanmmensn-
masg MOI[HOCTH 1% C STHM CBOMCTBOM HA3HIBAETCHA pPAH20M
rpynau (. fcHo, YTO paHT rpynnu Bcerfa Tu60 KOHeYeH, JIN-
60 cueren (rorma o of03HadaeTCA CHMBOJNOM oo). Takum 06-
Pa3oM, JOKaJbHO UUKIAYECKH® TPYNNH — 3T0 B TOYHOCTH
rpynnn pamra 1. Pasymeercd, pasr rpynnoH He OPeBOCXOTHT
ee MONMHOCTH, a PAaHT DOATPYOOH He NPEBOCXOOUT paHTa
I'PYIIIH.

234 VYVopamxuenne. Ecam G — nopamoe mpous-
BefieAMe p-rpyun G, nmo PasIdYEHM DOPOCTHM YHCIAM P,
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opoberaIquM HeKOTOPOe MHOKEeCTBO 3, TO
parr G = sup (paur G,).

p=n

Yrasanue: yuecrs 1.2.12.
2.4. Cyemurre xmacenl. C kasmo#t moprpynmoit Il rpym-
e G MOKHO CBA3aTh MHOMECTBa

gH = {gh |h = I}, g =G,

KOTOPEIE HASKBAIOTCH ACEHMU CMENCHUMU Kaaccamy IpynnH G
no nmoxarpynne . ARanor#myno onpefeNAlTCA NPAGHE CMENC-
noie kaacew Hg, Kaxmuil sneMeHT Kjaacca HasKHBaeTcs nped-
cmasumeaem >Toro Kiacca. Jlerko smmers, 4To

aH = bH s a'bes H, (5)
Haea = Hb & ab ' = H. (6)

IT0 103BOJIAET APYIMM HIyTEeM NPHATH K HOHATHIO CMEKHHEIX
xaaccoB. iMenno, ¢ moarpynnoit H cBsykeM OTHOMMeHHE ~ Jie-
BOH CME@HOCTH — COOTBETCTBEHHO IPaBOM CMeKHOCTH —
Ha MHO:KeCTBe (G, moJlarasg IO OHOpeeIeHHUIO

i

a~ b& alb < H (nesan cmescrocmy)

H COOTBETCTBEHHO
a ~ b&ab™ &= H (npasas cmexrcrnocms).

Jlerko mpoBepsAeTCA, 9TO 3TH OTHOIIEHHA ABIAITCA SKBHBA-
JeHTHOCTAMEA Ha G, T. 6. pediexcuBun (@ ~ @), CEMMeTpHY-
HH (@~ b=b~a) nu TpaEsuTMBHH (@ ~ b, b~ ¢ =
=> a ~ ¢), a HOTOMY 3aJaloT fBa pa3buenna rpynmu G Ha
HelepeceKawmueca Kiaccel. B cuay (5), (6) a1 pasbuenus
COBIAZIAI0T COOTBETCTBEHHO ¢ pa3bHeHmeM Ha JeBHE CMEKHEIO
KIacChH W ¢ pa3bHeRMeM Ha DOpaBHE CMEKHEE KJIACCH.
B wacTHOCTH, JIeBHe CMe)XKHHE KIaCCH IIOmapHO He Hepece-
KaloTCA, ¥ TO 3Ke BEePHO IJA HpPaBHX KJacCOB.

Tar kakx coorBerctsme gH «» Hg™! B3auMHO O0JHO3HAYHO,
TO MONHOCTh MHOKECTBA CMEMKHEIX KJIacCOB HE 3aBHCHT OT
TOTO, J€Bble MJIH IpaBhle KjaccH paccMarpupaiorca. OHa
Ha3EBaeTcA undexcom nourpynnn H B rpyune G u oGosHa-
yaercs |G : H |.

241. YopaxkuaenHe. |[7:(n) | =n.

242 Ynpamuaenne. I'pynoa ) ue copepxut cob-
CTBEHHHIX HOATPYON KOHEYHOTO HHEKCA.
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243. Yupaxuaenne. |S,:4,|=2upr n > 2.
244 Yopamuaenne. llycrv A, B — moarpynns
rpyunbl G. Torpa

|A: AN B||G: B (7

YKasaHHme: ecHd ~,;, ~,— OTHONMEHAH JieBOi
CMEKHOCTH COOTBETCTBeHHO B G mo Bm B A mo A (] B, 10
BTOpPOE AIBIAETCA CY/KeHMeM Ha A ImepBOoro OTHOMEHHS.

Kampawit knacc gH, Hg papmomomen moArpynme H, Kak
IOKa3hBAOT B3aMMHO OMHO3HAYHBIE COOTBETCTBHA h «— gh,
h < hg, h = H. B wactrOCTH, ecam rpynma (G KoHedma, TO
ee MOPANOK |G | MOKHO HOJACYHTATh, YMHOKHB MOIIHOCTH
| H | kasporo Kiacca Ha 9@cao | G : H | Bcex raaccoB. Tak
OJyIaeTCH

2.45. Teopema (Jlarpamx). Ecau H — nodzpynna
koneynol epynnu G, mo

G|=|H|-|G:H| (8)

13 mee BHTekaeT BasKHeiimee claeACTBHEe: MOPANOK ION-
TPYUIE Beerga AENHT HOPANOK rpynob. Tak Rak |a | =
= | (a) |, TO DOPANOK BCAKOrO dJIEMEHTA TOMe NEJHT MOp-
ROR TPYIIIk,

246. Yopamuaeunne. Bcarkaga rpymma mpocroro
nopAAKa — NHKJIHIECKad.

2477 Ynpamuaenune. Ilyctre A, B — moarpymnos
rpynos G, npageM A < B, Uunekcu |G : B |, | B : A | oba
KOHEYHH TOTJa H TOJILKO TOI[Aa, KOIJa KOHEeUeH HHJEKC
|G : A |. Ecim munere | G : A | KomeueH, To

|G:A|=|G:B|-|B:4| 9)

Jd10 o6obmaer Teopemy Jlarpamma (oma moxydaerca mnpH
A =1).

248. Youpasxuenne. Ilepeceaenme koseunoro uanc-
Ja HOATPYOI KOHEYHOT0 MHAEKCa — CHOBA IOATPYIIa KO-
HEYHOIr0 HHMACKCA.

Yrasanmme: c¢ momompio dopmyx (7), (9) puBectHm
bopmyny

1G:ANB|<{|G:4]|-|G:B | (10)

249 Yonpamuenune. Ilepecedenne Bcex moarpynn
KoHewyHoro mmjekca rpynun @), cosnamaer ¢ mysepoit mop-
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Irpynnoi. AHaJZOrHIHOE YTBEPIKACHME CIIPABEAIHBO AAA JIO-
6ot apyroit cobcerBeRHOR moArpymmu rpymoi @.
2410. Yupamuenne. logrpymmamn C,, n =

=1,2,..., #cuepmhBaTcAd Bce COOCTBeHHEIC HOATPYUIE
KBAa3HAKINYECKON TPYIITH Cpm. B wacTHOCTH, KBa3HIIAKJIHN-

JecKafd IpyNIa HE COAGPKHT COOCTBEHHHX HOATPYIN KOHEY-
HOTO HHIEKCA.

Kax mokasmBaeT mochegmee yupaKHeHHe, co0CTBeHHEIE
MOATPYNIIH KBASHIMKIAYECKUX TPYNIT KOHEYHH, XOTH CaMU
9TH Tpynme Oeckomeudbl. HaKoBH B C e OECKOHeIHHE
rPYOOE, COGCTBEHHEE IOATPYIOH KOTOPHX KOHEYHhI? JTa
npobaenma O. 0. Hlmudma, nocrarnensas B 30-e roms, Oka-
3ajlach YpesBhYaiino Tpynmoii. Pasymeercs, Takue rpynmbi—
Ha30BeM HMX Jis KpatkocTd 2pynnamu Illmudma — o6A3anb
OuiTh mepmopaudeckumMM. byaeM roBopHTh, YTO rpynma J4o0-
KAAbHO KOHEYMA, €CIM BCe e€e KOHEYHO HOpOKIeHHHE I0[-
rpyans koueunn. Hak ycranmosun M. Y. Hapramonor (Cu6.
maTeM. K., 1962, 4, Ne 1, c¢. 232—233), cpeau noKaIbHO KO-
HEeYHHIX Ipynu efAuHcTBeHHHMHE rpynnaMu lImugra apasores
KBAa3MIMKIMIECKHEe. JTUM B 00BsACHAETCA TPYAHOCTD pobJe-
ME — OpHXOAMTCA paboraTh B KiIacce NePHOAHMIECKHX, HO
He JIOKaJIbHO KOHEIHLIX T'PYIII, e [a’Ke MOCTPOCHHNe OTHAEJb-
HEIX OPHMEpPOB CONPSIKEHO IMOKA ¢ 09¢Hb OOJBIIMMM yCHIHA-
MM — MH eIe ImoroBopuM o6 aToM Gojee momapobHO B § 23.
JImms corcem memaBuo A. 0. Onpmanckuii (Mae. AH CCCP:
Cep. marem., 1980, 44, Ne 2, ¢. 309—321) ykasan mepsoiit
npuMep HeKRBasHiukandeckux rpyunn llImmara — mocrpoen-
HEle MM rpyniun 0eCKOHEYHH, HOPOKAAIOTCA ABYMA 3JEMEH-
TaMH M BCe HX COOCTBeHHBIe NMOATPYIOE MMEIOT KOHEYHHIE M
faske OPOCThIE IMOPAAKH.

2.5. Knacent conpsmkennbix 3neMentoB. (OcolGeHHO Bak-
HYI0 pPOJip B IPYNOAax MIpPAalOT T¢ MOATPYIOH, OTHOCHTEIBHO
KOTOPHIX JieBhie H IpaBhie CMeKHBie KJacCh COBHAfaoT. Ta-
KHe HOATPYUINH HAa3HKBAIOTCA HOPMAaJbHHIMH. TouHee, TOBO-
pAr, 9ro moarpynna H rpyunum G nopmasvra B G B OHANIYT
H <G, ectm Hx = zH pana nw6oro z w3 G. Ecim H <J G
u H 4G, o nmmmyr H <1G.

flcao, uro ycnoeme Hzxz = xH paBHOCHIBHO YCJIOBHIO
2z 'Hx = H. ToBopAT, 9TO DINEMEHT a4 CONPANHEH C DIEMEH-
TOM b IOCPEACTBOM DJIEMEeHTa I, eCId a == z bx. Yacro Hc-
OOAB3YIOT cTeneHHbe 0003Hawennsa: x ‘bx = b*. Jlerko mpo-
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BepHTH, 9TO BCeraa
(ab)* = a*b*, (a*)V = a*V. (11)
Ecnm A, B — pgBa mogMHOMecTBa TpyHmms, TO 0603HAYAIOT
AR ={a"|a= A4, b = B).

Temeps MOMKHO CKazaTb, 4To moArpymnma H rpymmm G Torma
H TOJNBKO TOrJa HOpMaJbHA B (G, eCIM BMeCTe C KayKIbIM
CBOMM 3JI@MEHTOM OHA COMNEPIKHT U BCE BIEMEHTH, CONPIKeH-
HEle ¢ HAM ITOCPE[CTBOM 3]1eMEeHnTOB M3 (G, MU, KOpode, €CIAH

HG < H.

Ilepsas u3 dopmyn (11) moxasuBaer, uTo oTOGpaskeHHe
rpyans G Ha ce6s mo npaBuay ¢ — a* (UpH $UKCHPOBAHHOM
z u3 G) Aapndercs usomopduamom. IlogmuokecTBO M* HasH-
BaeTCA Cconpajcennum ¢ HoAMHOkecTBOM M B rpynme G.
Temeps MBI MOKeM BHIPa3SHTBCH TPETBEM CHOCOGOM: HOATPYI-
oa TOTAa M TOJHKO TOTJa HOPMaJbHA, KOIJa OHa COBIAJACT
co BceMHu cpoumu conpsixenHnmu. [lo aroli mpmumme HoOp-
MajbHEe MOATPYIIKE HA3HBAOT €Ime CaMOoCONpSKEeHHLIMH,
YoorpeOurTelbHE TaKke Ha3BaHUS (HOPMAJBLHHHA MeIHTEAbY,
(THBapHaHTHasA moArpyunmay. [pynnn, He copep:ammue col-
CTBeHHEIX HOPMAJBHHIX HOATPYHI, HASHBAKOT NPOCMBMU,

251. Ipumepu. I. II. Tarx kar agAUTHBHAA H
MYJIbTHIUIMKATABHAA TpynnH moisa abedeBr, To jgobaA HX
HOArpyInna HOpMaJbHA.

III. Tak-xkax nrGaa momcTaHOBKA, CONpSKEHHAs ¢ der-
HOit, cHoBa 9YeTHa, 10 A, <1 §,,.

IV. Ilycte n > 2. Tar war det(ab) = det a-det b, TO
MaTpmna ¢ oumpefendrejeM 1 mepexogHT mocie cCONpsKeHH S
CHOBa B TAaKyI0 jKe MaTtpHiy, moatomy SL,(K) <I GL, (K).
Tar kak mpu yMHOKeHHMH TpPeYroAbHHIX MAaTpPHUI, HX [gHAro-
HanbHEe DJIEMEHTH HA OJUHAKOBHX MECTaX IEPEeMHOKAITCH,
0 UT,(K) 9T, (K). B neficTBHTeIBHOCTE MOKHO HPO-
BepuTh, ur0 UT, (K) < T, (K) nasa aoboro m =1,2, . . .

252 Yonpamxuaenne. Ecma p —npocroe wgmcao,
T0 7, — mpocraf rpynma.

253. Yonpaxuenune., Ecam |G:H|=2 1o
H QG.

254 Youpamueunne, Ecim A <G, B<G, 10
AB G.
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2.5.5. Yopamuenne. Moxer cayIaTecs, 910 A <J
<q1B, B<JC, vo A HC.

IIycrs G — mpomspoabras rpynna. OmpenenuMm Ha Hel
OTHOLIEHHUE ~ , moJiarasd a ~ b, eCld 3JIEeMeHTH &, b comps-
skeHH B (. JlerKo mpoBepsercsi, 4TO 3T0 OTHOIEHWE — DK-
BUBAJIEHTHOCTh, T. €. pedueKCHUBHO (@ ~ a), CHMMETPHYHO
(a ~b=b~ a) n Tpau3aTEBHO (a ~ b, b~ c= a ~ ¢).
HootoMy G pas6uBaeTcd Ha HelepeceRaloluecs KA4dccs
conpadceHHOL saemenmos a%. B dYacTHOCTH, HOpPMaiNbHHIMA
moATpynnaMa OyAyT TaKdhe NHOATPYNIE, KOTOPEE COCTOAT
13 HECKOJBKUX IIOJHHIX KIACCOB COIpAKeHHLIX 3JI6MEHTOB.

B otnmunme 0T CMeKRHBEIX KJIACCOB KJIAcCH CONPAMKEHHEIX
2JIeMEHTOB He Bcerjga paBHoMomubl. [IpE BEUHCcHeEEEm HX
MOIIHOCTEH pelainyld poas HrpaeT NIOHATHE HOPMa-
ausaropa. Ilycts M — mopmuOmectBo, H — moprpynna
rpyunsl G. Hopmasusamopom muosxectsa M B moprpynne H
HA3hIBAETCS MHOMKECTBO

Ny (M)={h|hE H, M" = M},

KOTOpO€, Kak JIeTKO IIPOBEPHUTH, ABJIHeTcd moArpynuoit B H.
Ecam me yrasano, B Kakoit mogrpynne f 6Gepercs HOpMand-
3aTOp, TO PTO O3HAaYaeT, 4T0 oH OepeTcs Bo Bceil rpymme G.
OueBugno, moArpynma TOTJa B TOJBKO TOTAAa HOPMAaJbHA
B TpYINIe, KOIla ee HOPMAJU3aTOP COBIAJaeT CO BCeM IrpyIi-

moii.
2.5.6. Teopema. FEciu M — nodmnonrcecmeo, H —

nodzpynna epynnit G, mo MOWHOCMb KAACCA NOOMHONCECME,
conpamennwxr ¢ M asaemenmamu us H, paena undexcy
|H : Ng (M)|. B uwacmrocmu,

|a® | = | G : Ng (a)].

HorasarteabcTso. Orobpasum mHONKecTBa M7,
z & H, ma upaBbie CMesKHBIe KJIaCCH rpynns H mo moarpym-
ne N = Ny (M), monaras

(M*)® = Nz gna x < H.

OrobpaskenHe ¢ OAHO3HAYHO, TaK Kak u3 M* = MY ciaegyer
Nz = Ny. Orobpaennme ¢ NepeBONMT pAa3HEE JJICMEHTH
B pasubie, Tak Kak u3 Nz = Ny caegyer M* = MY. Hako-
Hel, ¢ — oTo0pa)keHHe Ha, TaKR Kak Rakjoe Nz HMeeT mpo-
obpas M*. Teopema goKazaHa.
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2.5.7. Il pume pu. I.II. Tak rak agTuTUBHAA A MYJB-
TAIJIAKATEBHASA IPyHnn moJsa abeneBnl, TO JIO00H HX KJIace
CONPS/KEHHHX 3JIeMEHTOB COCTOMT M3 OIHOTO DJIEMEHTA.

III. ITycrs M — wmmoxecrBo. lIBa oToOpaskemms u3
8 (M) Torna m ToNBKO TOTAA compsikeHH B S (M), Korga
R pasliOKeHHM Ha He3aBHCHMEE ITMKIE OHH CONEpIKaT OJH-
HAKOBOE YHCJIO IMKIOB RaKJ0H JNMHBEI, BRJINYAA U OLHOIIE-
MEHTHEIE MUKJIK (3/leCh 4YUCJ0 M JIMHA MUKJIOB HOHAMAIOTCH
B cMEIcae MomHOCTH). JleiicTBUTeIBHO, €CJIH

a = (00 ...)(PBsPs - (... .,
a’ = (4. - )(Bifs . (. ). .,

IpAYeM TMUKJIB OJAHAKOBOM JIMHB BHIIMCAHH [pYyT HpPOTHB
Apyra, TO HemOCpeACTBeHHO IpoBepsieTcsa, 410 a’ = a¥,
IRe

$=((11052...Blﬁ2...)
o - .. Bifs- ../

B wacTHOCTH, ABEe MOACTAHOBKE M3 &, TOTJa H TOJLKO TOTAA
COUpsKeHB! B §,, KOIla OHH HMEIOT OJUHAKOBOE IIARIAYIEC-
KOe CTpoeHMe,— HampmMep, moacranopka (12)(3456) comps-
mema B Sg ¢ momcramoBKoit (15)(2436) m He compsxena
¢ mopacranoekroil (12) (345) (6). Yro kKacaercs sHaKoDepeMeH-
HOA rpynou A,, TO 3JIeMEHTH OXAHAKOBOTO IHKJIHMYECKOTO
CTPOEHUA COCTABIAT B Hell ambo 1, aubo 2 paBHOMOIMHEIX
Klacca CONPAKEHHHIX 2JeMEHTOB — 3TO JETKO yCMaTpHBaeT-
¢cA n3 Tteopeme 2.5.6 um coormomenma | S, : 4, | = 2.

I[V. Hak woMunT 4mTaTesb, BONPOC O COLPSKEHHOCTH
MaTPHL 3aHHMAeT Ba’KHOe MeCTOo B ol0meM Kypce aiareOpH.
das anre6pamueckn 3aMKHYTHX mojeil K Bompoc o comps-
JKeHHOCTH dJieMenToB U3 G L, (K) mcuepouBaommM 06pasoM
pemaercs Teopemoit sHopaaHa: ge Matpuun u3 G L, (K)
TOT/la ¥ TOJBKO TOTJa CONpPSAKEeHH B 3TOM rpynme, Korja oHH
OpuBOAATCA K OAMHAKOBOM 3KOPHLAaHOBOU (opMe.

258 VYnpamuenue. Ilopaaku conpskeHHBIX
9JleMeHTOB (BOOOMIE, MONIHOCTH CONPSKEHHHKIX MHOKECTB)
PaBHLL.

25.9. Yonpaxuenne. Ilycrs mogcranoska a us §,
Pasmaraercd Ha He3aBUCHMHEE NHUKJIH C JAMHAMA 7,

v 1, Jn; = n. Barauennrs | Ns_(a) .
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2.510. Yopamxuaenne. Ilposepurs dopmyay
Lin (aﬁ) opu j = n,
dt (B)t:; (@) d (B) = ltm- (§) upmi=n,

t;; (@ B ocTaABHEIX CAyYaAX.

[Toapaysch e, yoeamThbes, uTo B npumepe 2.2.2.1V Momx-
HO cyartarh r =

2.5.41. Yopamxuenne. Hopmanuazaropu Bcex B3ie-
MEHTOB, CONPAMKEHHHRIX C [JAaHHKMH, COCTaBIAKIT KJIAcC CO-
OpsKeHHBX NOATPYII.

2512. YopaxuaeHnre. B rpymme MarpHar BHAA
(0 1) , a0, mag nosem () yrasars moAarpymmy, ConpsmKes
HYI0 ¢ HEKOTOpPOH CBOei HCTMHHOM IOJrpPYIIO.

2513. Yopamuenne. Ecim A — moarpynna Ko-
HeYHOT0 HHJEKCA IPYOUH (G, To ImepecedeHue

N = 4=
x=G

AABJIAETCSA HOPMaJbHOH MOATPYIIOA KOHEYHOTO HHAeKca B G.
YKas3amue: BOCIOJb30OBATECA Teopemoir 2.5.6 =
yopa:kaenteM 2.4.8.

§ 3. [emrp. KommyranT

My BHAenn, 9T0 IOpPOH3BONBLHAA IpPyNOa MOKET CHJILHO
OTINYAaTHCA IO CBOMCTBAM 0T YHMCJOBHIX I'pynn. Bo mmorom
3TO OTIHYEE CBA38HO ¢ HEKOMMYTAaTHBHOCTBIO. OTKIOHemHe
OT KOMMYTAaTHBHOCTH M3MepAeTCHA OEHTPOM M KOMMYTAHTOM:
JeM GONbINE IEHTP X 9eéM MeHbIle KOMMYTAHT IPYIIEH, TeM
O0nnme oHa K abeJeBHIM rpynmam.

3.1. Lentp. Ilycts M — nogmuokecTBo, H — moarpyu-
ma rpyuns G. Mo Hazpaxn mopmannsaropoM M B H coBokryn-
HOCTH TeX dJIoMeHTOB m3 H, KoTophie NepecCTaHOBOYHE ¢ MHO-
sxecTBOM M B menoM. MoxHO paccMOTPETh TaKiKe MHOMKOCTBO
TeX dJeMenToB u3 H, KoTopHe mepecTaHOBOYHH ¢ M Do3ie-
MEHTHO, T. e,

Cu(M) ={z |z H, m* = m paa Bcex m & M),

JTO MHOKECTBO HABHIBAGTCA YeHmpaauaamopom MEoKecTBa M
B moarpynume H u ApiaAeTcA, KaK HOTPYAHQ HPOBEPATS,
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HOPMaJIbHOM nogrpynnoit HopMmanmadatopa Ny (M). Ecam M
COCTOMT U3 OJHOTO HJIEMEHTa, TO, KOHEYHO, €T0 HOPMAaJIu3aTop
u meaTpainusarop B I cosmagaior. Ecan ne ykasaHo, B KaKoi
poarpynne H GepeTcdA neHTpaIH3aTOp, TO 3TO 03HAYAET, ITO
oR Oeperca BO Bcedt rpymoe G.

IlenTpanusatop BCell rpynnnt G Ha3HBAGTCH 66 YEHIMPOM
u obosmagaerca Z (G). Ouesmauo, rpymma Torga ¥ TOJIBKO
torga afeleBa, KOTOa OHAa COBHAgaeT CO CBOHM IEHTPOM.
flcuo, 4TO emmHUIIA BCerga JeKAT B IeHTpe. Heam gpyrmx
I@ATPANbHEIX BJIEMEHTOB IpyIlIa He COAepIKHT, TO OHA HA3H-
BaeTCH 2pynnoli ¢ mpuUsUAAbHBLM YEHMPOM WA faxe epynnoll
6e3 yenwmpa. 3aMeTuM emie, 9TO J00asg HOATPYIIa 1eHTPa
HOPMAaJbHA B rpynme.

IInsg manocTpandd BHYACIEM [eHTPH Brpyomax | — IV
3 § 1,

3.14. I prmepu. LIl Tak cak agAuTHBHAS B MYJIb-
TAOAHKATABHAA IPyNns moisa alelieBn, TO OHH COBIAfaT
CO CBOHM LEHTPOM. .

I11. Ouesuguo, rpymmm 8, u A; aleaSpsl ¥ mo3TOMY
coBmajgaioT ¢ meHTpoM. Jlanee, J06as HETOKIECTBeHHAA
DOACTAHOBKA H3 S,, pasio’KeHHas HAa He3aBHCHMLIE MAKIML,
gameer BuEm (ij...)(...)... HemocpemcTsenHo npoBepdA-
eTcd, YTO OHA HE IepecTaHoBoYIHa ¢ Tpancuosmnueir (jk)
npu n > 3, a rarke ¢ TpoimniM nukaoM (jkl) mpm n > 4;
3nech pasHble OYKBH 0003HAYAIOT pasHEE CHMBOJL. JHAYHT,
rpyoou S, npu n >> 3 u rpynout 4, npu n > 4 EMeioT TpH-
BHAJABHBIH IieHTP.

IV. IIyecte K — mogre.  Uemrpu rpymn G L |(K),
SL, (K) cocToar m3 comep:Kam@XxcsA B HAX CKaJNAPHEIX MaT-
pan. IlefictBuTennno, nio6as ckaaldpHasg MaTpUna, o4epuf-
Ho, Je:xaT B nenrpe. O6parmo, eclIE a — IEHTPAAbHEU 3Jie-
MeHT Jw00o0# U3 3TUX Tpyul, TO OH NEePeCTAaHOBOYECH CO BCEMH
TpaHCBeKOMAME ¢;; = t;; (1), T. e. at;; = t;;0. Orcona jer-
KO IoJy9aeM, 4YTO

Qi = 0, d;; — G3; OpH BCeEX i 5~ j,
T. 8. @ — CKaAApHaa Marpura. B 3ToM m Apyrax momo6REX
BEIYMCIECHMAX MH COBETYeM UHTATENI0 BaMHCHBATH KaMIyIo

MATPALY Z B BHJS ) Z,.6,; A IOJbL30BATHCA H3BECTHOH Tal-
Junell YMHOMEHHA MAaTPHIHLIX eHHHI:
éi; UPH J==1,
€4i%re =

0 mpu j#=r, 0
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AHaJOTHYHHE PaCCYHIEeHHA OKA3EBAIOT, ITO [[EHTD TPYIIE
T, (K), | K| 2, cocrouT H3 BCEBO3MOKHHX CHRAJAPHHX

MaTpHI[, OTAMYHHEX oT HyleBoli, a B rpynme UT,' (K) nenr-
paJIbHKIMA GYAYT B TOYHOCTH Te MATPHUI[H, KOTOPhIE OTIHIAOT-
cA OT MAaTPHI{H € TOJABKO IPABOM BepxHeil KIETKOHA CTeIeHH m.
B wacrmocTn,
Z(UT,(K)=UTy" (K)= {tm (@) |2 & K}. (2)

Huaromansuaa rpyuna D, (K) abeneBa 1 TIOTOMY COBIIa-
RAeT C IBHTPOM.

31.2. Yupamuaenue. Haitn uenrpanusarop aua-
rogaidpuoit Mmarpuuul B G L, (K).

313. Yopamnunennme., Ilearpanusatop HopMalsb-
HOM HOATPYNHOH caM SBJsAETCA HOPMAJIbHO# HOATPYHIOM.

31.4. Yonpamuaenune, Ecim H — KoHeunasg Hop-
MaJbpHAA ODOATrpYIIa rpynnk (, To HHAEKC ee IieHTpajld3aTopa
KOHEYEH.

Pemenue:

|G:CG(H)|:|G:Q£G(x)|< EIJG;CG(Q;H\{|H,|HI.

31.5. Yopamxnuaennue. I'pymma marpun (g ?), a £

= 0, Hag moiem, oramIHuM oT GF (2), nmeer TpuBmanbHbii
IeHTp.

316, Ynpakumenue: |Z (GL,(q)) | =q— 1,
|Z (SL,(¢q)) | = ".0.8. (n, g —1).

A7. Ynpasxuenne. Ilearp npamoro (nekaproBa)
OpPOM3BENEHASA COBHAfaeT ¢ DPAMHM (JeKapPTOBHIM) MPOH3Be-
AeHHEeM TEHTPOB COMHOMKHTENeH.

3.2. RoMmvramr. OueBupgHo, 3JeMeHTH a, b rpynnu G
TOTJa X TOABKO TOrga IepecTaHOBOYHEHI, Korga a 'b~lab = e.
JIeBas 9aCTh 3TOT0 COOTHOIIEHHU I HA3KIBACTCS KOMMYMAMOopoM
9JIEMEHTOB @&, b — B yKa3aHHOM HOPAJKe — M 0003HaYaeTcd
[a, bl. [Toarpynna, moposxneEEas B G BCEBO3MOKHBIMH KOM-
MyTaTopaMH, Ha3kBaeTcA Kommymarnmorm rpyunu G. fcuo,
4TO Ipynma TOTJa H TOJBKO TOTAa KOMMYTaTHBHa, Korfa ee
KOMMYTAHT paBeH eJuHHIie, a B o0meM ciaydae KOMMYTaHT
B HEKOTOPOM CMEIC]Ie H3MepHeT'OTKIOHeHHMe OT KOMMYTATHB-
HOCTH.

Bonee o6mo, ecim L, M — mopMHO)KecTBa rpyunnn G,
TO HX 63QUMHLLM KOMMYMAHMOM HA3HBAT OOATPYUIY

[L, Ml =rp (la, bl la= L, b = M).
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Tak Kak
la, b = [a*, b%],

TO B3AaMMHEIM KOMMYTAHT HOPMAalIbHEIX NOATpynm — HOD-
majibHAA noarpynna. B wacrrocta, kommyrant |G, Gl rpynou
G — HOpMaJbHAA moArpymnma. bepsg KOMMYTaHT oT KOMMY-

TaHTA # T. M., MBl HOJNYIUM YOHBAIONMYI0 IMEIOYKY HOpPMAalbe
HEIX HOArPYHI

GG >G6 >...,

KoTOpasg HA3HBaeTCHA pAdom Kommymanmos TpynmH G.
Imorma KOMMYTAHT Ha3HBAOT NPOM3BOAHOM TPYNIOH, a PAA
KOMMYTaHTOB — IIPOM3BOJHEIM DPAJOM.

OTMeTHM MOJNE3HEE KOMMYTAaTOPHEE COOTHONMEHMS, IIPO-
BepfAEMEle HEeIOCPEACTBEHHO:

la, ] = [b, al, lab, ] = [a,c)’ [b, cl, [a%, B] = [b, a* -
(3)

Tenepb, kak OOHYHO, NPOMILIIOCTPEDPYEM HOBOE HOHZ-
tue ga rpymmax I — IV m3 § 1.

3.21. I puwme ps. [.Il Tax kak agguTHBHAA X MYyIbe
TANAMKATUBHAA TPYUOe mons abedeBH, ToO MX KOMMYTaHTH
paBHK eJEHHANE.

II1I. OueBmpuno, [S,, S,] =1, [4;, A4, =1. [anee,
[A4,, 4,1 = {1, (12)(34), (13) (24), (14)(23)}.  (4)

JeitcTBATENbHO, HENOCPEACTBEHHO ITPOBEpPAETCHA, YTO HPaBasf
9aCTh — HOArpyHma (0Ha HAa3HBaeTCA Yemeepholi zpynnol
Kaeiing). Ora moArpynma [ake HopMalepHa B 4,, Tak Kak
COMeP/KUT BCe MOACTAHOBKH THHA (+#*) (%*), a IpH compsxe-
HAAX, KAaK Mbl 3HaeM, IUKINIECKMH THIO DOJACTAHOBKH He
Meusierca. Tak Kak A, nopoxaaeTca BCeBO3MOKHEIMHA TPOM-
HEIMH I{UKJaMH, TO Jid BRIOYeHMA - BBEAY dopmya (3)
H HOpMaJBHOCTH IpaBoif JacTh (4) M0CTaTOYHO IPOBEPHTH,
9TO KOMMYTATOPH OT TPOHHBIX OMKJIOB JEKaT B IPABOH da-
cti. Ho 3T0 cpa3y BHTEKaeT M3 COOTHOLIEHUMI
[Gik), (D) = (&) kD), LGk, G = ) (jk),

KOTOPHE IIPOBEPAIOTCHA HEIOCPENACTBEHHO; 3feCh pasnue OYK-
BH 0603HAYalOT pasHbie CHMBOJB. JTH e COOTHOIUEHHA J0-
KaspBaloT 1 ofpatHoe BRiIloueHHe. Haxoner,

[S,, S,] = 4, nopu awboMm n, (9)
[4,, A4,] = 4, npu n > 5. (6)
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JeiicTBATENPHO, KOMMYTATOp JNIOGHIX [BYX HOJCTAHOBOK H3
S, ecTh ueTHaA mojcTaHOBKA M moToMy JjexkuT B A,. C apy-

roi CTOPOHHI,
(ijk) = [(ik), (j)] = [GkY), (ijm)],

rie pasHele OYKBH 0003HA9Yal0T pasHHe CAMBOJH. TaK Kak
A, ‘mopoxmaercs TPOMHHMHE DURIAMH, TO BCE JOKAa3aHO,
IV. Ilycte K — mone. Bceerma

|G Ly, (K), GL, (K)] = 5Ly, (K), (7)
[SL, (K), 8Ly (K)] = SLy (K), (8

3a HMCKiwdYenueM rpynnmu GL, (2) B mepsoii dopmyde m
rpyun SL, (2), SL, (3) Bo BTopoii ¢dopmyne (oTMETMM, dUTO
GL,(2) = 8SL, (2), Ttakx 410 (PaKTHIeCKH HMCHIIOIATE] b~
BHXx rpynn ase). [leficTeETesabHO, OIpemeHTEeNbh KOMMYTa-
Topa NIOOHX ABYX MATpPHI[ paBeH 1, m03TOMY BKJIIOYEHHHA CJIe-
Ba HampaBo odeBMAHE. C Apyroid CTOPOHE, MH 3HaeM, YTO
S L, (K) nopoxpaeTcad TpPaHCBEKIMAMH. JlerkKo mpoBepHTS,

970
[t (@), txs (B)) = %y (aP) mpE pasimummx i, j, k, (9)

(s (@), ding (Bu, - .- Bl =1t (@ (B —1)).  (10)

Beuay (9) o6paTubie BRIYEHHAA WA B > 3 TOMeE CUPAaBeIIN-
Bu. Ilycrs Temepp n = 2. Tak raxk mpr | K | > 2 Mmoo
B popmyne (10) subpats P; 7%= B,, T0 dopmyna (7) mokrasana
ansa peex rpynm, Kpome GL, (2). Tak vak mpr | K | > 3

MO3kHO BHOpaTs B, 7= Pa, BB = 1, T0 popMyna (8) norasana
mas  Bcex rpymm, Kpovme SL, (2), 8L, (3). Ormeuennbie

TPYIOH [eACTBATENbHO HCRIOYATEIBHNE — MOMKHO IIOKa-
3aTh, 4T0 AaA uux popmyan (7), (8) HecmpaBelJMBH.

AnmanormyauiM ofpasoM, Hcmoabsya dopmyasn (3), (4)
npeapaymero maparpaga m ¢gopmyast (9), (10), monyumm,
410

T, (K)’ T, (K)] = UTﬂ (K) npu IK I > 2, (11)
[UT,(K), UTx(K)] = UT:" (K). (12)

[Ipm | K | = 2 mepsas ¢opmyna HeBepHa, HO Torfa T, (K)=
= UT, (K), # M0XKHO II0J b30BaThCA BTOPOH ¢opMYyNOi.
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3.2.2. lemma. Ilyemv G — npoussoavnan zpynna,
A, B — ee nodepynnw, H = rp (A, B). Tozda
[A, B], AI[A, Bl, BlA, B] nopmasenw ¢ H, (13)
AlA,Bl-BIA, B] = H, (14)
[4, B] = rp (rp (C4))?, (15)
20e C={lap, bjl|icl, j=J}, ecau A =r1p(a; )i &
eI, B=rp (b |jE D).

IlloxasaTeaxabcTBo. Bropoe m3 Tompmects (3) mo-
KaskBaer, 410 moarpymma A mopmaxmayer [4, Bl, a rorua
(13), (14) oueBmurrr. Jloramem (15). Tar rar C C {4, B] <
<] H, 1o BJOKeHEE cmpaBa EaJieBo o4eBmmHO. IIpoBepmm 06-
parHoe Bhoxennme [A, Bl << D, rme D ofosgagaer mpaByio
gacrb (15). Ham mago mpomepmrh, 49TO

a3, .. afz, bg:. .. b?ﬁ] & D upnm & = 41, §; = +1.
Nmeem
1 b m
(algx ¢ af::) jz(a"h [a’h’ b.f-.')sl e . (aim [a’fm’ b.f])e ==
=di...aM  ferp(CA)

em
im’

la, b = rp (CA), rne a =ai, ... @
Orcroma

t 8 8
(%, .. 5™ = (b;,[b5,, al)® . . . (bj, [b;, @) ™ =

=5%...5", deD,
9T0 B TpebOBANOCH [OKA3aTh.
Iycry Teneps ay, @sy . . «, A3, Asy . . .— COOTBETCTBEHEO
JJIIEMEHThHI M OOArpynnn HeKoTopod rpynmu. I[Tomoxxmm mo
HHAYKI AR

[al, . 0 =y a’n+1] = [[ab .oy afn]3 a'n+1]:
[Al'! v . oey An+1] == [[A]_, o o oy An], An+1]
op| n > 2.

323. JJeMmMa 0 TpexXx KOMMYTAHETaAaKX.
Tyemv A, B, C — nodzpynnw wnekomopoi zpynnu, H — ee
HopMaavhas nodzpynna. Feau 0sa us xommymanmos

[4, B, C}, IB, C, A, IC,. A, B]
aewcam ¢ H, mo u mpemuii nexcum ¢ H.
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JlokaszaTelXIbCTBO BHTOKAET M3 CICAYIOMEro Kpa-
CHBOT0 COOTHOINGHMSA, IPOBEPACMOro HEmOCPEACTBEHHO (TOK-
mectBo P. Xoira):

la, b7L, c]°[b, ¢L, al’le, a4, bl = 1. (16)

3.2.4. YonpasxBEernune, HaitTm pagsl KOMMYTAaHTOB
rpyno S5, 8.

325. Yopamxuaegne. Haitth KoMMyraETH IpyInm
SL, (2), SL, (3).

326. Yupamxuaenne. FEcam A, B, C — mopmMaib-
HEle OOATPYOOH  HexoTopoir rpymne, To [AB, C] =
= {4, C1-[B, Cl.

327. Yupaskaenne. HomMMmyradr mpsaMoro mpo-
A3BENEHAA IPYOO ecTh OPAMoe IPOM3BEHeHAe KOMMYTAHTOB
coMHO;kUTeNell. MomHO nm 3mech DpAMEIe IPOM3BENEHAA 3a-
MeHATh Ha JeKAPTOBHI?

328. Yopaskaernne, HajiTm KoMMyTanT rpynnos
a w
MATpHL (0 ﬁ), a 7%= 0, HaJg ToJeM W HOKA3aTh, 9TO KarKAbIH

3JIEMEHT 3TOr0 KOMMYTaHTA — KOMMYTATOP.

O6pamaeM BHAMaHMe dYATATeNs, 9T0, BooOme TOBOPH,
KOMMYTAHT TPYOOb He mMCYepOeBaeTcd KoMMyratopamm. Cy-
IDECTBYIOT Jiajke KOHEYHBIe I'DYNIH, B KOTOPHX IPOMA3BeeHAE
OBYX KOMMYTATODOB MOKeT He PABHATHCH HHKAKOMY KOMMY-
tTaropy. Msl 3akomdmM maparpad OpEMepOM TAKOH T'PYIIE
¢ HaOpoCKOM JOKa3aTeabCTBA.

3.29. I pame p. Pacemorpmm wmuOkecTBOo S n3 10
CAMBOJIOB €O CJeAyIomel Tabxnmeit yMHOMEHUS:

ST 22X O=2T R =,
O E >R R =~
ocooocoocococ o R
o000 COoOOoO RXRTE
OO0 2 >
OO OoOoOOoOoOoO T O
oo o000 O0o o R
oo Oo o >
e B R e Bl e i e B e B e B e B e Bl —
o Bl B e SO e B e i e R e B e R e
e B e i e R e R e Y e e Rl o B e R
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Jlerko OIpoBepHTh, 9YTO YMHOKEHH® B S aCCONMATMBHO, T. €.,
KAK TOBOPAT, § — noayzpynna. Illyets K — moayrpynmosoe
roabno Aas S Hap nmoaeM GF (2), 1. e. Roabmo dopMaibHEIX
RoMOmHA A

nid + nya + ngp + ny + ngd + nex -+ nih -+ ngp -+
-+ ngv - 140

¢ koadpdmmmenramm u3 GF (2) oTHocHMTENbHO ecTeCTBEHHEIX
omepanmi cinokeHMA m ymHOmkeHms. Haxonmen, mycry G —
MHO:KeCTBO BceX Marpmii Hax K BHja

1 =z y
a..—._—(O 1 x),
0 0 1

Jlerko mpoBepmTh, 9T0 G — rpynma mopapka 22, mpmduem

ecan
1 u v 1 0 zu —uzx
b= (0 1 u), 10 [a, b] = (0 10 ) (47)

0 0 1 0 O 1

HaszoBeM zu — Uz KoJBIEBEIM KOMMYTATOPOM 3JIeMeHTOB Z, U.
3.240. YopamEeHame. IJeMeHT | -+ vV eCThb CyM-
Ma IBYX KOJBIEBHX KOMMYTATOPOB, HO CaM HE ABIAETCH KOJMb-
IeBHIM KOMMYTATOpPOM.
32.44. Yopasxkuaenrne. WMcooabays (17) m mpens-
fymee ynpakKHeHHe, YKa3aTh B rpynne & npomssefieHme ABYX
KOMMYTATOPOB, He HABIAIOMEECH KOMMYTaTOPOM.
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IFOMOMOP®HU3MbI

§ 4. 'omomopdusambr m darTop-rpynibi

4.1. Onpepenennna. CormacHo OTHOMY M3 MCXONHHX OIpe-
mexeHmit oTo0paskeHrde IPYNNH B IPYNNY HA3KBAETCH A30MOP-
¢m3MoM, eCm OHO B3AMMHO OfHO3HAYHO M COXpAaHMET omepa-
a0, OTKaszeHBasgck OT NepBOro TpeboBAHMA, NPUXOTAM K
HOHATHIO roMoMopdusMa: otobpakenne @ rpynns G B rpyun-
ny G* Ha3HBAGTCH 20MOMOPPHEM AIU 20MOMODPUSMOM, SCHU
(ab)? = a®b® gua mobrx 3JeMeHToB a, b m3 G.

441. Mpamepu. I. Oro6pamennme 7 — 7, comno-
CTABJIAOIIEE I(eJIOMY YACAY €ro BHYET IO MOAYJIIO 1, ABIACT-
ca roMmomopdunM. Ilycrs p — mpocroe 9mCIO, €, — IEePBO-

o6pasHHit KopeHb cTeneHM p" 3 1 B moje KOMILIGKCHBIX 9M-

ces, IPHIEM €n4y = &, B = 1, 2, . .. Orobpaskenme ®, —

a n
—MDPG, CONOCTABAAIOINEEe p-AIHON npobm - KOMIVIEKCHO®

9HECAO £,, XOPOUIo OIpefeieHO M ABJIACTCH IOMOMOpPPHEZMOM.~

II. Orobparwenme [R* — 7%, comocTaBafgomee Kaimo-
My gnciay m3 R* ero smax,— romMomopdmam.

[1I. Orobpaskenue §, — 7%, comocraBifomee KayKmoi
IOOCTAHOBKEe ee 3HAK B 3aBACHMOCTA OT YE€THOCTH,— TOMO-
MopdnamM.

IV. I'omomopdmamamn Oynyr: orobpamernne G L, (K) —
— K*, comocraBisfiomee MaTpWne ee ompemenuTesb; oTobpa-
weane T, (K) - D, (K), comocrapifmomee TpeyroJbHOI

MaTpHIle ee QmaroHaih; orobpamenme UT, (K) -K @ ...
...®H K (n — m pas), conocTaBaANMee MATpANe L CTPOU-
Ry <xl, m+ly L3, m+gr + « »y Tn-m, n>'

Mu BapuM, 9r0 Ipm roMoMopdHOM 0TOOpaKeHHM HEKOTO-
pHle¢ CBOUCTBA aNre0pam4ecKoi omepalfdd MOTYT HOTEPATLCH:
HEKOMMYTATHBHAsA TPyOoa MOMKeT CTaTh KOMMYTATHBHOHM,
rpynna 0e3 KpydYeEuA — OePAONAIECKOR H T. 1., XOTHA Hau-
6osee «maMATHHEE» CBOHCTBA — KOHEYHOCTH, KOMMYTATHB-
HOCTh M T. II.— COXPAHATCA OPH BCex TromMoMopduaMax.
Mosa0o cKasarhb, 40 roMoMopduHi obpas rpynuobl G — 3TO
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BOCIOMHMHAHHE O HEH, 3amevaTjieBnlee ¢ TOYKHM 3PEHHA Ode-
spmIna-romoMopdmsmMa HamboJiee CymecTBeHHEE depTH G,
JimmeHHoe HEROTOPHX jeTalieil, 0HO HEIOJHO XapaKTePH3yer
repoOHHIO, HO, BO-IEePBHX, MMEHHO IOJTOMY €ro Jjerde m3y-
7aTh, 8 BO-BTOPHIX, ONPOCHB HECKOJLKHAX OYEBHANEB, MOKHO
coGparh H BClo HyxHYI0 mEPopManmio o G. Hanpmmep, snas,
910 I'pyunH 7., Zs, . . . ABIAIOTCA TOMOMOPPHHIME 0Opasa-
MH Ipynne G, MOKHO yTBepAaTh, 94T0 G GeCKOHEeIHA, XOTH
3gaHHe JII00oro m3 sTMX 00PasoB B OT/ENBHOCTH HEJOCTATOY-
HO ANf TAKOTO 3aKJIOYCHMA.

412. Yupamuenne. I'omomopdamit obpas (mop-
MaJIbHO#) HOATPYOOH — (HopMaXbHag) moxrpynna. Cyskenme
romoMopdpmamMa Ha TOATPYHDY — IOoMOMOPPH3M HOATPYLIIHL.

ITyers @ — romomopduaMm rpynnun G B rpynmy G*. Mno-
JKEeCTBO BCEeX dJeMeHToB M3 (G, 0TOOpa)KAMAXCH TPH ¢ B
eEHANY, Ha3HBaeTCH A0poM roMoMoppmama ¢ m obo3Hada-
erct Ker 9. figpo mo6oro romomopdmama sBiaseTcs HOpMa-
abpoit moprpyumoi. eiicTBmTenbmo, uycts Ker ¢ = H.
Tar rax

(HH)® = HeH® =1, (H)) = (H% 1=,
(HO)® = (H9E® =1,
TO :
HHC H, H*C H, HG¢C H.

Ho »T0 nm osmazaer, uro H <J G. laxnee, nerxo coobpa3urs,
970 AAPO TOMOMOpPPHEMA @ TOTHA H TOJBKO TOrNA TPABHAMb-
Bo (Ker ¢ = 1), Korma @ — maomopdmam. B obmem cixyqae
MOJKHO CKaszaTh, 9TO fAPO romMomopdmaMa maMepHeT ero 3a-
OLIBUMBOCTD: 4eM Ooxbme sgapo, TeM Ooabmie meraseid 3abhBa-
eT roMomMopdmam. CaMblii 3a6HBIMBHIT TOMOMOPOASM IOMEHAT
O Tpyume TOJBKO TO, 4TO B Heil OHAa eAmAMNA.

OxraseBaeTca, ANpPaMA TI'OMOMOP(QA3MOB HCIEPILIBAIOTCH
BCe HOpPMAaJbHHEe MOATPYNNH B rpynne, T. e. dio6asa gopMaib-
Hafg OOATrPYOIa CIYKAT HAPOM HEKOTOPOro roMoMopdmaMma.
CrargaprHHil ¢cnoco6 DOCTPOSHAS TOMOMOP(H3IMA ¢ 3aXAHHKIM
ANPOM COCTOHT B cienyiomeM. llyers G — rpymoma, H — ee
BopManbHaa noprpymma, G/H — mHOmecTBO KiaccoB G 1o
H (ceitsac HeT HY’KAH TOBOPHTH O JEBHX MJMA IPaBHX Kiac-
cax — BBHAAY HopmanxbHOcTH H oHm coBmapgaior). Jlerxo mo-
HaATh, 410 aH - -bH = abH, T.e. MaomecTBo G/H 3aMKHYTO
OTHOCHTEJNbHO IOJJIEMEHTHOI0 YMHOMKEHHS KJaccoB. Jlerxo
npoBepnTh, 49ro G/H — pake rpynna OTHOCHTENbHO 3TOTO
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YMHO)XEHHA; OHA HAa3EBaeTcH d¢daxkmop-zpynnoti rpyuns G
oo HopMmasbHO# moprpyrnue H. Epmpunei rpynnw G/H sB-
afeTcs Kaace H, a obGparemM K Kiaaccy aH — raace a H.
IloguepkHeM, 4T0 Kaace aH saBiIgeTcs KiaccoM dAEMEHTOB B
rpynne G, Ho B rpynue G/H oH caM HBJIAETCH 3IEMEHTOM,
a He Kyaccom, Hemocpencrsenno scHO, 4T0 oTOGpakeHue @:
G — G/H uo upaBmny g¢ = gH ects romomopdmsm. Tarme
roMoMoppu3MEI HA3HBAOT ecmecmeerHbimy. OHE W pemaiT
HaUly 3aJady: MHIPOM ecTeCTBeHHOro roMomopdmaMa G —
— G/H crnyxnar Kak pas H.

41.3. Ynpamumennme, Qarkrop-rpynnma IAKIAYE-
CKO# rpynns — IUKJIAYECKas.

44.4. Yopamuenne. @axrop-rpyuma G/H Torga
A TOJBKO TOrAa abedeBa, Korma M COmEPKAT HKOMMYTAHT
[G, G].

Hpyroit mogxon K UOHATHIO (HAKTOP-TPYONH, OTIMIHBLA
OT IPHBEAEHHOT0 B TEKCTe, AAET

445, YonpamHeHRe. JKBUBANGHTHOCTH ~ Ha
rpynue G Ha3bIBAETCH KOHZPYIHMHOCMDbIO, €CIAH BCerja

a~2b,a ~b = aa ~ bb.

ITpon3BeneHne ABYX KJIACCOB KOHIPYIHTHHX 3JIEMEHTOB —
CHOBA KJacC¢ KOHTPYSHTHHIX 9JIeMeHTOB. MHomecTBo G/~
BCEX KJIACCOB KOHIPYSHTHHIX OJIGMEHTOB MABJAGTCA TIpyl-
o0l OTHOCHTENBHO yMHOKeHUS KiaccoB. OHa Ha3wBaercd
garmop-zpynnoti rpyansl G 00 KOHFPY®HTHOCTH ~ . AHalo-
THIHOe DOHATHE JETKO OHPeAeHTh NS NPOM3BOJLHOM CHCTE-
MH C OHOEpaIAAMA.

416. YopaxueHnne. DBcesosaMomiuue KOHIpYIHT-
HOCTH HAa Ipynne HaXOAATCH BO B3aAUMHO OHO3EAYHOM COOT-
BETCTBHE ¢ HOPMAJbHHMH OOArpynoaMm ua G. MmenHo, ecin
H<I]G m ectm DoloXATh 00 OUPeReJeHMAIO

a~bsalh = H,

TO OTHOIIEHAe ~ OyAeT KOHTPYSHTHOCTHIO, 4 CMEJKEEIE Kiac-
cel G mo H — KnaccaMH KOHIPYSHTHHX 3jaeMenToB. (OOpar-
HO, ecH Ha (G 3ajJaHA KOHIPYSHTHOCTH ~, TO MHOKecTBO H
9JIeMEHTOB, KOBI'DYDHTHHX efuHUIle, Oy/eT HOpMAaabHOR mos-
rpynnoif B (7, a Kiacch KOHTPYSHTHHIX DJIEMEHTOB — CMe-
HeIME Kiaaccamid G mo H. Taxkmm o6pasoM, GaKTOp-rpynnsl o
KOHT'DYSHTHOCTAM COBIAJAIOT ¢ (aKTOP-rpyONaMEm IO HOP-
MANbHKEM HOATpyOmaM. B apyrux cucremMax ¢ omepamaaMm
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MOHATAE (PAKTOP-CHCTEM IO KOHTPYDHTHOCTAM IO-IPEKHEMY
AMEeT CMEICJI, XOTf Pa3yMHOro aHaJIOra HOPDMAaJXbHHX IOJ-
IpyOI MOKET He CymecTBOBaTb. TaxmM obpasoMm, mjisa rpynno
moaxo[ yupaxxkuenma 4.1.5 paBHocHIIeH moxxomy, IpHBeneH-
HOMY B TeKcTe, HO B o0meidl cATyamum TepBHI Jydmie,

4.1.7. (Pakropusamus m panr.) Ecau H — nopmaavhas
nodezpynna zpynnvl G, mo

paar G < panar H -} panr G/H .

HNorasarenxpbceTBo. llyers r, s — paarm rpynon
H 1 G/H coorserctBenHo. Bo3bMeM B G KOHEYHOe IOIMHOKE-
crBo M m paccmorpmM B darrop-rpynune G/H moarpynny, mo-
posneHAYI0 siaeMeHTamMu xH, x & M. Tak Kak oHA KOHEYHO
nopofera, 1o B rp (M) Moo BHIOpark TaKoe MOTMHOKECT-
Bo S MOMHOCTA S, 4TO

rp(zH |z M) =r1p (zH |z & S).
3admrrcmpyeM miIA Kampgoro r & M Karyw-gm0yAab sammch
T = zsxyg, s rp(S), zg & H.

Tax wark rp (zg | z & M) — KOHeYHO DOPOKTEHHAH HOJ-
rpynoa Ipynoos H, To OHa HOpPOKEAETCA HeKOTOPRIM HOAM-
HoxecTBoM R wmomuocrm < r. Temeps sAcmo, dro rp
(M) =rp(R (JS), T.e. paar G < r +s.

4.2, Teopemst o romomoppusmax. Ecam G — rpynnoa,
H — ee noprpynna, To obosnaumm uepe3 L (G, H) coBoryn-
HOCTh BCeX IoArpynn rpynnos G, copgepsammx H. B dgacr-
HoctH, L (G, 1) — coBoKymHOCTH Bcex moparpynm m3 G. Cmpa-
BEITHBA CJERYIOMAs TeopeMa O COOTBETCTBHH HOATPYIN IpH
romomopdnuame.

4214. Teopewma. FEcau 3adan ecmecmeenHBlli 20MO-
Mmopusm @: G -~G/H, mo eosnukaem  omobpaserue
y: L (G, HY - L (G/H, 1), conocmasasiowee nodzpynnam us
L (G, H) ux ob6pasvi omrocumeavho ¢. Imo \p a848emes 83auM~
HO 00nO03HaunBM omobpaxceruem Ha. Feau A, B — nodzpyn-
no u3 L (G, H), mo onu conpaxcensl ¢ G mozda u moavko mozda,
kozda uxr obpasn AV, BY conpaxcenw ¢ G/H. B uacmrnocmu,
A Hopmaavra ¢ G mozda u mosvko mozda, Kozda AY Hopmas-
na 6 G/H. Ecau A < B, mo |B: A | = |B%Y: AV |.

HorasarTeasbecrno. Orobpaxenne 1 mepeBOXHT
pasgme nogrpynow A, B m3 L (G, H) B pasanie: ectu a & A,
a =B, o a° & A®, a® & B® [leiticTrBUTeNIBRO, eclim a® &
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& B% 1o a® = }° b & B, orkyna blfa & H < B, a = B,
BOIpeKkm pnonymeswmio. Jlanee, P — oToOpaskeEme Ha, TaK
Kak npoobpasoM papHOR moarpynus A m3 G/H oTHOCHTEJIBHO
P Oyner moxHbt npoobpas 4 ormocmrensHo @. Croab ke He-
HOCPeACTBeHHO UPOBEpPAETCA, UTO

B = A* & B = (49)*°,

Haxouen, ectm A < B, TO Me;XAY NEBHMH CMEXHBIMHA KJIac-
caMn B mo A ¥ JIeBHMH CMe;XHEIMEH KiIaccaMm BY mo AV cy-
IMECTBYeT B3aMMEO OJHO3HAYHOE COOTBETCTBHE, TAK KAK

Ty = A< (xH) (yH) = A/H.

TeopeMa AoxasaHa.

OxasmBaeTcd, ©CTECTBEHHHMH TIOMOMOp{H3MaMH HCYep-
OHBAIOTCA [0 CYUIECTBY BCe TOMOMOPQH3MBI I'PYIIHI, TOYHEE,
A060i roMoMopdmM3M MOMKHO NOJNYYIATH, BEIIOJHHB CHAYAJA
eCTeCTBeHHEIA Tromomopdmam, a sarem maoMmopdmam. Ceifgac
MHB YBAIHEM TaK:Ke, 9TO «TOMOMOPJH3MHE ¢ OJHEM H TEM Ke ff-
POM IOMHAT O IpPy0ne OJHO U TO Ke! MX BOCIIOMUHAHMAS M30-
MOpPOHED.

422, Teopewma. Ecau ¢ — comomopgpusm zpynnv G
¢ adpom H, mo G® ~ G/H. Boaee mozo, zomomopusm ¢ pas-
HOCUAEH nOoCAe008aAMEAbHOMY BBINOAHEHUN) eCMecmeenno20 20~
momopgusma €: G — G/H, a samem Hexomopozo usomopPusma
1. G/H —G°.

HorasareascTBo. YcramopaM orobpaskexme T:
G/H — G®, nonarasn

(xH)*® = x® paa z < G.

IT0 NeACTBATENBHO OTOOpaskeHme, TaK Kak m3 xH = yH
caenyer z¢ = y®. OrobpaskeHme T NEPEBOAHT PAa3HLIe HJe-
MEHTH B pasHbe, TaK Kak m3 z° = y¥ cxepyer z 'y < H.

Hanee, v — oroOpajkenme Ha, 49TO od4eBHAHO. llakodem, T
COXpaHAeT YMHOKeHNE, TaK KaK

(XH-yH)" = (2yH)" = (zy)® = 2%y® = (zH)* (yH)".

CaenoBarenbHo, T — m3oMopdmaM G/H ma G®. Tenmepdb sAcHO,
4T0 @ = €1. leopeMa JOKa3aHa.

Hna morocTpanuM IDHMEHAM 3Ty TeopeMy K IpAMepaMm
4,1.1. Buuamcasaa Amnpa yKasaHHHIX TaM IOMOMOpP(QH3MOB, IO-
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nydaeM cnenylomne bopmynes:

Z1(n) =~ (1)

Qp/Z = (2)
p/A Z* = ZZ? (3)
GL,(K)/SL, (K)~ K¥*, (4)
T,K)UT,(K)y~D,(K)~K*x ... x K*¥,  (5)
n paa
UTW (K UTT (K)~K® ... B K. (6)
n—m pas

C momMompio TeopeMH 4.2.2 mpogo/KAM m3ydeHme oTo0pa-
swemns P: L (G, H) — L (G/H, 1) n3 teopems 4.2.1 m noxa-
KeM, 4TO HOPMAaJbHHE MOAIPYIOH, COOTBETCTBYIOIAE APYT
Apyry, ompepeasior m3oMopdHEee (aKTOp-TpyNIH.

423. Teopema. Ecau HI G, AIGu H A4, mo

(G/H)/(A/H) ~ G/A.

JlokaszarenabcTBo. YcrapoBmM oTobpamenne @
G/H — G/A, nonaras

(zH)® = 24 gna x & G.

JdT0 peficTBETENBHO oTOOpaKeHme, Tak Kak m3 tH = yH cie-
ayer rly = H < A, zA = yA. Nanee, ¢ — orobpaenne
K@, 9TO OYEBHHO. HaKOHen, @ COXpaHAET YMHOMKeHHe, TaK

Kak
(xH-yH)? = (zyH)® = ayd = zA-yA.

Takmm ob6pasom, @ — romomopq)nam G/H sa G/A. Od4esnnno,
Ker ¢ = A/H, moaromy A/H <1G/H, a m3omopdnaM BHTe-
KaeT U3 TeopeMH 4.2.2.

42.4. Teopema, Ecau AIB<LG, H G, mo

BH/AH ~ B/A (B () H).
B wacmnocmu,
BH/H ~B/B [ H

Horxasatensbcrtso. QOueemguo, uro AH <0 BH
A cy:eHme Ha moArpyunmy B ecrecTBeHHOro roMoMop¢dmsMa
BH — BH/AH wnveer anpo BN AH n o6pas BH/AH. Ilo Teo-
peme 4.2.2, mpuMmeHeHHoO#l K dToMy cyxmenmio, BH/AH ~
~ B/B 71 AH. Ocraerca ydecTb] OUYeBHAHOE paBEHCTBO
B[ AH = A (B (| H). Teopema pmora3zaHa.
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425 YupamxHaergre. EctnG = A X B, 10 G/A ~
~ B.

426. YonpaxHe HHe. ITyers  H — moprpynmna
rpynnsl C*, cocTosmana mM3 BCeX KOMILUIGKCHRIX YHCEJ ¢ MO-
nydeMm 1, R*¥* — myabTHONIMKAaTHBHAA TPyNma DOJOKHATENbH-
HHX pedcTBETENLHEIX umced. Torga C*/H o~ R**,

HecoMEeHHO, DOHATAA rpyOne, DOArpyNOH, HOPMaJibHOHA
noArpynnH, roMoMopdusMa B GaKTOP-TPYNOH IATATENEH 3HAN
n3 obmero Kypca aixrebpsi, Ho B Kaure mox HassaHmeM «Oc-
HOBHl TEOPHH T'pPydI» yMecTHO ObLio HAmOMHHTL HX. AHamo-
TAYHEIe OOHATHA IOXKOJNBbIA, HAEaNa, KOIBIEBOTO IOMOMOP-
¢mamMa m QaxKTop-KOJBIA HATOMHHATH, BHANMO, H3NHIIHE.
NaTepecnad cBA3b MERIY TeMH M APYTAMH IOHATASIMH BO3-
HAKAeT IOPH PACCMOTPEHHAHM TPYOO MATPHMI HAX KOJXBIAMA.

427. Yopaxuaernne. Ilyers K — accommarmpHOE
KOJBI0 ¢ eMHEANEH, G — rpylna MaTpHn cTemeH:m n Han K.
Ecan ¢ — mgean B K, TO

Go={e+aleta=G, a;=a)

— HOpMaJbHAafg mofarpynma B (. OHa wHasHBaeTcH aaasnol
KOHepYsHY-nodepynnoli WO MOZYJIK 4, a ee HAATPYOOH —
KoHepYary-nodepynnamy rpyuns (. Bearmit KOJBIEBOM To-
mMomopdusm @: K — K’ HMEAyNEpyeT rpymmoBoi romoMopdnsm
¢¢: G — G’ Do npaBuny

(8:5)°¢ = (1), g = 6.

Ero sagpo Ker ¢z = Gxerq- Hanpmmep, romomopdmam 7, —
— /. BHRyDEpyer roMoMopbmasm SL, (Z) - SL, (Z,),
AP0 KOTOPOro (m-f IriaBHAafg KOHrpysHI-moarpynma) o6os-
nagaercsa I', (m). Hampoe I, (m) mmeer Komeunniii mugexc B
SL, (7). Boobe, xonbmesoii romomoppusm K — K/6 nm-
gynmpyeT rpynmoBuie romomopdmamu G L, (K) — G L, (K/a),
SL,(K) >-SL,(K/a) m 1.x1.; UHX Anpa — TIaBHEE KOH-
IPYSHI[-IOATPYIOE IO MOAYJIK & — 0003HAYAKTCH COOTBET-
creeano G L, (K, a), SL,(K,a) u 1. 1. B 4acrsOCTH,
I, (m) = SL, (Z, mZ).

B cBs3m ¢ mocaemHuM ymopaykHeHHEM BO3HAKAET BajKHasd
KOHzpYanYy-npobiema NNA MATPHIHOH rpymne G: BeAKAA JIH
HOATPYNIAa KOHEIHOro MHAEKcAa B G cofep:KAT (y MO0 HEKOTO-
poMy mpeany | Koueunoro muaerca? OfmH M3 CaMHX PaHHHAX
OPAMEPOB MOJOKUTEJBHOr0 pPEIeHHA KOHIDPYSHN-NpobaeMu
Oyner manosxeH Ha crp. 207. OrmermMm eme, d9ro Mennmxe
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(Mennicke J. L.— Ann. Math., 1965, 81, Ne1, p. 31—37)
n HesdaBucumo bacc, Jlasap um Cepp (Bass H., Lazard M.,
Serre J.-P.— Bull. Amer. Math. Soc., 1964, 70, N 3,
p. 385—392) mONOKHTEJBHO pEeNIMIH KOHIPY3HI-IPOGIeMy
g rpyoot SL, (7)), n > 3 (mua n = 2 paBHO OBLIO H3-
BeCTHO OTpHIaTesibHOe pemeHue). PaGora MeHuumke gocTym-
Ha CTY/IEHTY BTOPOTO Kypca.

428. Yopamuaenne. llyers p — mpocroe gueio,
m, n — HaTypaJibHble 4Hcja, m > 2. Paccmorpum B rpymme
GL, (me) PJIaBHBEIE KOHTPYSHIT-HOATPYIIIIH

Pk—'——_GLn(me$ pkzp‘n’l)?

Pr={e-plalacs M, (Z n} k=1.2,...

Hoxasare, 4ro orobpaskenne oy P, — P,,_;, onpenensaemoe
I paBuIOM

e+ pfare+ p"la, ae=M,, (me),

ABJIAETCA rOMOMOpP(HE3MOM Ha ¢ AxpoM Pyy;. ITOT roMoMop-
¢usmM coBmamaeT ¢ BosBefeHHEM MAaTpHI B p" ' l-j0 cremeHs,
3a HCKJINYEHHEM clydad, kKorma p = 2, k = 1,

4.3. IloppexaproBbl mpon3sepennsa. Hamomuum, 9To mpsa-
MOe NpoHu3BeleHHe

o~ Il 2
iel
cocront u3 pyHxroui f: I — (] G; ¢ ycuormaAMA:
il
1) f (i) = G; nna seex i & 1,

2) | supp (f) | < oo,
er'K0 IpPOBEpHThb, YTO IOJMHOKECTBO

Gi = {f{If= G, [(j) = enpuj+ i}

ABJIAETCA HOPMAJBLHON HOArpymmoit B (, mpwieM OHaA H30-
MOpdHA MHOKHTENIO G; B cuiy orobpaskennsa f — [ (i). Yac-

TO G; 0TORAECTBAAWT ¢ G; B cuiy aroro msomopdusma. IIpu
TaKOM OTOKJecTBJeHHHA G; <] G, rpynna G mOpoKIAeTCA IOM-
rpyonaMi G; U KasKabiil piaeMeHT g U3 G ooycKaeT 3amuCh

8 = 8iy»++ Bipgy g: € Gy, (8)
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rne Bce 3HAYKH iy, . . ., iy, PABAUYHH, a HEeeAWHWIHLIE MHO-
JRUTEIH ONHO3SHAYHO ONPEeNelA0TCA 3IIEMEHTOM g.

JT0 3aMegaHme HO3BOJIAET NMaThb BHYTpPEHH e e OoI-
pepeienre OPAMOTO OPOM3BeJeHHA — B OTIMYNEe OT B H e M-
HeT o ompegesenusa ri. 1.

[Iyects rpynma (G mopokjaeTcA CBOMMH HOPMAaJbHHMH
OOATpynnaMu G;, OpudeM KajKIBl 9JIeMeHT g U3 (G momyckaer
ganuch (8), rae Bce 3HAYKH iy, . . ., i, PA3JIHYIHH, a Heeu-
HAYHHE MHOMKHTEJIH ONHO3HATHO OMpEeNeJAITCA 3JIEeMEHTOM
g. Tormga ropopAar, uro epynna G pasiazaemcs 6 npamoe npo-
ussedenue nodepynn G;. OdesunHo, rpynna G torja # TOABKO
TOTJ[a pasjaraeTcA B IpfAMoOe IpPOU3BefigHHEe CBOHUX IIOA-
rpyno G;, Korga oHa H3OMOp(Ha HIPAMOMY IPOHU3BEIEHHIO
abctpakTHHX Tpynn ;. IlosroMy mia rpymnul G, pasioku-
MO# B IpAMOe IpOH3BelieHHe MOATpymn (;, MCIOJb3yeTcda Ta
ke sanuch (7), 9T0 M JJiA OPAMOTO IpOU3BeNeHUA abCTpaKT-
HeIX rpynno G;. IIpm apnuTHBHOM 3ammcH omepamul TOBOPAT
0 pasjioyKeHHH B IPAMYI0 CYMMY H IHOTYT

G=G1®...@Gm, G=2Gi.
il

434. I pumepwu. 1. AnguruBuag rpynma mond (C
pasllaraeTci B OPAMYI0O CyMMY HOATPYIOH AeACTBHTOAbHBIX
n moarpynnsl gumeto MEEMEX umcea: C = R @ iR.

II. OgeBnpHo,

Q*=(—1) x [L ().
Y4

III. YersepHaa rpynma Hneitna pasnaraerca B mpaMoe
IpON3BeJieHe ABYX HOArpPYII BTOPOTO HOpARKA:

{1, (12)(34), (13)(24), (14)(23)} = ((12)(34)) X ((13)(24)).
IV. Ouesnjnno,
D, (K) =G, X ... X Gy,

rie G; — noarpynna n3 D, (K), y MaTpum KoTtopoil Ha Bcex
ANaTOHAJBHHX MecTaX, KpoMe i-ro, cTouT 1.

432. YopaskaeHnue [I'pymma G torja @ TOJBKO
TOTHA pasjlaTaeTCA B IPAMOe IPOH3BeNeHHe CBOMX HODPMAJb-
HHIX Hoarpynn (;, Korga OHa MOPOKIAeTCA MMU M M3 JK060T0
COOTHOIICHHA g ... &, =€, INe g; & G; U BCe 3IHAUKH

Pa3IWIHbl, BHITEKAIOT COOTHOIIEHHA g, = ... = g; = €.



§ 4] rOMOMOP®H3MEBL A QAKTOP-I'PYIIIEIL 53

433. Yopaxuaernne. I'pymma G torsa m TOIABKO
TOTAA pasjiaraeTcA B MpAMoOe HPOH3BeXeHAES HOPMAJIbHHX IOJ-
rpynn G;, KOrjja OHa HOPOKAAETCA HMHA H

G; [1rp(Gy |j = 1) = 1 pua seex i.

43.4. Yonpamuaernne. I[lariamueckaa rpynmma mo-
pAnKa mn, Tfe m 4 n B3aUMHO IPOCTHI, pa3iaraercA B IPAMOE
OpoN3BeJleHNe NOATPYIO HOPAXKOB M, n.

435. Yopax merune. Ilyers p — mpocroe umcio,
ljuknmdeckasa rpynna nopaaka p" HepaslIo;KEMa B IPAMOE
npousBefieHe COOCTBOHHEIX HOATPYIIN.

436. YopamHeHdHe. ANIUTHBHAA Tpynma IOASA
@ HepasnoKHEMa B NpPAMYI0 CYMMY COGCTBEHHHX MTOATPYIIIL

llonrpynoma A npsmoro mpomspeneHua (7) HasknIBaercs
noonpamvm npoussedeHuem rpyon G;, ecim npoeknmua A Ha
KaOKABHA MHOKUTeJb G; coBmagaer ¢ G;. IloggepkueM, uToO
OOoAIpAMOe NpOH3BeAeHHe He OmpeNeaAeTca MHOKUTEIAMHA
onHo3HauHO. (4eBHAHO, KAKAAA MOAIPYNOA IPAMOTO IpPOU3-
Be[IeHHA €CTh MOAUPAMOE MPOK3BEeHHe CROUX IPOCKIHA. ITO
He Bcerga Oymer mpAMoe NpoHM3BeJieHHe — KOHTPIPEMEPOM
CIYRHAT KHaroHaab D mpamoro xsagpara G X G, cocrommasn
us map g, g, & € G.

43.77. Ynpaxuenune. Ilyerb G =G, X Gy, A —
noarpynna m3 G, A; — ee mpoexmma Ha MHOKHETeIdb G,
i =1, 2. Jlorasath, 9T0 A pasiaraercA B OPAMOe IPOH3Be-
neHne A, X A, TOTHa M TOJIBKO TOTAR, Korga A4; = G; [ A,
i =1, 2.

438. Yopasxuaenne. Ilyerv G =G, X G,, 7€
G,, Gy — KOoHeUHHe TIpyOOH B3AaHEMHO IPOCTHX HOPSAJKOB.
Beakaa nmoprpymna A < G pasmaraerca B OpAMoe IpoH3Be-
ACeHHE CBOMX IPOEKIUA Ha MHOXKHTEIH G;, Gy,

Eciim G — mopmpamMoe mpouspefeHEHe KOHEYHHIX TPy,
TO OYEBHAHO, 4YTO N1060e KOHETHOE MHOMKECTBO 3JEMEHTOB
u3 (G COepKUTCA B KOHETHOH HOpManbHON moxarpynmoe. Ilo-
CllegHee CBOMCTBO IPHHATO HA3LIBATbh A0KAAbHOU HOPMAAL-
Hocmeio. Hax mokasuBaer mpumep rpynnil C ., Kiace Jo-

KaJIbHO HOPMAJbHHIX I'PYIN IIHpe KiIacca HONUPAMEIX ITPOH3-
Be[leHIA KOHEUHHIX Irpynm. BMecTe ¢ TeM MMEIOTCA TeCHE® CBA-
an Me;kpy aTuMu Kiaccamm (Hall P.— J. London Math. Soc.,
1959, 34, p. 289—304; I'opuakos I0. M.— Marem. ¢6., 1965,
67, c. 244—-254). C Teopueit A0KaIbHO HOPMAJAbHHX TDYII H,
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BooOme, TPYyON ¢ KOHEIHHMHM KJIaccaMH CONPSXEHHHX 3ie-
MEHTOB MOKHO IO3HAKOMHUTEC A 110 kaure 0. M. Fopuarosa [8].

ITo anasorum ¢ DONUPAMEIMEM HPOW3BENEHUAMHA OIpejles f-
I0TCA HOAMeKapTOBH I pON3BeNeHHA: moArpynna 4 AeKapropa

Ipou3BeJleHHuA
G - H Gi

Ha3bIBaeTCA noddekapmosvim npousgedenuem rpyun G;, eclh.
OpoekouA A Ha Kaxuuil MHO:kuTedab G; copmamaer ¢ Gj.
OgeBnjHO, J11060€ mOANpAMOe IpouseefeHue rpyna G; Gymer
U IOJIAeKapTOBHIM HpPON3BeNeHHeM STHX TPYIIIL.

43.9. Teopema (Pemax). ITycmv 8 2pynne G sadano
cemelicmeo Hopmaabublr nodepynn H;, i = I, u H — ux ne-
pecewenue. Tozda axmop-2pynna G/H usomopgra Hekomopomy
nodderapmosy npouassedenuro garmop-spynn G/H ;.

HoxasatenbcTBo. Paccmorpmm otoGpamenne

o: 6— Ly,
il

CONMOCTaBAAKMEee KakaoMy g u3 G ¢yukmmo f, tae f (i)=
= gH;. Jlerko mpoBeputh, 4T0 ¢ — romoMopgusm, a H —
ero axpo. Temepp ocTaerca BOCIOAB30BATHCA TEOPEMOH o
romoMopduamax 4.2.2.

43.10. I pume p . 1. P'pymna ©/7 msomoppra moz-
nexapToBoit cymme rpynn (/@Q), Do BceM mpocTHIM p.

II. Ppyoona C* umsomopdua mnogupAMOMy IIPOH3BENEHHIO
rpyon C*/C o no mio6HM ABYM pasiIMYHEIM TPOCTHIM THC-

JaM p.

III. Ilycte MuoskecTBO M pasbuTo Ha HelepeceKallmecs
gacTd M;, i = 1. llyers G < 8 (M), npudem xakablilt aie-
MeHT B3 G orobGpamaer Kamoe M; Ha ceba. Torpa G uso-
MOPJPHa NOAAeKapTOBY IpoM3BeieHmio moxarpyom us S (M),
i=1.

IV. I'pynna G L,(7Z) usoMopgEa mDoATpymme AexapToBa
Opou3BefeHUA KOHeuHHXx rpynn GL, (7,), m =1, 2, ...

43.11. Yupamuaeunmne. Ilepecedenne HOpMaJbHHX
OOATPYyNOI, OUpefedAlOmMUX abelleBH (aKTOp-TPYHIBI, CaMo
onpepenAer abejgeBy ¢axTop-rpynny.

4.4. Matpémkn. Ilycts G — rpymma. Cucrema BJIOmeH-
HBIX JPYT B Apyra ODOATPYIN IpYOOH G, COXep)Kaimas eqAHNY~
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HYI0 DOATpynny ¥ BcXo G, HasHBaeTCA Mampéwkoli rpynas G
(npyrume TepmuEH: OamHA, pax, mens). o § 22 mu Gymem
AMeTh €10 HCKIWYATEJIbHO ¢ KOHEYHHMH MaTpEIKaMu
(kpoMme nByx cayuaer B § 7 m § 13, Korga BeTpeTaTcs «TpaHC-
¢UHATHO BO3pacTalmye MAaTPEIKM»Y), a MIOTOMY TEPMHH «MAaT-
pémKay Oynxer Bcerga 0003Ha4aTh KOHEYHYIO MATPENIKYy —
BILIIOTH Jo § 22. MaTpémxka

1 =G <6, <...<GC, =G (9)

HA3LIBACTCHA HOPMAAbHOL, €CIH KasKiad moprpymma &; HoOp-
MainbHa B G. Hampumep, xo6aa Mmarpénika moarpynnsl abesne-
BO# rpynnn HopmajibHa. Marpémka (9) HasuBaerca cy6rop-
MAAbHOU, €CIH BHIIOJHEHO Oojiee ciiaboe YCJIOBHE: Kaj(Hix
OpebIAYIMAA YIeH — HOPMAaJbHAA MNOJATPYIOA CleIYIOmero
TieHa, T. e. G; DG, miai=0,1,2,..., n— 1. YUnenn
cyOHOPDMAJIBHEIX MATDEMIEK HA3HBATCA CYOHOPMAALHBIMU
nodepynnanu (ecim nojprpymma H cybuopmanbHa B G, TO
numyT H <]<] G. ®@akTop-rpynns G;.,/G; Ha3uIBAIOTCA Cek-
yusamu Matpémku (9). Boobme, cexyueri rpynnu G HaseBaeTCA
BcAKad daxtop-rpynna B/A, rme A, B — noxarpynnu us G,
npudeM A <3 B. Wnorma MaTpémkm 3ammCHBAIOTCA He MO
BoazpactraHuio oT 1 no G, a mo yo6mBanuio or G mo 1. Haiiga
B rpyliie cyOHOPMaJbHYIO MAaTPEMIKY, CEKIUKA KOTOPOil XOopo-
M0 M3y9eHhl, MK TeM CAaMHM IpOABHraeMcA M B M3y9YCHUH Ca-
MO#l rpyIIHL.

FoBopsar, uto rpynna G aABjifgeTcA pacuiupeHiem TPynms A
mocpegscTBOM Tpynnel B, ecim B G cymecTByeT TaKasa HOp-
MagbHag noarpynna H, ato H ~ A, G/H ~ B. B s10M cMmuIc-
Je CeKmuH cyOHOpMajJibHOM MATPEMKH — 3TO Te CTPOHUTENb-
Hbl¢ OMOKH, W3 KOTOPHX HOYTEM IOCHEIOBATEJLIILIX paclIApe-
HE# MO3KHO coOpaTh B rpynmy. lloggepxueMm, ojpHako, 9T0
pesyabTaT He OIpejeaAeTcA TOJLKO HMCIOJb30BAHHHBIMH CeK-
 OUAMH, a 3aBHCHT eme OT cmocoba MX cOOpKH — HampHuMep,
pacmipennie 7, IDOCPENCTBOM 7, MOeT OHTh Irpynnoi 7, X
X 7.4 1 rpyanoir 7, I'pynnu, cofpanrile H3 THKIMIECKHX
CeKITMii, HA3HBAT NOJUIAKJIAIeCKUMH. TouHee, cyOHOpP-
MajJbHadg MATPEMKA ¢ IUKJINYECKUMHN CEKIHAMH Ha3HBaeTCA
ROAUYUKEAUNECKOU, a Tpynma ¢ TaKoii MaTpemKoit — noau-
Yyurauueckoil epynnoi.

4.44. llpumepun. I. Cexkmum marpémmm 1 << (2) <<

< 7 < Qp m30MOPYHEI COOTBETCTBEHEO rpynmaM Z,Z,, C
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II. Bece cexmmm Marpémrr 1 <C, <Cpr<<...<
< C »n — nEKImIECKHe HOPAAKA p.
ITl. T'pymma A, o6aagaeT DOTMMUKINIECKOR MaTpSMIKOM

1 < {1, (12)(34)} < {1, (12)(34), (13)(29), (14)(23)} < é&o

¢ COKOHAMH HOpAAKoB 2, 2, 3. Ita Marpémkxa He ABIAETCA
HODMaJIbHOM, mocKoabKy moarpynma ((12)(34)) me nopMansHa
B A,, xoTa B cyOHOpPMAalbLHA.

IV. I'pymna T, (K) ofxanaer HOpMATHHOR MaTpPENIKOIA

T, (K)>UTh(K)>UTLK)>..>UTHK)=1 (1)
¢ cexmuama S,, S, ..., Sp-q, IO

So~K* X... X K* (n pas),
Sm~2~KP...BK (n—m pas) mpr m > 1.

(Cy6)mopMansHaa MaTpémKa rpynns magynapyer (cy0)-
HOpDMaJIbHEEe MarpémKkd B HOATPYONax # (aKTOp-TpyInax:
4.4.2. Teopewsma. ITyemv G — 2pynna c (cy6)nopmarv-
Hoii mampéwroti (9). Eeru H < G, mo, nepecexas mampéw-
xy (9) ¢ H, mu noaywum (cy6)nopmasrvruyro mampéwry ¢ Hi

1=H,< I, <...<H,=H, H;=6G;[)H,

npuvem cexyus H;./H; 6ydem usomopghra nodzpynne cexyuu
Gi41/Gs. Ecau H <J G, mo, 6eps o6pasn uaeHoe Mampéuiku
(9) npu ecmecmsennom zomomopgusme G — G/H, uw noayium
(cy6)Hopmaavnyro mampéuwky ¢ G/IH:

=Gy << ... <TC=G/H, G,=GH/H,

npuuem cexyus G.,/G; 6ydem z20momopdrvim 06pasom cexyun
G14+1/G.

_HdoxasarteanctTBo. Coormomesun H;<]H;,,
G; <I G4y, 8 B CIyYae HOPMAIBHKX MATPSMEK COOTHONICHHUS
H; 9 H, G;<]G, npoBepAlTCA HemOCPeACTBeHHO. J[lalee,
ACIIOJIb3YA TeOpeMEl 0 ToMOMOPPHIMAX, MOJIYIAEM:

_ Hi+1/Hi=Hi+1/Hi+l nG{ﬁHi+1Gi/Gi<Gi+1/G«1,
G'i+1/§i = Gi+1H/GiH ~ Gi+]_fG.i(Gi+]_ ﬂ H)ﬁ (Gi-'-l/Gi)/(' . .)s
Teopema gokasana.

4.43. Yonpamwuaenne. Ilogrpyoos m gaxTop-rpyn-
Ob NOMHIMUKIKYECKOH TI'pyunns — NoJdunuKIndeckue. Pac-
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mupeHde MOJAMUKIAIECKON TpyONE HOCPE/ICTBOM IOJIHIIHK-~
JN9eCKOH rpynOsl — CHOBAa HOJHMIUKIN4eckas rpynoa. Ilpo-
H3BelcHAE [BYX HOJANAKIWNISCKHIX HODPMAJbLHEIX NOJTpYyIN
NpPOU3BOJAbHON T'PyIIBl — NOIANMAKJINIECKAA HOOATPYNIA.
HABe cyGHOpPMAJbHEIE MATpPEMIKHM J[AHHOH TIpyOOs Ha3hI-
BAXOTCA U30OMODPPHHBMIU, €CAH OHH HMEIT ONHHAKOBOE UHCIO
CeKIUil M MeKIY HUX CEeKOUAMH CYI[eCTBYeT TaKoe B3anMHO
OHO3HAYHOE COOTBETCTBHE, NPH KOTOPOM COOTBETCTBEHHEI®
ceknun maomopdrn, Hampmmep, B rpynme C,, marpémxnm

1<Co<(Cy<Cy
1<C3<C6<®12

r3omopdHE. Ecam ogma MaTpémKa COJIOP’KHAT BCe WICHH HApY-
roil, To mepBaA HA3HIBACTCA YMIOMHEHUEM BTOPOIl,

4.44. Teopema (lpaitep). Bo eécakoii 2pynne écs-
kue dse (cyb6)HopmarbHbie mampéwku o6aadaom UusoMopPHHHMU
(cyb)HopMasbHBMU YNAOMHEHUAMU.

Horxasateabctno. llycts B rpymme G 3agaBml

IBe (cyb)HOpMaJibHHe MATpEIMKU
1 =4, <A, ... 4, =6, (12)
1 =B, <B,<... B,=0G. (13)

Mu ynnoreaM Kakapli mpoMexyToR A; < A4 ;,, DepBoit MaT-
pEémK\ BCTAaBKOM, MPHTOTOBJIEHHOM NpH IOMOIHM BTOPOH Mar-
pémKku, u HaoGopor. BeraBka B mpoMeXyTOK A; < A;q
H3TOTOBJAAGTCA TaK: mepecekaeM Marpémky (13) ¢ Ay,
a 3aTeM HOYJECHHO YMHO)XKaeM Ha A;; Doayduiach DENmodKa
OOJITpynn ¢ HadajdoM A; m KoHmoM A;.; — BCTaBKa TrOTOBAa.

Ona umeer BHZ
Ai = Cijo < Cﬂ < SCin= Ai+1’
Ciy = (A 1 BpA,.

AHaJIOTMYHO M3TOTOBJIAIOTCA BCTABKH AJAA BTOPON MaTpSIIKMS
Bi=Dj < Dn<...<Djm=DBju,
Dy = (B [ A)By.

Ouepmmno, eciu wieHN matpémex (12), (13) 6uin HOpMaJbHE
B G, TO K Bce WieHH BCTaBOK Takme »xe. OcTaerca mIpoBepuTs,

q9TO

% §

Ci,101/Cij == Dy,14/D ;.
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Ho oo reopeme 4.2.4

Ci,J'+1/CiJ' - (Ai+1 ﬂ B.?'+1)Ai/(Ai+1 ﬂ BJ‘)Ai -~

>~ (43,1 ) Bj,)N(Aia ) B;) (4; () Bja)s
D;;1/Djs = (B ) Ai ) B;I(Bia ) 4y) By

~ (Bja () 431)/(Bia [ 43) (B; 1 Ag)-

Teopema mokasaua.

U3 sroit TeopeMH BHITEKAeT, B WACTHOCTU, YTO 60 6CAKOU
epynne gcarue 0se (cy6)HOpMaALbHBIE MAMPEWEL 6€3 NOSMOPAIO-
WYULCA YAEHO08, HEe YNAomHsemble 6e3 noemopeHus YAeHo8, U30-
mopgru (Teopema Hloppanma — I'énbpepa).

445. Yonpamuaeunne Ilyersp G — morumukImge-
cKafg I'pynna. Ymeao GeCKOHEYHHIX CeKIUEA B J000# ee MOJIH-
OUKIAYeCKOH MaTpémKe ofHo H To ke. OHO HasHBaeTCA no-
AUYURAURECKOU pasmepHocmblo Tpynnul G. Ilo stomy dmcay
YIO0HO BeCTH HHAYKIHWIO NPH H3YICHAH MONUMAKIAIECKUX
rpymom,

OTMernM, 410 TeopeMHl 4.4.2 u 4.4.4 Ges Kaxux-Imbo Ha-
MeHeHUII B J[0OKa3aTeJhCTBAX IEPEHOCATCA HA CI € THH e
MaTpEMIKK BHJA

o0
1=G,<1G, Q... <G,<2..., G= UlGﬂ,
n=
a TaKKe Ha HeKOTOpHie 0ojiee CHOKHBIE THIH «OeCKOHETHBIX
cyOHOPDMANBHBIX MAaTpENIEK», HO, KaK YyKe YIOMHHAIOCH
BHIIIE, MBI OTJIOIKHM 3Ty Temy o § 22.

B saxkioueHme IYHKTa OTMETHM TeCHO CBA3aHHOE C T'OMO-
MOPPH3MAMH TOHATHE ANNPOKCHMHpyeMocTH. B HauboJee
o6wieil popMe 3TO HOHATHE ONIPENeNACTCA CIEHYIOIIM o0pa-
som (Rapramosnop M. ., Mepsasaxos 10. U. DBeckoueunsie
rpynnoe.— B ¢6.: Urorm naykm. Aarebpa. Tomonorma. I'eo-
merpua. 1966.— M., 1968, c. 75; M roBOopMM 0 rpymnmax,
XOTA MOKHO ObLTI0 OBl TOBODHUTH O NMPOU3BOJIBHEX ajrebpan-
JecKux cucreMax — cM. 1. 27.1 JlomosHeHus).

Ilycte G — rpynma, p — oTHomeHue (WiM, mHAYEe, Ipe-
JIAKAT) MEKTY BJEMEHTAMH M MHOKECTBAMH 3JIeMEHTOB, OIpe-
nedeHHoe Ha G u Bcex ee MomoMopdHEIX ofpasax (Hampumep,
OmHapHOe OTHOIIEHHWE PABEHCTBA 3JeMeHTOoB, OMHapHOE OTHO-
IIeHEe «3JIeMEHT X BXOJHT B HOATpyHNy y», OMHapHOE OTHOIIE-
HHe CONPSKeHHOCTH dJeMeHToB H T. u.). Ilycte K — Kiacc
rpyna. Bynem roBopmrb, uTo rpymma GannpoEcuMupyemcs
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epynnamu u3 K omuocumeavno p, €CiIH JIA BCAKHX DIIEMEH-
TOB B MHOXKECTB 3JeMeHTOB M3 (7, He HAXONAMMUXCA B OTHO-
MeHAH p, CymecTBYeT TaKoi romoMopdmam rpymou (G Ha
rpynny #m3 kiacca K, Ipum KOTOpoM oGpase dTHX 3JIeMEHTOB
TOjite He HAXOJIATCA B OTHONIEHHH p. B aHTepaType 1ame Bcero
BCTpedaercs ANIpOKCHMHPYEMOCTh OTHOCHTEJIBbHO pPaBEHCTBa
3JIeMEHTOB, B TOM ClIy4ae YyOOMHHaHHe 00 OTHOMEEHH OObLIY-
HO ONYCKAaWwT H TOBOPAT IpPOCTO 00 anmpoKCHMHPYEMOCTH.
Kax BHTexaer u3 Teopemn Pemaxa 4.3.9, rpynna G Torga u
TOJBKO TOrJa AONPOKCHMHPYETCcA Tpynmamd Kiacca K, Kor-
4 OHA BKJAABIBAeTCA B JeKaproBO NpOW3BeNeHHe IpyN
n3 K.

AnnpoKcHMEPYeMOCTh KOHEYHHIMH TPYNOIaMH HAas3hBaloT
TaKkke ¢uHuUmMHOU annporcumupyemocmvlo. OHHATHYIO amO-
IPOKCAMHUPY€EMOCTh OTHOCHTEJIbHO HpefuKaTa p ypo6HO 060-
anagath DAp; B 9aCTHOCTH, €CIH p HpoberaeT MpegUKATH pa-
BEHCTBA, COIPAKEHHOCTH, BXOKIEHHA B HOATpYUNY, BXOKJle-
HOA B KOHEJHO MOPOMOEHHYH) NOATPYINY, BXOKICHHA B
JAaEHYI0 noArpynny H ® T. n., To moayuawTrca cBoicrBa (@
kinaccn) DAP, ®AC, PAB, PAB,, PAB-H u 1. n. Ha Bak-
HYI0 PoJib 3THX cBoicTB ykasaax A. WM. Maasuer (¥Yu. 3am.
Usanosckoro nen. nu-ta, 1958, 18, ¢. 49—60): u3 nx Hanmuna
B Ipynme BHTEKaeT paspemuMOCTh COOTBETCTBYIOINEH aJro-
PUTMHYECKOH TNPOoOJIeMH.

§ 9. Jupomopdusmbl. Asromopdhuam

3.1. Ompeneneana. I'omoMopdHoe oToOpaskeHHe TPy
B cebs HashBaeTcA ee sHdomopgusmom, a nsomMoppHoe oTo0-
Pa)KeHHe rpynnsl Ha ce0A HA3HKIBAETCA ee asmomopPhusmom. JH-
noMopoueii o6pas mogobeH YHOCTOBEPEHHIO JHUIYHOCTH B
KapMaHe 5TO# JugHOCTH. MHOKecTBa Bcex BHAOMOPHHU3MOB H
aBTOMOP(HU3MOB JaHHOIl I'pynnel G 0603HATYAOTCA COOTBETCT-
BeHHo 4yepe3 End G m Aut G. Ha atux mMHOKecTBax ompepe-
JAAT YMHOMKEHHe, CUMTad LpOHU3BeJeHHEM JIBYX OSHIIOMOp-
$H3MOB MX IOCIe/[0BATEIbHOE BHIIOJHeHNe. JIerko IpoBepHTS,
uro torga End G craHoBETca moayrpynmoit, a Aut G gaxke
I'pynonoii, mpAIeM

Aut G L 8 (G).

Ecin rpymma G abemesa, to ma End G ompepensior eme
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CHOKEeHne, moJaras
29V = 292% qaa ¢, v < End G, z < G.

HenmocpegcrBendo mpoBepsercs, 9ro rorxa End G cramosnr-
ca KoJbHoM. B ofmem ciaydae Kojblja He moxydgaerca, # End
ArpaeT B TEOPHH IPYNI MEHBIIYI0 POJb, 9eM Aut.

B ru. 1 MH yKe OoTMe4ajH, 4TO CONpSyKeHHe Tpyuns &
HEKOTODHIM 3JIEMEHTOM @ H3 G ABJAETCA H30OMOD(U3MOM, TaK
KaKk OHO B3aMMHO OJHO3HAYHO H

(zy)* = 2°y* ma z, y = G.

d1oT aBTOMOp(M3M 4 HASHIBAGTCA GHYMPEHHUM A8MOMODYPUS-
MOM TPYUIH G, IpousBoxUMEM diieMeHToM a. Hemocpencraen-
HO IIpoBepsAeTcA, 4TO

(@) =2, (29 =z, 2=z
a,b,r =G, 9 = Aut G,
MO3TOMY
ab = ag, al — ac‘, cp“1a6 — . (1)

Otciona BHITeKaeT, B 4aCTHOCTH, YTO MHOKeCTBo Int G Bcex
BHYTpEHHHMX aBTOMOP(U3MOB IpyNnH G ABJIAETCA HOPMaJIbHOH
nojrpynnoi rpynns Aut G,

Int G <7 Aut G. 2)

ABTOoMQp(QH3MEI, He ABJAWINECA BHYTPEHHHMH, Ha3HBAKT
gHEWHUMU, & TPYyOIy

Out @ = Aut G/Int G (3)

HA3HBAIOT 2PYnnoll eneuthux asmomopPusmos. OgeBujiHo, 114
abexesoit rpymmsl Out coBmamgaer ¢ Aut.

IlepBoe u3 coorHomerni (1) moxaseiBaer, 9T0 0TOOpasKe-
gue G — Int G, comocraBaAwinee KanoMy g u3 G BHYTpeH-
HUit aBroMopdusm 2, ABiagerca romomopdueiM. fnxpo aroro
roMoMop(H3Ma COCTOHT H3 JJIEMEHTOB g C yCJIOBHEM

2 =1z, z G,

7. e. coBnagaer ¢ neHtTpom Z (G) rpynnu G. Ilpameraa teope-
My o romomopq»usuax, nojxydaeM (GopMyaIy

Int G =~ G/Z (G). (4)
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B xagecTBe mumiocrpanmm onumeM Koiabna End G m rpyn-
ne Aut G pus HexkoTopux rpynn G m3 npamepos 1—IV ra. 1.
IIpm sTOoM MH HCHOJNB3YEM OYeBHAHYI0 (OopMyny

(End G)* = Aut G.
5.4 4. Ipamepw. 1. VImeem:

End 7 ~7, Aut7 ~7*~T,, (5)
End Zm =~ 7., Aut 7, ~ 7%, (6)
End ) ~Q, Aut Q =~ Q*. (7

IlelicTBATeNbHO, H3oMopduamH A End pawrea coorser-
CTBEHHO CIeAYIIMAMHA GopMyJaMe (BBEAY aJfATHBHON 3amM-
CHM TPYINOBO# omepamum MH IWIeM dHIOMOPPH3M ¢ He KaK
DOKa3aTeNb CTeleHW, a8 KaK MHOMKHATeNb):

¢ — 1¢, ¢ — (1(mod m))e, ¢ — 1g.

Pacemorpam moppo6Ho ToNbKO IoCaefHAR caydait. ['omoMopg-
HOCTH oTo0paskeHda ¢ — 1¢ ImpoBepAeTCA HeHOCPERCTBEHHO.
[ToxaskeM, 4To Afapo TpmBmaabHO, T. e. #3 19 = 0 cuexyer
¢ = 0. IIycrs r, s — mennie gucna, s = 0. Tak Kax

) o= tg= (o Ho=s(t)e

)o=0. (5)o=0. to=0

Haxomen, maa BcArkoro o & ) nHaiigerca mpoobpas ¢ &
= End ), a mMemHO, 3ufomMopdmaM z — za rpymmm ()
II. Ongpmem xoabno End Cpm. IIycrs e, — mepBooOpas-

HHE KopeHb m3 1 cremeum p" B molie KOMIJIEKCHHIX 9HCEl,
upmueM ehy; = e,, n = 1, 2,... OuesmgHO, dHAOMOpdH3-
Myl rpymst C o MOMHOCTEIO OXIPE/ENAINTCA CBOMM JeCTBHEM
Ha gy, &4,. . . Illyers ¢ & End Cpm, TOTHa

el = en®, k, EZn n=1,2,...

Tax xak (eq,)’ = e, To k, — 06pa3 k.., mpm TroMoMop-
¢usme 7 niy — Za( mo mpasmmy: z (mod p™) e~
=z  (mod p®) maa x e 7). Takmm ofpasoM, KaK{omy
¢ m3 End Cpo, OTBEYaeT IocIHenoBaTeabHOCTh (ky, ks, . . .),

ky & Z n, © yononmem, aro ky — oGpas] k., mpu xaHoRHYe-
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CKoM roMoMopduaMe an+1 — an. HemocpesncTaenso 1mpo-
BEPAETCA, 9TO MHOKECTBO me BCeX TAKHX IOCJIef0BaTeJbHO-

CTeH ABJIAETCA KOJBIOM OTHOCHTEJbHO HIOKOMIOHEHTHOrO
CHOKEHHEA ¥ NOKOMIOHEHTHOI'0 YMHOMKEHHS, a BO3HHKIIEE Y
Hac orobparkenme End Cpm —> pr ABNAETCA H30OMOPPHA3MOM

Ha. J10 Kaer mckoMoe ommcanme Koipna End C .. Homsmo
me HA3HBACTCA KOAbYOM UYEAblL p-AOUNECKUT HUCeA, ero
9JIeMEHTH €CTECTBeHHHM 00pasoM 3aIMCHBAITCA B BHARE

K0

n
Oooan.noalao= Zahp, O<Qn<p,

n=0
H eCTeCTBEHHO CHJIAQARBAKTCA H YMHOMAKNTCA: (BBIYET IIH-
meM, YACIO IepHAOfoB B yMe». [IpmBedeM ANA HIMIOCTpAmuH
o6pasnu JAeHCTBEH Haj meMHMZ 5-afAYeCKEMHE YHCJIAME:

...20134 ... 20134 ...20134
T...12203 X ...12203 —...12203

... 323492 11012 ... 02431

... 0000
...323

+...23
"

... 11312

OrMeTEM IOIYTHO, YTO MHOKECTBO me «ApoGHHMX» p-agmye-
CKHX 9YHCEJ BHJIA

o0

.. Wy, Gy .0 = D a,p", 0<a, <p,

Ne=—5

OKa3LBAETCA YiKe MO0JIeM OTHOCHTENbHO aHAJOTHYHHX Omepa-
Oud 7 Ha3HBAETCA noteM p-aduueckur uuces. daraTensb caM
chopMyIEpyeT NpaBAJIO JAeJleHHS YIJOM JJIA p-aqAvdeCKHX
qucen (TOJBKO OpM JieJieHAHM W HyKHA mpocrora p). Urak,

EndC . ~7 «, AutC o= 73, &

*
Jlerko cooOpasdTh, 4TO me COCTOMT H3 TeX WeANX p-

aJAY6CKAX YHCON, Y KOTOPHX «CBOOONHHIE diIeH» @, OTIH-
9eH 0T HyJA.
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I11. CmpaBegimBa ¢opmya
Aut §, ~ 8, npm n % 2, 6. (9)

Mu foxaskeM ee B Koune maparpada. [Ipm n = 2,6 ara dop-
MYyJa HeBepHA — CM. TaM Ke.

IV. Onmcanuio aBToMOpQE3MOB KJIACCAYECKHX MAaTpHY-
HEIX TpyON HocBfllleHa Oo0mupHAsA JaATeparypa — CM., Ha-
upumep, (1, 9]. [IpnBenem Ges goKazaTenbCTBA THNEYHHIA pe-
gyaprar. Ilyers n > 3, K — mone xapaxrtepucTukm =£2,
Torpa pua xkamporo asromopduama ¢ m3 Aut G L, (K) nubo

% = z%. g7 2%, r = GL, (K), (10)
nabo
29 =a¥.gl5%, z& GL,(K), (11)
npun nopxopamux ¢ = Aut K, y: GL, (K) — K* m nogxonsn-
meM aneMedTe g & G L, (K). 3necs ~ o6o3nagaer B3aTHE 00-
paTHOH MaTpunH K TpancmoHmposamwHoi. J[na Muormx Mar-
pPEYHHX rpynn, oCo0eHHO HAJ KOJbIAMH, IPYOOH aBTOMOP-
$H3MOB MJIOX0 MB3YUEHH WM COBCEM HE M3YYECHHI.
5.1.2. Yopaxuaenue. Ecan |G| > 2,70 Aut G =~ 1.
Y Ka3zaHmne: paccMoTpeTh ciayuam, Korpa 1) G meaGe-
neBa, 2) G abeneBa # CONEDMHMT 3IJNEeMEHTH HOpAAKA > 2,

3) G ymoBIETBOPAET TOKAECTBEHHOMY COOTHONIEHMIO z? = e.
5.14.3. YupaskueHHeE:

End (Z @ ¢« @ Z)zﬂn(Z),
Aut (Z ... Z) ~GL,(Z),
End (Zn® ... B Zn) ~ M, (Zn),
At (Zyy D .. . B L) =~ GL, (Zm)'
End( @@ ... D Q)= M,(Q),
AU @Q® - .. B Q) ~GL(Q

(B nmeBHIX 9AaCTAX N CIaraeMhx).
51.4. YupaueHnne:

EIld (Cpoo X oo X CpOO) o~ Mn (me)’
Aut (Cpoe X + .« XC ) > GLy (Z o)

(8 meBnx wacTAX n MHOHTeneir).
5.15. Yopamuenne. Bce KoHrpysEn-moprpynmn

G L, (Zpoc’ PkZpoo), k=1,2,...
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rpynoa G L, (pr,) He HMel0T KPYYeHHA, 3a HCKJIKYeHHEM

ciydaa p = 2, k = 1.
Y Kagzaume: paccmorpers dopMmyiry OmHOMA

e+ P =e+ () PPa+ (5 )p™ad + ...+ p™am.

54.6. Yopamuaenne. Ilyers A, B — alenesH
rpyons. Muomecrso Hom (4, B) Bcex romomopduamoB u3
A B B ABJfeTcA KOJHNOM {OTHOCHTEJIHHO IOTOYEYHOrQ

CIOKeHHA NO MPaBHIY

a(p+v) =ap+ap, a4,
M CYyNepHo3WIAE B KAaueCTBe YMHOMKEHHA:

a (oY) = (ap)y, a € 4.

5.1 7. YnpamHaeHde. YIATHBAA, YTO HOPAJKH 1€~
MEHTOB FpYIOH He MEeHAKTCA Ipu ee aBToMopdmaMax, Hmepe-
YHCJIATH HEMOCPeNCTBeHHO aBTOMOp()m3MH rpynos §; m yle-
IATHCA, 4YTO BCE OHA BHYTpEHHUE.

5.2. JlonycTumbie noprpymnbl. fIsnik aBToMopduaMoB moa-
BOJIAET JATh ellle OfHO ompejeseHAe HOPMAJIBHHX NOATpyOH:
noprpynna H rpyunms G Torga # TOJNBKO TOTAAa HOpMalbHA,
KOIJla OHA BHEPKABaeT BCe BHYTpeHHHEe AaBTOMOP(H3MH

rpyoos G, T. e.
H® < H pna Bcex ¢ & IntG.

3aMeHaA B 9ToM yciaoBum Int G Ha mpom3BOJIBbHOE MHOKECTBO
@ us End G, nprxogar x Gosee obmeMy HOHATHIO: HOAIPYI-

ny H rpynou G #assBawT donycmumoti orHocmTenpuo O (Ko-
@

poue, D-donycmumoii) m numyr H < G, ecaxm
He < H nna Bcex ¢ & @.

OueBuiHO, efUHAYHAA MOATPYIIa X BCA Tpylma JOOYCTHAMEL
oTHocuTenpHo nw0oro . Ecam rpynnma He CONEpRHT Apy-
rax O-gomycTEMHX HOPMaJbHHX HOATPYIN, OHA HA3HBaeTCA
@D-npocmoii. llpn ¢ & O mopmuokecrsa M, M® nHaswmBawTCAa
@D-conpancennvimu. OrHomenme (O-CompAeHHOCTHA HCHONB-
gyerca Toapko npm @ < Aut G, Korga oHO ABNAETCA JKBH-
BaJeHTHOCTHI0O, B ofmeit cmryanum ono GecmosesHo. B mam-
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fojee ymorpeOuTeabHHX ciaydasx, Korma @O coBHagaer €
End G, Aut G, Int G, npucrasry @ gmralor «>HgOMOpPPHO?,
«aBTOMOP(}HO», «BHYTPeHHE» H IIHMIYT
i

e a
HQG, H\<\G:H\<\G'

i
3rak < yoorpebisaior of6HYHO B CTHJIE30BaHHOA dopMe <,
KAK MB M DOCTyHaeM ¢ camMoro Hagajga. OTMeTHM, 9TO HEKOTO-
pue aBTOpPH pAalT (D-moHATEAM oco0He HAa3BAHAA COrJACHO
ciaefgyiole# Tadamme

conpAMeaHuIE JONOYCTHMEIE HpOCTHIE
BHYTpeHHE CONPMKEHANe | HOPMANLHEE HOPOCTHe
aBTOMOPGHO pPaBHOTNOHKEE | XapaKTepucTAYe- | 3J6MEHTAPHHE
CKHe
9HAOMOP(]HO — BIOJIHE XapaKTepH- —
c¢TugecKue
My momapguM gmTarens @ OyaeM HCHOJIL30BATH M3 TOH Tabd-

JAOH TOJbKO MEPBYIO CTPOYKY, KOTOpaA HOBHIX CJIOB He CO-
nepxur. Ocrasmumecss 4YeTHpe HA3BaHaA — OT OATH Pa3HHX
KOpHEM — MOKHO He 3aIOMWHATH.

0.2.1. Yopasmxuaenune. Ilepecedenne m moposkmenune
moboro MHOKecTBa PD-gomycTEMHX moarpynn ecth D-momyc-
TEMAas TOATPYIIA.

¢ a
9.22. YnpamBeBme OrHomeHma <, < TPAHSE-
TABHH (B OTJHMYHO OT OTHONmeHMA <J), T. e.

A< B, B<C—=A<LC,
a a a
A<B B<C—A<LC.

5.23. Youpamueunnrme. AproMmoppHO pJomycrmMmas
HOoArpynna HOPMaJbHOM MNOATPYONH HOpPMalbHa BO BCeH
I'pyooe, T. €.

a
AL B, BSIC=>A<C.

OueBmAHHIME HmpEMepaME YHAOMOPPHO AONYCTHMHX MOJ-
IPyIn NpoU3BOJbHOM IPpynnH G CIyXaT ee MoCHae0BaTeIbHEE
KOMMYTAHTH, n-8 cmenewdb G" = rp (2" |z & G) 1 n-ii caoil
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G, =rp(x|xeE G, 2" =1). Uenrp rpynnm G BCerga asTo-
MopdHO MAOOYCTHM, TAK Kak u3 ab = ba,a, b =G, ¢ &
& Aut G caepyer a®® = b%q®, mpuueM npm npoberammm
3JIEMEHTOM a Tpynns: G 3jeMeHT a® TojKe mpoberaer BCo rpyi-
ny G. IHlofvepxkueM, 9T0 fasie B KOHEYHOH Trpymnme IeHTp
Mo:KeT He OpTh dHEoMopdHO momycrmMuM — cM. Emxke III.

YKakeM mpuEMephHl JONYCTHUMHX HDOArPynOm B KOHKPETHHX
Irpynmax.

0.2.4. [l pameps. 1. Brpymnax 7, Z, Bce moarpyn-
OH 3HoMopdHO Komycrumii. I'pymma {) aBroMopdHo npocra
(z TeM Oosee sHmoMOopdHO mpoCra), TaKk Kak JIOOHe JBa €@
HEHYJIEBBIX 3JIEMEHTA aBTOMODP(HO CONPAKEHH — CM. OINH-
cagme Aut ) BmmIe.

Il1. OueBunmo, uro

e e
C,<Cp<<nty Con < Cpem.

III. Tak KaK KOMMYTaHT TpyOnH dHZOMOP)HO AOIYCTHM

€

B met, To A, <N,,. Ilycrp n > 3. Tak xak rpynona §, He
AMeeT NEHTpa, TO B KoHeuHoil rpymme (C; X 8, meHTpOM
cyxuT nogrpynna C,. Ona He ABNAeTCA 3HAOMOPHHO AOMyC-
TAMOHM, TAK KaK He BHylep:uBaer aupomopgmsma (—1)" z —
—~ (12)", m = 0,1, z &= §8,.

IV. IIycrs K — mosme. Tak Kak B3amMHHE KOMMYTAHT
@D-ponycraMux moArpyunn ecrs (D-gomycrumas moprpynmoa, To

SL,(K)< GL,(K),
e
T.(K)>UT,(K), i=1,2,...

5,2.5. YopaxueHne Maxkcamanpune npuMapHsie
noArpynns abejieBod rpynmHs HAOMOPPHO HAOMYCTHME,

5.2.6. Yopamxuergune. [logrpynoma Oparrmezm mpo-
M3BOJILHOA IpynoH aBToMopdHO momycrmMa. IlosTomMy B Ko-
HEeUYHOH @npocTod rpynme oza pasHa 1.

5.2.7. Yuonpaxwuenne. Ipymma QB...H R as-
TOMOP(OHO TpocCTa.

5.2.8. Yopaxuenne. Ilepmogaueckag aGeleBa
rpymma Torja u TOJBKO TOrjga aBTOMOPQHO mMpPOCTa, KOrja oHa
ABJIACTCA dAeMeHMApHOU abeaecoll 2pynnoii, T. €. abeneBold
Irpynmnoi# mpoCcToro mepmofa WMJIH, 9TO PABHOCHJIBHO, pasia-
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raeTcAa B IPAMYI0O CYMMY HEKOTOPOTO MHOKECTBA H30MOPOHHX
KONZA Tpynme 7, AJNA HEKOTOPOT0 HPOCTOT0 WHCHA P.

Nuorpa paccmarpmBalor Oojsee ofmyro curyamuio: G —
rpynna, V — mpou3BoibHOE MHOKECTBO C 3aMaHHEIM 0ToOpa-
xeameM V — End G. Torma V masmBaerca muoxcecmseom
onepamopog rpyunsl G 1 mia O C V oueBupunM o6pasoM
onpenenawrca Bce D-momarma. IIpuy @ — V mpucrasky O
YATAIOT «GIEPATOPHOY.

5.3. Cosepmennbie rpymbi, ['pynma Ha3LIBAETCA CO8ePULEH-
Holl, ecnu oHa Oe3 mMeHTpa W Bce ee aBTOMOPQH3MB BHYTpPeH-
nne. Ecam rpynmna G cosepmenna, 10 Z (G) = 1, Out G = 1

z mo (3), (4)
Aut G ~ @G,

T. €, H3y9eHHe TPYHOMHE aBTOMOPPH3MOB 3aMEHAETCA WM3yde-
HYeM CaMO# rpynne. JTAM CBOMCTBOM COBEPIIEHHHIX IpYII
7 BEI3BAHO POCKOIIHOe Ha3BaHWe, MaHHOEe UM Ha 3ape TEOPHH
rpynn. B neficTBUTeNBHOCTH COBepIMeHHHE IPVIOOH He Arpa-
10T Karoi-mm6o ocofoir poam B Teopuu rpynm (TOIHO TaK ke,
KaK CoBepIIeHHEIe 9uciia B Teopud uncen). [{ens sroro mynk-
Ta — YKazaTh KJIACCHYECKYI0 CepHI0 COBEpPIIeHHHX rpyno —
CHMMeTpHYeCKHe I'PyIIH.

5.3.1. Teopewma (Téasnep). IIpu n 5% 2,6 cummempu-
ueckas espynna 8, cosepweHHa.

NMNorxaszaTteanscrBo. a) Us §3 M yKe 3HaeM,
9To mpH k > 3 rpynna §, aMmeeT TpaBraIbHBIA meHTp. Ocra-
eTCA [OKasaTh, 4YTO0 IOpu n 7 6 Rammei#t aBToMopduaMm 7y

rpyans 8, sayTpennmii. Ilycts By — MHOMeCTBO BCeX Ipo-
n

n3Befenyil k HesaBmcEMbIX Tpancmosmnmi m3 §,, 1 k< 5
Cornacmo 2.5.7.1I1 npBe momcranmoBkm wu3 S, compsaKe-
HH B &, TOrMa # TOJLKO TOTAA, KOI'Ta B pa3JIO/KEHAHA HA He3a-
BECHUMEE IAKJH OHY AMEIT OJMHAKOBOE YACJIO MAKJIOB KaK-
noit nawen. B wacruocrm, B, || B, |} ... — pasbmenme MHO-
JKeCTBA BCeX 3JeMeHTOB mopanxka 2 m3 &, Ha Kiaccs compa-
JKeHHHX 3JIEMEHTOB K KaKAoe B HepexoauT OpH BHYTPEHHAX
apromMopdmamax rpynnst §, B ceba. IT0 nmoacKa3nBaeT HaM
CleNyoMmMud NMyTh: CHadYaja MOKaKeM, 4TO Yy IepeBogmT B,
B ceba, a yiKe 3aTeM, 9TO Y — BHYTpPeHHHI aBTOMOpP(H3M.
6) AsroMopduam y mepeBonuT B; B cefa. [{eficTBrTeNBHO,
BCAKHUE aBTOMOPOM3M TPYHOH COX paHAET MOPARKH dJeMeH-
TOB, a KJACCH CONPAKEHHKX 9JEMOHTOB IePeBOMT B KJIACCH
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CONPSKEHHKIX 3JIOMEHTOB, M03ToMy B} = B; npm mekoTopom A
Mu momyaam pasencrso B} = B, m3 caMmx rpy6ux coobpa
JKeHH#: IIPOBEpPHM, 9YTO IB,, | | B, |, ecnr k%=1, ns£6
[*] n _r
HeidcrearensHo, §, comep:xar (Z)TpaHGHO.'SHL[EH, 103
k—1
n—2i n
TOMY HAMeeTCA 9 MHOKeCTB U3 X He3aBACHMHIX TPAaH
i=0
cnospnEi. Tak KaKk mOpPAOK MHOMKATENEd B IpOA3BEeReHH]
HE3aBHCHMHX TDPAHCHO3WIHA HECYMeCTBeH, TO

k—1
1 n—2i 1
IBk’|=k_l ( 0 ) wornn—1). o (n—2k +1).
iz
Teneps paBeBcTBO | B, | = | By | CBOAHTCA K ClHegylOmMeMy

(n—2)(n—3)...(n — 2k + 1) = K21, (12

HoxraeMm, 910 mpm n 5= 6, k 5= 1 210 HeBO3MOKHO. B camow
KON, TaK Kak mpasafd dacTh (12) moixosKETedBHA, TO NOJMHC
6nTh n > 2k. Orciofa neBas 4acTh YAOBJETBOPAET HepaBew:
CTBY:

a. a4, (12) > (2k — 2)]

Nanyrnmeit serko moayuaeMm, 4TO
2k — 2)1 > k12! npe k> 4.

Ocraercsa paccmorpers caygam k = 2,3. Hpm k=2 nerko
IpoBepsieTCH, 9T0 paBeHCTBO (12) HeBO3BMOMKHO HE AJIA KaKAX
n. llyers &k = 3. Tak xak n > 2k, n£6, Ton >6 1

1. (12) > 5-4-3-2 > 3122 = mp. 4. (12).

Urax, paBemcrso (12) HeBo3MoxkHO, ecim n 5= 6, k 5= 1.

B) ABTOMOpP(HE3M Yy BHYTDPEHHHH, B camom fesie, OYCTh
T|(i) — mMHOK6CTBO BCEX TPAHCHO3UNHMA CAMBOJA i C IPYTHMHE
cumBonamu. Iloxamem, aro 7 (i)* = T (j) mpm BekoTopoM j.
Tak xkak BcAKHe ABe TpaHcmosmnu® md 1 (i) He mepecTaHO-
BOYHEI, TO BX 00pa3s OTHOCHTENBHO Y TaKiKe FOJKHE CO-
Aep:kaTh 00muii mepeMemaeMud cuMBoJ. IIpm aToM Tpoiika
(ia), (ib), (ic) Be Moxer mepefiTE B TPOHERY (fu), (jv), (uw),
TaK KaK IPOH3BOMeHMe MEPBHIX TPEX JJEMEHTOB HMeeT Mo-
PAXOK 4, a MNpoM3BONEHHMEe BTOPHX Tpex — MOPAMOK 2.
Canepnosareasno, I (i) & T (j). Ilpumenns k T (j) oOpaTamit
aBromopdpmaM -1, Bmmmam, gro T (i)Y = T (j). Tem cammm



§ 6] PACIMAPEHHWA NOCPENCTBOM ABTOMOPOH3MOB 69

II0 aBTOMOpPQH3IMY Y MH MOCTPOMIM TaKVI0 HOACTAHOBRY
nt, aro T (i) = T (in) gna Beex i = 1, 2,...,n. Tak raxk

k=T KN TA?=T (k)T (n) =
= (kn, In) = a"t (kD)a=,

TO Y COBIAJlaeT Ha BCeX TPAHCHO3HMHUAX, a TOTOMY I BooOmie
HA BCeX IIOJICTAHOBKAX C COIpAKeHMEM IOACTAHOBKOH .
Teopema morasaHa.

[pynnm §,, §¢ He ABNAIOTCA COBepIIeHHKMH, TaK KaK Iep-
Bag aleseBa, a Bropaa o0iafaeT BHEIIHMM aBTOMODP(HHE3IMOM
nopanka 2. IlocrpoeEne sToro aBTOMOpdHM3Ma ykazaHo, Ha-
npuMep, B 3amerke: Miller D. W.— Amer. Math. Monthly,
1958, 65, Ne 4, p. 252—254.

53.2, Yupaxuenne. Cosepmennags HopMaibHaA
MOATPYNIA BCeI'Aa BHAeNAeTCA NPAMHM MHOMKHMTENEM IpyI-
nui. HaBogamuii Bompoc: 9To fo/KHO OHTH APYruM MHOKHA-
TeJeM?

§ 6. Pacmapennsa mocpefcTBoM aBTOMOPON3MOB

OnmmmeM fBe Ba)KHHE B TEOPHH TpyHO KOHCTPYKIIMH,
OCHOBAHHEe Ha aBTOMOpQHA3MaXx.

6.1. 'onomopd. ITa KOHCTPYKIHMA BO3HHKAEeT B CBA3H
BOT C KAKEM BOIIPOCOM: HeJb3A JH HPOU3BOJIbHYIO rpynny G
BIOKHATE H30MOpPOHO B Takyio rpynmny G*, 9r00H Kaau#
aBTOMOp)H3M TpyHOH ( OKa3aJCA CyKeHHeM BHYTPEHHEro
aBToMopduama rpynns G*? Ilycrs @ = Aut G. Oxasusaeres,
B xagecrBe G* Mo)kHO B3ATH MHOMECTBO map ¢g, ¢ = @,
g = G, yMHOKaeMHX II0 IpaBAIY:

P29’ = @op'g¥g’ (1)

(Mol mameM mapH Ges cko0oOR m samaTtmx). JleficTBmTennHo,
AKCHOMEL T'DYINH OPOBEPAIOTCA HENOCPeNCTBeHHO. Tak e
BeNOCPeACTBeHHO IpPOBEepPAETCHA, UTO OTOOpakeHAS

D - G* G—G* 2)

mo mpasmaaM ¢ — @1, g+— 1g apaAwTCA AIOMOPPHEIMEA
Biro;keEmAMA. Mu oroxpectseM @ m G ¢ mogrpynmamMm H3
G* B cmuny ormx Biaoxkenmit, U3 mpaBmna ymHoxenumsa (1)
Cpa3y BHIT@KaeT, 49TO

¢ lgp =g Ao E D, gEG. (3)
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Tenepy scHO, uTO
G* = DG, GLG*, D G=1 (4)

u BBHEAY (3) Ka:KnHA aBToMOopdpuaM ¢ & D aBngerca cymxedneM
HEKOTOPOr0 BHYTpeHHero asToMopdumaMa rpyomw G*,
damaga pemena. I[loctpoernaa rpymma @OG BasmBaercs
zoaomoppom rpynnnt G um oGosmagaerca Hol G.

Ecam Bmecro @ = Aut G Baars @ < Aut G, T0o rpynnoa
OG wo-mpexxsemy Oymer o6aapmars cBoitcrBamm (3), (4).
B srom cayuae DG HazmBaeTca pacwupeHuem zpynnvt G
nocpedcmeom zpynnuv, aemomopguamoe ©. Beuny (4) ato co-
riacyerca ¢ of6muM moHsATHAeM pacliapeHmA M3 u. 4.4.

Moxxs0 eme fanpme 0600muTh CATYaNHIO X B3ATH IPOW3-
BoabHylo rpyonny @ ¢ ormedenmriM romomopdmsmom @ —
— Aut G. Cunrasa, 910 saementst n3 O geiicteyrorT Ha G KRak
COOTBETCTBYIOIHe BM aBTOMOPOH3MEL, MEI TeM Ke npaBmioM (1)
npespamaeM OG B rpymny co csoicrBamu (3), (4). Temeps
rpynna DG maswmBaerca pacwuperuem zpynnwt G nocpedcm-
gom epynnst onepamopos @.

OrMeTmM, 49TO BCe 0o0CYKIaBmMecA cedvac pacIiupeHHusA
pacmieIyIgeMEl B CJIeAYyIOMeM CMEICJIe: pacmupenae G rpyIIms!
A mocpemcTBoM TrpynmiH B HA3HBAeTCA PACWENALEMBIM,
ecim B G cymecTBYOT Takme moarpymusl H, K, dro

G=HK, A~H<IG, HN K = 1.

QOuesnnao, uTo Torga K ~ G/A. I'osopar taxke, uto G —
noaynpamoe npousgedenue rpynn A u B, unnmyr G = A X\ B
mn G=B < A,

YRakeM roJoMopds HEKOTOPHX KOHKPeTHWX TI'pyI.

6i1. Il pame pu. I. IIycrp K — n1060e B3 Kosen 7,
Zrn, ®. Cornacro 5.1.1.1 aBroMOp(U3MH aFAATHBHON Ipym-
oH K mcuepneBalOTCA YMHOMKEHHAMHA HA 3JeMeHTH m3 K¥*,
I03TOMY

Holk ~ {( ¥)|a e k*, p=&].

I1. Tloxoxsee mo gpopme onucanme Mo:xHO AaTh A Hol C .

NMenHo, 9aCTHYHYI0 HOCJIENOBATENBHOCTH (Si, Ss,. - .) HABO-
BEM D-HUMDbIO, €CJH B HeHd HECKOJBKO MepPBBIX MECT IIYCTHI,
a Ha OCTAaJIBIIHIX CTOAT 3JEeMeHTH §, & an, npeYeM ps, =

= Sp+1 (B MOHATHOM CMEHICNIE) ¥ ee Helb3d AOONPeNeNuTh Ha
OYCTHX MOCTaxX C COXPaHEHHEeM ITOTO CBOHMCTBA. ¥ CJIOBHMCH
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CKJAJBIBATL P-HHTH IOKOMIOHEHTHO HA TeX MecTax, rge oba
claraeMmHx oIpefedeHsl, ¢ IOCIeXYOIMHM JoolpefelieHueM
cyMMBl Ha OYCTRIX MeCTax, moKa oHO Bo3MoskHO. kemocpen-
CTBeHHO IIPOBepAeTcsA, 4TO D-HUTH € TaKUM CJIOKeHHeM Co-
craBaaor rpynoy. Omna m3oMopdHa rpynne Cpm. HeitcTBH-

TelIbHO, OYCTh €, — HepBooOpas3HHil KopeHb u3 1 cremenn

p" B Done KOMIJNEKCHWX 4HCeJ, OpHIeM €y = €,, N =
=1, 2,... Ramgoe aucao x u3s Cpm Ne;KHT B HEKOTopoi

rpynne C ., moaTomy z = Ens Sy & Z jn, HATHHAS € HEKOTO-

8 8 ps
nt+l — = n -
poro_n. Tax xak € 811‘ €, TO 9acTHIHAA nocJjengoBa

TEeJBLHOCTh HOKasaTeaed s, OymeT p-uvuThO. Jlerko BHAeTD,
ar0 oToOpaskeHue x ~ (sy, Sy,. - .) ABIAeTCA H30MopduU3MOM
rpynosl Cpm Ha TIpynny p-HUTeid, OpHYeM AaBTOMOP(H3IMEI

us Aut Cpm, opegcraBirennsle coraacro 9.1.1.11 peanimm

p-afH9ecKAMH 9HCJAMH, AeHCTBYIOT HA D-HHTH KaK OOKOM-
noHeHTHREe YyMHOKeHHA. IlosTOoMy

HolC . ~ {(é 2) Icz = Z’.;m, B ecTh p—HHTL}.

Orauuye OT OpefbAYINETo IpuMepa 37eCh B TOM, 4TO Ko3d-
$HIHEeHTH MaTpHUL OepyTcsA H3 PA3HEIX MHOKECTB U HE BHIHO
KoJNbIa, B KoTopoM Onl 00a OHH NeKanu.

I11. Mu snaem, 910 Opd n 2,6 rpynnoa 8, coBepiienHa.
B qactaoctH, Aut 8§, ~ §,,. Tak kak 8§, HopMaibHa B CBoeM
roloMopde, TO OHA BHIIENSAETCA B HEM IOPAMHM MHOKHTEJEM
(yopaskmenne 5.3.2). IlosTomy

Hol §, ~ 8, X §, opu ns2, 6.

Slcmo, uTo M aas mwoboil aApyroil coBepmenHoil rpymom G
cupapegauBa d¢opmyaa Hol G ~ G x G.

1V. na romomopdos rpyua GL, SL, T u op. tpygHo
paccu¥THBATh HA ONHCAHEE, KOTOpoe OnuIo O Hpome ompe-
felenusi, DOCKOJBKY Y;Ke IpynoHn aBTOMOPPHU3MOB B ITOM
cliyuae MOBOJILHO CIOMKHO YCTPOEHH.

6.1.2. Yonpamuenne. Ilyers K — n060e U3 Koxelr
Zy, Zm» Q. Iloxkasate ¢opMydy (B CyMMax n CJIaraeMex):

Hol(K®B ... K)~
rz{(éﬁ)laeGLn(K), ﬁeK@...@K}.
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6.1.3. Y o p ax ue u ue. Haiitu Bce knaccu coupsiykes-
HHX saeMeHToB rpynms Hol 7.

61.4. Yuoupamuapenne Yrasaro B Hol 7 raroi
yOHBawIMUi pAJ HOPMaNbHHX HOATPYIO

HolZ = Hy, > H,> .. .,

aro (|H; = 1 n xaxpan cexuus H,;/H; , ne:KdT B meHTpe
¢axrop-rpynon Hy/H;.,, i = 0,1, 2,...

6.1.5.Yupamue nde. Apasgerca mu Hol 7 copepmen-
HOHM Tpymmoi? |

6.1.6. Yopasmuaenue. Ilyern» G — pacmupesnue
KoHeyHO# 3jeMeHTapHoil abeneBoil p-rpynnn A npHd OoMomH
KOHEYHO# 3IeMeHTapHO# abexeBoil ¢-rpynnu B. Ecau p 5= g
¥ B — penuKamuecKas rpynna, To B G CymEeCTBYIOT 9JIeMEHTEL
OopAfKa pq.

Pemenue Dbyagem paccmarpuBars rpynmy 4 ~
~ 7y, @P...67Zp, Kak BEKTOpPHOe IPOCTPAHCTBO HAJK IIOJEM
k u3 p snementoB. IlycTs B* — MHOKeCTBO JMHEHAHEIX Hpe-
o0pasoBaHMA 9Toro OPOCTPAHCTBA, HHAYIHPOBAHHHX CO-
OpAKeHUAMH HDOCPeACTBOM BJieMeHToB H3 B. Jlerko Bujers,
9T0 [eN0 CBOJHUTCH K OTHICKAHWMIO HEeFHHHYHHX DIEMEHTOB
a=A,be& B ¢ ycaobueM a® = a (torga ab 6yAeT HCKOMBIM
9IEeMEHTOM HOpPAAKA pg) MAM, TPYTHMH CHOBAMH, K OTHCKA-
unio B B* meegmmuuHoro saemedra 0, obmagaromero B mpo-
cTpaHcTBe A HeHyJIeBoil HemoIBI)KHOM TouKoit. [lo ycmoBumw,
B* copepxur pgBa Takmx npeobpasoBaHHA ¢, DopAAKA
g, aro rp(g) % rp(¢y). N3 ocHoBHOro Kypca aareSpm m3-
BECTHO, 4YTO NePecTaHOBOYHHE NHHeiinmne npeobpasoBaHHA
obnagarT ofmuM coOCTBeHHHIM BEKTOpOM Haj aiarebGpamue-

CKHM 3aMHKanueM k moJasa k; NycTh @ — TaKoil BeKTop AJIA
P, \|91 oprgeM
ap = pa, ap = va, p,v = k.

Ecav p =1 unu v = 1, 1o MomHO B3ATH 0 = @ v 6 = ¢
coorBeTcTBenHo. Ilyere p %= 1, v %= 1. Tak xak p, v Dopo-

AJAI0T B MYJILTHOJNHKATHBHOH Tpynme Hoas k ofHY H TY
’Ke IHKINYeCKyl0 HOATpYINNY HopAgKa ¢, To B = v mpH
NOXXOJANIEeM HaTypajbHoM ©oKaszaTelge m. Torga 0 =
= @y~ " — HcKomoe IOpeobpasoBamme, Tak Kak 0% 1 u
ad = a.

6.2. Coneremnwa. Ilycts A, B — rpyunn. O6ozHagum
wepea Fun (B, A), fun (B, A) pgekaproBo npousBefeHHe U
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NpAMOe NMPOHU3BEeHHE H30MOPQHHX KOUHE rpynnn A, mHueK-
cupoBaHHKX 3Jemenramn rpynos B. Taxum obpasom,
Fun (B, A) — 310 rpymna Beex ¢yuxumii B-—> A ¢ o0wbu-
HEIM yMuo;keHmeM, a fun (B, A) — moprpynna ¢YHKIHE ¢
KoHeuHsIMH HocuTeaamu. [Haga f=Fun(B, 4), b= B
ompefedUM (GYHKIINIO fb, mojaras

f° () = f (bx), z & B. (5)

HemocpepcrBeHHo mpoBepsieTcss, 910 oTo0paskeHue
b: Fun (B, A) — Fun (B, A) (6)

nmo wpasuay f — f° ects aBToMoppusm rpymms Fun (B, 4),
orobparkaromuit fun (B, 4) sHa ceba, a orToGpaskenus

B — Aut (Fun (B, A)), B — Aut (fun (B, 4)), (7)

comocTaBaAmue KaxkgoMy b us B aBroMopdusM b H ero cy-
senne Ha fun (B, A), aBaaworca npad A 5= 1 u3oMopPHEMYU
puoskenunaMu. Pacmmperns rpyon Fun (B, 4), fun (B, 4)
HocpencTBoM rpynum omeparopoB (7) masmBawTes dexapmo-
gbLM CRACMEeHUEM W RPAMBLM cnaemeHuem zpynnu. A ¢ epynnoil
B u ob6osnauaorca AZB n AzB cooTBercTBeHHo. TaxKmM
o0pasoM, paexaproBo cunerenne A 2B — 5T0 MHOKeCTBO
B-Fun (B, A) ¢ yMHo:KeHHeM

bf-b'f" = bb'ff, tme f° (x) = f (ba), (8)

a mpamoe counerenme A ¢ B — ero moprpymma B-fun (B, A).
Mu BmamMm, uTo OpH HOCTPOSHHE CHOJeTeHmH rpynon A ¢
rpynnoil B camu rpymos 4, B mrpanoT pasHne poau: 4 nac-
cusna, a B axmusna. Bopegb Mu Tak m Oyjfem Ha3HBarh
9TH TPYIIH.

Hogrpynns Fun (B, 4), fun (B, A) masmpawores ynda-
Mewmamul MId  6asamu  COOTBETCTBYWOIUX  CIVIETeHMHH.
OueBuano, mexaproBo cunerenue A z B u mpsaMoe coiereHue
A 2 B Torma m TOJBKO TOTJ]a COBIAJAIT, KoTjla A TpPMBHAIL-
Ha uaun B womeuna. Iloprpynnoa

Diag (B,”4) = {f | f = Fun (B, A), f(z) = const gna z & B},

T. e. nguaroHaxn 6Oaset Fun (B, A), Ha3nBaeTcs TaKiKe
duazonaavio dexapmosa cnaemenus A 2 B. Hakoner, qns Kax-
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noro a € A ompegennm ¢ysxnmio ¢ u3 Fun (B, 4), moaaras

a UpH 1 = e,
e npHn x % e.

Hemocpegcersenrso mnpoBepsaerca, uro orobpakenne A —
— Fun (B, A) mo umpaBuny a ~ 4 ABIAETCS H30MOPPHLIM

BnoxxenueM. Iloarpynna 4, sa KOTOPY®W IPH 3TOM BIOKEHAHU
orobpaykaerca rpynna A, HasHBaeTca nepsod konuell,

a compsikeHsas ¢ Heit mougrpymma A°, b= B, masmBaercs
b-it konueli maccuBHoM rpynon. Takwm oOpasoM, maccHBHas
rpynna A yvyacrByert B cuaereHusx A 2 B, A ¢ B cBonmMHu Ko-

nuamy A®, a akTuBHas rpynmna B caMa cofep:KHTCA B STHX
COICTeHHAX M, XeHCTBYA CONPAKEHHAMH HA KOIOMH IaCCHB-
HO# I'PYONH, «CIIETAaeT» HX — MepecTaBIAeT MEKAY Co0oi.
OueBunHO,

fun (B, 4)= |[ A°.

beB

6.21. Yopamuaernmne. Ecam A" <A, BB, 10
conetenne A’ ¢ B' usoMopdHO moprpynme cuoieteHns A ¢ B
(moposkpgenmoit oOpasoM moarpynnsl A’ OpH KaHOHHIECKOM
BJOKEHHH B IEePBYI0O KOOHMI0O IMAaCCHBHOH TIpynnH H NoATrpymO-
no#t B').

6.2.2,. Ynpasxuenne Herpusmanpmasa mopManpHas
NoArpymOa NOPAMOr0 CHOIETeHWs HMeeT HETPMBHAJIbHOE
nepecedenne ¢ 6asoit (mpy ycioBHM, KOHEYHO, YTO NACCABHAA
rpynona HeTpHBHANBLHA).

6.23. Yupaskuaeunune. Ilycrs rpynma A Herpusm-
anpaa. Torga

Z (A z B) = Diag (B, Z (4)),
Z (A 2 B)=1, ecitm B 6eckoHeuHA.

6.2.4. Yopa:xaenne. Hommyranr connerenus 4 2 B
coBnagaer ¢ mpousBexerueM [B, Bl-H, rpe

H= {f = fun (B, 4)| [I f () = ¢ (mod (4, A])}.
=B

6.25. Yopasxuenune Haxgui saneMeHT KOMMyTas-
Ta CIVIeTeHHA 7, ¢ 7, ecTh KOMMYTaTop.
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6.2.6. Yupamnuenne., Conerenne 7 2 7, usoMopdHo
goaTpynne, moposkuerHod B G L, (R) marpumamu

(o 1) (674)

rae { — TpaBCHeHACHTHOE ACHACTBATEJBbHOE YHCIHO.

6.2.7. Yopamuenunue. Ouepamuum 2z, 2 Heacconua-
THBHE B KJIacce I'PyNI (fake B Kiacce KOHEUHHX Tpymdm).

BakHYI0' CBA3H cHNeTeHHH ¢ IPOM3BOJBHBIMU PpaCIIHpe-
HHAMH JlaeT Cleayoas

6.28. Teopewma. Jwboe pacwupernue zpynnu A no-
cpedcmeom epynnv B usomoppro exsadvisaemes ¢ Oexapmoso
cnaemenue A 2 B (Broxenme Opobenmyca).

HorxasartearctBo. Ilyetrs 4 <1G, G/A = B,
s: B — G — ¢ynkuuma, Bubupaomas upexcraBaTenei
B cMekHEIX Kiaaccax. Ilyers W = A 2 B. Onpepenum orto-
6paskenne @,: G — W, monaraz g% = gfy, g =G, rae
g — cMesRHHN kKaacc Ag, fg — snement Oasm cunerenna W,
3agaBaeMHil gopMynoi

fe (b) = ((gb)")~'gt*, b & B.

HemocpepcrBenHo npoBepsieTcsi, 49TO ¢, — H30MOpdHOE
Biaoxenne. OHo BasnBaeTca eaodceHueM @D pobenuyca.
6.2.9. Yopamuaenue. B Tex xe o6osHaueHmax

G%-Fun (B, A) = W, G% [ Fun (B, A) = A%,

6.210. Yopaxnenune. Ecaum s° — pgpyraa subu-

patomas GyHKIuA, To noprpynnu G¥, G¥ conpmxens B W,
OTtMmeTEM, 4YTO pAexkapToBo cmiereHnme A z B HaswBawT
TaK)Ke DOJHEIM cOaeTeHHeM H o6o3uadanT 4 Wr B, a mpamoe
cuneredne A 2 B Ha3nBalOT TakiKe JUCKPETHHM CIIETEHHEM
B obosmagaror 4 wrB. IlaccuBHYyw m aKTUBHYW TIpyIoOn
HAa3WBAlT WMHOTAa HIGKHed m Bepxmeir. B § 12 MH cnerxa
0000muM n310)KeHHOe 37ech HOHATHE COJETeHHS B CBA3H
C paccMOTPeHHEeM MOHOMHAJBHKIX I PpeJCTAaBISHHN — HCTO-
pHYecKM caMoli paHHeil pasHOBHEHOCTH crieTeHuil. Tam
’Ke OymeT yKasaHO BIOMKeHHe UPOH3BOJAbLHOHA rpynns G,
COofep:Kamed 3aKaHHyH noxrpyuny /M 3agasHOrO HHOEK-
cam, B MOHOMHAJbHYIO I'DYINy MATpPHI| CTeneHu m Han H —
HagaNbHLH BapHAHT [OKA3aHHOH 3/IeCh TEOPEMEI.
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ABEJIEBBI I'PYIIIIbI

Mna abemesmx rpynn Godee yAoOHa H obmenpHHATA
aJIATHBHAA 3aOHCh omepamuHM, M MH OygeM B 3TOH riase
N0JIb30BAaThCH €I0.

§ 7. Cobopunie adenebt rpymsi. Pasmeprocts

7.1. CpoGognbie abexessr rpymmbi. Ilyers € — Kiaace
rpynn. I'oBopar, uro rpynma F = (z; |ie I) w3 £ ects
csoGo0nasa epynna 8 kaacce & co C80GOOHBM RODONCIAUUM
muoxcecmeom {z; | i = I}, ecam pasa awboit rpymin G = 8
¢ mDoposkmaromuM MHO:KecTBoM {a; | i &= I} orolpakeHue
z; — a; IPOKOIKaeTcA o roMoMopdusMa F — G. Momuocrs
mHOo;xecTBa [ wHaspBaeTcs cmenendvld (cso6odet) c¢BOGOgHOM
rpymasl F. Camo mHOxecTBO {z; | i = I} GymeM HasmBaTh
Takke 6a3oll F. MoHO mokasaTh, 9T0 He BCAKHU KJIacCC
rpyan obGnxapmaer cpoGofmniMm rpynmamn. OgHaKo B Kiacce
abeJeBHX Tpynn CBOOOJHHE I'pPYNNOH CYMECTBYNT M HMEIT
09¢Hb ACHOE OIHCAHHUE.

71.1. Jlemma. HHycmv Parmop-epynna G/N aberesoii
epynnt G pasaazaemcs 8 NPAMYKW CYMMY  GeCKOHEHHBLT
YUKAUYECKUZ 2pynn:

G/N = _éI(Ai/N)! ;=rp(a;, N),

Toz0a G ecmv npamas cymma hnodzpynn N u A =
=1p (a; | i = I).

JokaszartenbcrTBo. DBo-mepnx, 3amedaem, 4TO
G =rp (N, A). Jlaree, npeggoxomxunm, 910 4 (| N 5= 0.

B mepecedenun A (| N Bo3bMeM HEHYJEBOH JJIEMEHT @,
KOTOPHIH MOKHO 3aOHCaTh B BHJE

a =2 Ry
Orcioga B ¢arrtop-rpyume G/N mojyvaeM pPaBeHCTBO
N = 2 nkaik + N,
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9T0 B CHJNY ONpefefleHHA DOPAMOA CYMMH BiIedeT nya, —+
+ N = N. Tar xak A; /N sBnserca GecKoHeYHOH mu-
KIOIeCKO# Trpynmo#, TO u3 paBeHCTBA Nya; + N = N
caegyer n; = 0. TakmM obpasoM, saeMEHT a = D,

papeH HYJII, 4YTO0 IOPOTHBOPEYUT AONYIIEHUIO,

71.2. Teopema. IIpamvie cymmu OeckoHeUHbr YU-
KAUYECKUL 2pYnn U MOAbKO OHU ABAAIOMCA C80000HBIMU
zpynnamu 8 kKaacce abenesulr zpynn,

IllToxaszaTenasbcTso. PaccMorpEM mpaMyo cymMmy

G = D) (z;) GeCKOHEUHHX NUKIMYCCKHX Trpynn (r;) B mpoms-
=5

BoAbHYI abeneBy rpymmy A ¢ MHOMKECTBOM HOPOKIAIOMIUX
aneMeHTOB a;, & J. Orolpakenme Dmz; — Dnxd;,

opofoiKaomee oTobpaskeHme I; — 4; MHOKecTBa {x; | i &
&= I} Ha MHOecTBO {a; | i & I}, Kak Jerko sujern, Oymer
romoMoppuamom G — A. Ho 310 03Havaer, uTo G ecTh CBO-
OopmEasa abejeBa rpynma, T. €. ¢cBOOOAHAA IpyHma B Kiaacce
abenepnx rpynn. Cremeds ee ¢cBOOOAB paBHA 9HCAY IPAMBIX
CAATAEMHBIX.

ITycrs Temeps F' — cBoboguas aGeneBa rpymma n {z;| i =
& I} — muoxecTBo ee cBobopuuLx nopopammmx. Ilo on-
pefieieHHI0 CBOOOMHOHE TPYNOH CYMECTBYeT IOMOMOpP(H3M T

rpynasl F Ha mpamylo cyMmmy A = D) (a;) GeCKOHeYHEHIX
icr

MAKJIHYeCKUX Ipynd (a;), IPONoIKANMUA o0ToOpaskeHHe Z; —
— a;. G Apyro# cTOpOHH, N0 MAOKA3aHHOMY BHIIe, CymecT-
ByeT romoMopdmsm o: A — F, mpopomxamomuit oTobpaske-
HHAE 4; — Z;. TaK KaK TC OCTABJIAET Ha MECTe BCE MOPOKIAI0-
mae piaemedTs rpymusl F, 10 10 =1 m F ~ A. Teopema
NoKa3aHa.

OxrassBaeTcA, MOATPYHOHN cBobomuoi abeneBod Ipymom
caMH ABJIAITCA CcBOGONHHIMEH aleleBHMH rpymnmamn. B mo-
KazaTeJbCTBE 9TOT0 (aKTa MH BOCHOAbL3YyeMCHA NOHATHEM
MpaHCPHUHUMHO s03pacmanuell mampeéwry

0=No< N, << ... <Ne<<...<N,=6 (1)

abexesoir rpyonsl G, T. e. BOOJHe YHOPAKOYEGHHOTO IO BO3-
pacTasHI0 PpAAa HOATPyOO, 3aHYMepPOBAHHHX TpaHCPH-
HATHMA unciamid. IIpH sTom mpepmosaraeTcs, 9TO AAA mpe-
EeJLHOTO TpaucPHHHTHOTO UHMCIa o @HoArpymna N, cos-
DajgaeT ¢ o6beEuenueM Beex moarpymm Ng, f < a.
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Ecnu A < G, To B cucTeMe HOArpynm
0=A4 A4, ... LA ... L4, =4, (2)

rme Aq = A {| Ny, BOBMOKHHN cOBUajeHNnA. 3aHOBO 3aHY-
MEpPOBAB TPAHCOUHUTHEIMA 9ACHaMH PA3JINYHEe TICHH CA-
cTeMbl (2), moJydaeM BO3pPacTawyl MATPEIMKY

0 =A< A1<...<Ap<...<Ai=A4 (3

noArpynnsl 4, o KOTOpoil IoBOpPAT, 94TO OHA HONydYeHa Iepe-
ceueHHeM MaTpémkm (1) ¢ moprpymmoi A.

Jns nokxasaTexbcTBa TeOPEMH 0 MOArpyHIax HaM HOTpe-
OyeTca CHeRyOmMUil NpH3HAK CBOOOAKL KOMMYTATHBHOMR
I'pYLILHL.

71.3. Teopewma. Abesesa epynna G ceo6odna mozda
U moavko mozda, xo2da ona obaradaem mpancHurUmMHO 603-
pacmauell Mampewkol, Kaxoas cexyus xomopoit udomopgph-
na GecKOHeUHOU Yyukauieckol zpynne 7.

JloxasaTeahbcerTso. llycTe B abeneBoit rpynne G
HMeeTCs BodpacTaromas MarpémKa (1) ¢ 0eCKOHeYHHIMEA IMK-
An9ecKEMU ceKImaMH., JlaA BecAKoro o <<y B pPasHOCTH
Ngiy \ N, BHOEpEM TaKoOH 3IeMEHT @gyq, 970 Ngyy =
= (@gyy T Ny), U UOKaKeM PpAas3IoKEMOCTE G B OpAMYH
cymMMy ) (Ggy) O€CKOHEUHHX UHMKJIMYECKAX HOATPYIN

<Ly
(@x+y). JlOKa3zaTenbcTBO Oy/ieM BeCTH MHAYKOMed Ho AJHHE

v marpémra (1). Ilpm y = 1 yTBep:xAeHHe 09eBH/IHO; CABIaEM
JONyIIeHne O COpaBeJINBOCTH 3TOTO YTBEP/KACHAS ISl BCAKO-
ro o < y.

B rpyone G BmbHpaeM OpPON3BOJBHHE »JeMeHT g 7%=

H cuaTaeM g &= Ny, g £ X No=Npgy. B cuny N =
o<p
= (ag, Np_,) 4 n1eMMH 7.1.1 seMeHT g oHO3HAYHO HpEJCTaB-
JAsieTcA B BUNe g = g + nag, g, & Ng-;. llo magyxTasHo-
My OpeJUmoNo:KeHHI0, TaK Kak f — 1 <y, axement g,
OJHO3HAYHO 3aOHCHIBAGTCA depes dg;:
81 = Magy -+ . - . N0, B: < B,

9TO BJiedeT OJHO3HAYHOCTb 3aOHNCH
= nag, 4~ . .. + ngag, + nag.

Hrark, moxazaHa pasigoKOMOCThE IPyonH (G B OpPAMYIO
cyMMy OeCKOHEUHHX IHKIAYeCKUX NOATpynd, d9To [O Teo-
peme 7.1.2 paBHocmabHO cBobome G.
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ITycrs Temepb G — ceofommaa aleneBa rpyunma H

G = D) (g.) — pasnomkenue G B IPAMYI CyMMY GECKOHSTHBIX
A<y

qukaARgecknx noarpymn. Homons Ny = 0, Neiy = (8xs Na)
aNg= ﬂga Ng pasa npepeabHOro TPaHCHHHATHOTO YHCIA O

nomydaeM TPAHCPHHUTHO BO3PACTAIOMYI0 MATPEMIKY ¢ OecKo-
HETHHIMM NMUKANYeCKAMH ceKimmaMH. Tem caMBIM [oKasaHa o
geo0xogmMocTh ycaosmsa. Teopema MokasaHa.

B 0. 4.4 6nn0 ycraHoBlieHo, UYTO CeKNUH CYOHOPMANBLHOM
mMaTpémkn noarpynnu A < G, nonyveHHol mepecedenneM A
¢ 4aeHaMHE CcyOHOpMaabHOR MaTpémikm rpynnu &, maoMopd-
HH OOATPYHOHAM ceKiui MaTpémmkn rpynns G. TodHo Tak ke
JIOKa3HBAGTCA DTO YTBePIKACHHE NAA TPAaHCPUHHTHO BO3pa-
crarommx Matpémer (1) n (3). ITosTomy HemocpegcTBeHHO U3
teopeMu 7.1.3 BHTeKaeT TeopeMa 0 HmOATPymmax csolojHoi
abelleBoif TPYNIH:

7.1.4. Teopewma. Bcakan Henyaesas nodzpynna cso-
60010l abeaesoll zpynnw sAeasemca c80600HOU abenesoll
epynnou.

7.1.5. Yopaskusneuane, Ilyects n — pmemoe moao-
sKATeJbHOe whclo, A, — KJAacc Bcex abeiaeBHX Tpynm, Ha
KOTOPHIX BHIOIHfAeTca ToxaecTBo nx == 0. JlokasaTs,
TTO NPAMBIe CYMMBI Ipynn 7, X TOAbKO oHA OYAYT cBOGOMHLI-
ME rpyooamMm B knacce U,. Jlna rakgx kmaccor A, copa-
BelIABa TeopeMa O cBoGOAe MoATpymu CBOOOMHON TIpyImbr?

7.2. Paamepnocts afemeBoit rpymmsr. Brime Mu ompeqme-
JUIM CTeleHb CBOGOMHOM afeleBOll Ipymmsl KaK MOIIHOCTH
cucTeMb CBOGONHEIX MOPORIAMUX., ITO MOHATAE MO oUpe-
HeIeHNI0 MMeeT CMBICH TOJNBKO IAA cBOGOAHHX alelxeBhix
rpymn. Temepr MHE BReeM TMOHATHE PAa3MEPHOCTH NJIA MPOHU3-
BONLHEX abeneBrx rpyon. OHo aHANOTMYHO HMOHATHIO pPas-
MEPHOCTE BEKTOPHOTO UPOCTPAHCTBA H, KaK JeTrKo co000-
pasnTh, AaA cBoGonHEX afeNeBHX I'pynn pasMepHOCTL GynerT
COBIalaTh ¢ HX CTeIeHbLI0O CBOOONH.

Horeunoe MHOKeCTBO JIE€MEHTOB gy, . . ., &x abelneBon
rpynns G Ha3HBAETCH AUHEUHO 3A6UCUMBIM, €CHU HAUAYTCH
TaKWe nedase 4dcua Ry, . . ., Ny, He Bce PaBHEE HYNIIO, 9TO

Enigi:— 0. IlpomsponpEas cucreMa 9JeMEHTOB IpymnH G
HAa3EIBAETCA JAUHEUHO 3asucuMOl, eclIH JWHENHO 3aBUCHMA
HeKOTOpasA KOHeYHas NOJ[CHCTeMa 3TOH cHcTeMHl. Jlerko
I0Ka3aTh, 9T0 B aleleBoir rpynne G, copep:ameidt xoTa OM
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OOAHR dJIeMeHT OeCKOHOUHOro HOpPSAKa, CYMECTBYHT MaKCH-
MaJIbLHHE JNHEHHO He3aBHCUMEE CHCTeMH JJIEMEHTOB N BCe
TAKHE CHCTEeMH HMEIOT OOHHAKOBhe MomuOCTA. MOmumocTh
MaKCHMaNbHOM JIMHEHHO HE3aBACHMOA CHCTEMH JJIEMEHTOB
aGeneBoit rpynns G HasHBaeTCA paamepHocmbvio Him, Golee
TOUYHO, /-PABMEDHOCMbI0O 9TOH Tpymns H 0003HAYAETCH
dim G uam, Gojee TouHO, dimgy G.

Ilepmomaueckas rpynma, o9eBUHO, HE CONECPIKAT JINHEH-
HO He3aBHUCHMBIX CHCTEM, IIOPTOMY €€ pa3MepPHOCTh eCTeCT-
BEHHO CYHTAaTh pPaBHOH HYJIO.

72.1. Teopewma. Henyresan abesaesa epynna 6e3 Kpy-
yenua umeem pasmepuocmd 1 moeda u moavko mozda, Kozda
ona usomopgra nodepynne addumusHol zpynnst paAyUOHAAL-
nor uucea Q.

NMNorasateasctBo. yets GLQ, G+#=0 1 g4,
g, — OTJINYHBIe OT BYIA diaeMeHTH rpynns G. Torma cyme-
CTBYIOT TakHe LelJHe YHACHa RNy, Ny 7= 0, 9T0 n,g;, = n.gs.
Takum oO6pasoM, n06ne TBa HEHYJAEeBHX 9JJeMeHTa H3
COCTAaBIAIT JUHEHHO 3aBACAMYK CHCTEMY H, CIeJ0BaTOIb-
go, dim G = 1.

Hycrs Teneps pasmepHOCTH aGeneBol rpynnu G 6e3 Kpy-
qennd paBHa 1. 3adurcEmpyeM HEKOTODHIA OTJIUYHHE OT HY-
aa snaeMeHT g, = G. Torma mns mpomsBOJLHOTO dJIEMeHTa
g &= G HaimgyTcs Takwe meawme n, m (upmdeM, ecam g # 0,
0 n, m %= 0), 9To ng = mg,. Beuny Npon3BoIbHOCTE BHOO-

pa g = G MH DONYIANE HEKOTOpoe OTOoGpakeHHEe @i g »-»i::-

rpyonsl G B rpynnoy Q.

OtobpasxeHne @ ogHO3HaYHO. B caMoM feiae, mycTh eme
n.g = m,g. BrunTas noundesmo m3 paBeHCTBA ng = Mgy,
VMHOKEHHOTO Ha M,, PaBeHCTBO n,g = M,go, YMHOKEHHOe
Ha m, noaydaem (nm; —nm)g =10. Ecmm g0, 0

m m
nm, — nym = 0 ®, 3HauHT, _r?=—;£'1'° Ilpu g =0 uwmcaa
1
m m,
m, m, 00A3aHH PAaBHATHCA HYNIO, NOITOMY T:T‘:O‘
1
l m
Hycts Teneps kg, = lg, = —. Torma m3 paBeHCTB

ng = mgo, kg, = lgo moanysaem mk (g — g;) = 0 =, Tax
Kar G 06e3 KpydeHHs, g = g,. IeM caMBM JoKa3aHa B3auM-
Haf OJHO3HAYHOCTH OTOOpasKeHHA (.

Tak Kak H3 paBeHCTB ng = mgoy, sg = ig:, &, g & G,
caenyet, 410 ns (g + g') = (sm -+ nd) go, To oTobpakeHUe
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¢ YynoBieTBopAeT coOTHomeHEI (g -+ g') @ = gop + g£'o.
TeopeMa fokasaga.

7.2.2. YnpaxueHEe. llycts G — abeneBa rpynma
7 A <G. Torna dim G = dim A4 + dim G/A.

7.2.3. ITyemv G — xonewnomepras aleaesa zpynna 6es
KpyueHus u @ — ee udomopgusm ¢ cebs. Toeda undexe
| G : Go | Koneuen.

HoxazarteabcTso. 3apukcupyeM B G KaKywo-
BEA0YAbP MAKCHMAJNBHYIO JUHEHHO HO3ABHCUMYIO CHCTOMY DJe-
MeHTOB a,, . . ., 4,. OTo0paKeHAI0 (p eCTOCTBEeHHHM 06pasoM
MOMKHO CONOCTaBHUTH MaTpumy (o;; (¢)) Hag momem ), moma-
raf

a;p = % o () a;

IlorpysuB G ¢ ot™MeueHHO# B HO# 6asoi a,, . . ., @, B BEeKTOp-
HOe IpocTpaHCTBO (D", MK Mo)XeM IPOXOIIKUTEH ¢ KO JUHEH-
HOTO IpeoObpa3soBaHHA STOr0 HOPOCTPAHCTBA. Y MHOKHM Xa-
paKTepUCTUYeCKUN MHOroYJleH B3Toro unpeolbpasoBaHHA Ha
o0Imui 3HaMeHATeAb €ro Ko3¢QPUOUEHTOB; OYCTh [ —IOJYy-
YMBIIMICA OpH 3TOM MHorowien Hay 7. Ilo ocmoHOMY
CBOMCTBY XapaKrTepHcTEYeckoro MmuorowieHa f (@) = 0
a taxk Kak det ¢ 5= 0, To f (0) = m 55 0. Torga mG < Gog.
Taxk rak |G : mG | < mimG < o0, TO U [G: Gy | << oo.
[Ipenmoxenne norasaHo.

Caenyer upemocTepedhb YHTATENH, YTO MAAJNEKO He BCO
OPEBHYHEE TEOPeMH JIHMHeHHOH aJareOpH COXPaHATCA A
abexeBHX rpynnm m nx pasmeprocred. Hampumep, B cessm
C XOPOIIO H3BECTHOH BO3MOYKHOCTBIO PAaBJOMKeHUSA JII060ro
BeKTODHOr0 NPOCTPAHCTBA B HPAMYI0O CYMMY ORHOMEDHHX
OOIIPOCTPAHCTB OCTOCTBEHHO CHPOCUTH: BesAKasA JH abeleBa
rpynna 6e3 KpydYeHEHA pasjaraercs B NPAMYI0 CYMMY OJHO-
MepHEX rpyno? OTBer oTpHIaTeJeH:

72.4. Mlpumep (JI. C. Ilomrparmm). CymecTByer
nBymepHasi abemeBa rpyma G Ges xpydeHRA, He pPAa3JIoKH-
MaAd B mpamylo cymmy A @ B, rme A, B — oaHOMepHEIe
cilaraeMuie. I'pynny G ME ompefelnM Kak NOATPynnoy apm-
MATHBHOA rpynnul H Bcex JuHeAHHX dopM arx + by ¢ pa-
NUOHAJLHEIME Ko3hdunmedtaME a, b; ogeBHgHO, H o~
~ ) D, rak uro dim [ = 2, I/IMeHHO OYyCTh

G = rp (x(l: Ly Tgy o o oy y)?
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Irne

Ty —+ ¥

Lo — X, I = 22i—-1

, i=1, 2, ... (4)

OueBHpHNe BHUHCACHHEA HOKA3LIBAIOT, YTO

_ gi-1)?
= x+(1+2+24_-[2_...—}2 )y’ P14, 2, ...

2?.

()

Tak Kak KaKgoe &;.; IEeJ0YHCICHHO BHPAKaeTcsA depe3d ;
A y (cM. (4)), To KamKblil diaeMeHT g € G IeJ0YNCIeHHO BHI-
paskaercs 4yepe3 ; u y npu gocratouno Goasmom i. Otcioga
1 u3 (5) Jerko caexyer, ato ecau ¢y &= G, c =, 10 c= 7, —
3aIIOMHHAM 3TO.

Jlnsa pmoxaszaTeabcTBa HepPa3JMOKHMOCTH I'PDyUnH G B mps-
Myl cyMmMy A @ B gocratouno y0Oeautbcs, 4TO HAKAKOH He-
HyJeBoil 3JeMeHT g €= G He sBIseTcA 0e3rpaHMIHO NETEMHIM
B G, T. e. 1aa Kaxxaoro g ¥ 0 HalijeTrcs Takoe HaTypalbHOE
uncao n(g), 9ro gas Kamoro n - n (g) ypaBHeHme nf = g
He mMeeT B G pemenmit. B camom nene, ecam O OO0 G =
= A @ B, T0 A u B 6stu OH ogHOMepHBIMA (y4ecTh 7.2.2
u 10, 9T0 H He mmeet kpydenus). [lockoarky Hm A, HU B He
COZIeP/KaT HEHYJEBHX JJIEMEHTOB, MONYCKAMOIMEX Ge3rpaHmd-
Hoe geienme, TO mo teopeme 7.21 A ~ B ~ 7/, oTkyma G~
~ 7 & 7, 9T0 oueBHAHKHM o0pasoM HeBepHO.

Wrak, ocTajgoch JOKa3aTh, 4T0 G He COXEPKHAT HEHYJIEBHX
3JIeMeHTOB, AonycKaiomux OesrpaHmdHoe paeaenume. Ilycrts,
HANPOTHB, TaKOM DiIeMeHT g cymecTByer. Tak Kak BcaRoe
ero IeJOYHMCJeHHOe KpaTHOe To:ke 0esrpaHHYHO [JeJIHMO, TO
MOKHO CUHTaTh, 4TO

g=axr + by, rne a, b= 7.

Us (5) BagHO, 9T0 KOdPUIEEHTAME JHHEHHHX (OPM, Jema-
mux B G, MOryT OHITH JlajeKo He Jio0He pamuoHAJIbHEE THCIA,
a TOAbKO Z2-mumbie Apo0H, mosroMy OesrpaHmuHas NEJTHMOCTD
B rpynme G papHOCHIbHA 0e3rpaHWYHOR JEJIHMOCTH TOTOJIAM.
Taxkmm obpasoM, gasa xasxmoro i =1, 2, . . . B G cymect-
BYyeT 3JIEMEeHT

ax -+ Ly
——

91
il

ui=—-— —_—
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Beany (9) u; — ax; = c;y, rue
ci-.—_-—!;-z-[b —a(l+24+20 L., 2“—1)2)].
21.

Ilo 3amMeganuio n3 mepporo abzama ¢; — melloe 9UCIO0. « YILIOT-
HEB» CyMMY B KDYTJHX CKOOKax 0 reoMeTpMIecKo#d mporpec-
CHE CO 3HaMeHaTeleM 2, TMOJYYHEM OLEHKY

1+ 2 2% .. 206-1° £ 20101
OTKYna

|a] 161.
Ic‘i|< 92(i-1) + 21-‘2

Tax xax ¢; — mesanle 9mcaa, TO, Ha9MHAA ¢ HEKOTOpOro i,
BCe OHH paBHH HyJII0. Ho Torga pgas atmx i

b—a(l+2-42¢ 1, . 4 2010) =0,

9YTO0 ABHO HEBO3MO)KHO.

§ 8. Homneuno noposkjenssie ademressi rpynmb

B sroM maparpade ML B LiepByI0 od4epeah YTOYHHM Teope-
My O Ioarpynnax cBoGomHOH abesieBoM rpyIliikl KOHeTHOHR CcTe-
IeHH U, OCHOBHBAACh HA 9TOM YTOYHEHHUH, TOKA;KEM OCEOBHYIO
TeOpeMy 0 KOHeYHO IOPOKAeHHHX aleJeBHX rpylnmax.

8.14. Teopema. Iycmv F, — ce0600nas aberesa
zpynna KoHewHol cmeneHu n, A — ee omauiHas om Hyaa nod-
epynna. Tozda A ceo6odna u epynnv F,, A obaadaiom coom-
gemcmeenno 6asamu f,, . . ., f, wa;, . . ., ax maKumMu, ¥mo
k< n, a; =myf;, 1 < i<k, um;,, deaumes na m;, 1 <
ik — 1.

Hoxaszareanctso. Ilyers

Fo =(f) ® ... ® (fa),
A=(a)P..." (a)

ai =Qmf;, my; 7.
7

Bosunraer matpmma M = (m;;). BygeM HasuBaTth aseMen-
maprumy cleylomume npeoOpa30oBaHHEA CTPOK H CTOIXOMOB
IeJI0YUCIEHHOH MATPHIIH: a) IepecTAHOBKA [BYX CTPOK,
0) mpubaBleHne K OQHOH CTPOKE I[EJOYHCICHHOrO KPaTHOTrO
Apyroi CTPpOKH, B) YMHO;KeHHe CTpPoKm Ha —1 m amamormd-
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Hhle npeobpasosanus cToabmoB. lloabaysck TeM, u4TO AJIA
JN100KX TmMeXhX dmcell @, b, OTIMIHHIX OT HyJIfA, Haligyrcs Ta-
KHe Teawe 9ucaa z, y, 410 ar -+ by = H. o. 1. (a, b), ob6HI-
HEIMH pacCy;KNeHHAMA JHHeHHOH aareOpu — Oollee TOYRHO,
TeOPHH A-MATPHI[ — MOKHO IIpHBecTH Marpuny M »siemeB-
TAPHKMHU IIpeoOpasoBaHHAAMHA CTPOK H CTOJMOGIOOB K BHAY

my
. y THE milmi+1'
me0...0

Ocraercss 3aMeTdTh, UYTO dJeMeHTapHHe DpeobpasoBaEms
CTPOK COOTBETCTBYIOT IepPexofxy K Apyroi 6ase monrpyuns A,
a 9JeMeHTapHHE DpeoOpasoBamusa cToJabOmOB — K Apyroi Ga-
ge rpynun F,. TeopeMa nokasaHa.

8.1.2. TeopeMma. Bcakasa KoweuHo noposcoenHas
abesesa zpynna G pasiazaemcs 8 NPAMYINO CYMMY YUKAUMECKUT
nodepynn. boaee mouno, G pasiazaemcs 6 npAMYW CYMMYy
6ECKOHEUHBL YUKAUNECKUZ U NPUMADHHL YUKAUYECKUL 2DYnn,
npudeM KOAUYECME0 OeCKOHEUHBE YUKAUMECKUT CAQZAeMbLT
u Habop nopadkos NPUMADHBL YUKAUYECKUZ CAA2AEeMBIT 6 AK0-
60M MAKOM DASAONCEHUU OOHU U me e, M. €. A8ARIOMCS, UH-
sapuarnmanu zpynnit G.

Horxaszarteancrtso. Ilo ycaoBuio, rpynma G uso0-
MoppHa HeKOoTOpoX ¢darrop-rpyune F,/A4A cpobogHoir abele-
BOM rpynnn F, HKoHedHO# cremeHH n. CorlacHO Teopeme
8.1.1 B rpyunax F, m A cymecTByIOT Takze 0a3H f,, . . ., [
O dys- . ., G, 9T0 a; = m;f;, 1 < i<Ck. [lorameM, aTo /4 —
npaMas cyMma nukaAtecknx moxrpymuo (f; + A).

ITpexxne Bcero, sacHO, 9T0 F,/A mopo:xmaeTca »THMEA IOA-
rpyooaMn, [amee, mycth Hyab QakTop-rpynms F,/A mMmeer

3aIHCh
A =1L +...+ L+ A4

Torga I;f; + . ..+l fn = a & A. C gpyroit cTopoHH, BH-
paskas dJEMeHT a 4depes 6asy a,, ..., @y NOATPYNIH A #ydYn-
THIBASL PaBeHCTBA a@; = m;f;, IPHXOAHEM K COOTHOIEHHAM

llfl + ’ . ‘_I_lnfn = 514 —I— . .+Skdk =
=Slmlf1 + .. + Skmkfk.

Bpugy oaHOSHAYHOCTH 3aIECHE JIEMEHTOB depe3 CBoGOgHEE
mopokgaomme f; nmomywaeMm Il; = sim;, 1 < i<Ck, [; =0,
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k<<j < n. Ho 310 o3sHagaeT, 4T0 KaKAKHI N3 HIEMEHTOB
[;f; opaBagnesxur 4. TemM caMEIM MOKasaHA OMHO3HAYHOCTH
OpefcTaBJIeHUsI HYJS B BHJEe CYMMH 3JeMEHTOB INOArpPYIN
(f; + A) m, 3HAYAT, pPA3NOKUMOCTL rpynmkl G B IPAMYIO
CYMMY OHKJIMYecKuX moxarpynn. HakoHeln, Ka)Kmyl KoHed-
HYI0 NURIMIeCKYI0 HOATPYLIY MOMKHO Pa3lOXHUTh B IPAMYIO
CYMMY IpVMapHHX OUKINYeCKHX ciaaraeMux ssumy 1.2.12.

JloKa)keM Temeph HHBADHAHTHOCTh YHCEN, O KOTOPHIX
TOBODHTCA B (OPMYIHPOBKE TeOpeMH. 3adUKCHPYeM KaKoe-
ru0yab pasiiokeHEHe rpyunnsl G B IpAMYI0 cyMMy OecKoHed-
HHEX TUKIWNYCCKAX U TPHMAPHBIX IUKINIECKHX CJIAaraeMBIX
n obosHauuM wepe3 (7., U G, ODPAMHE CYMMB OeCKOHEUHHIX
IMAKIAYeCKAX W IEKIAYCCKHX p-CIATAaeMHX JTOr0 pasloKe-
HUSI COOTBETCTBOHHO, Ifie p — IpocToe quciao. IlomsarHo, 9TO

G, — MakcuManbEag p-mogrpymma, a I = )G, — Maxcu-

MalbHaA mepHoxmiecKasd HOArpynna rpynus (G, Tak 4To IOA-
rpynna G.. ~G/T 7 Bce G, He 3aBHCAT OT BHOPAHHOTO pas-
JoeHnss. Tak Kak 4mciI0 0eCKOHEUHHX IHKIAYECKHX CJa-
raeMux paBHO dim G, TO 0HO — MHBapmaHT rpymus G. [la-
Jee, YHCJIO MEKIAISOCKHX CAAracMBX B PasiIo)KeHHAH T'DYIIIEI
(G, COBHAAAET ¢ TAKHM Ke YHCIOM [JIA ee HUKHEro clof Gy =
= {g = G, | pg = 0} m, 3HaumT, ¢ Pa3sMEPHOCTHI0 BEKTOP-

HOTO IpocTpancTBa Gy HAJ TI0JEM U3 p 3IeMEHTOB, a HOTOMY —
To;xe mHBapuanT. Hakomenm, mycrh

Go~Z mD...D7Z ™

H, JJIA ONpefeAeHHOCTH, M, > ... > m,. NEAyKnued uo
m, + ...+ m, MH JOKa;eM, 4TO YAcCJa Mm; He BABHCAT OT
BHOOpa pasiaomeHua. B camoM jeie,

‘p/G -—Z m:—l@ @Z m—-li

IIO0TOMY, II0 HHTYKTHBHOMY LPeAIOJIOKeHHUIO, Te U3 THCeld M;,
KOTOpHe > 2,— HEBApDHAHTH pa3io;keHHA. Taxk Kak KOJIH-
9eCTBO OCTANBHHX M; — 5TO PA3HOCTb MEXKAY § U KOJHYeCT-
BOM YHCOI m; > 2, TO OHO — TAaK;Ke HMHBApPHAHT rPYIIHL.
Teopema noxaszana.

81.3. Yupamaenue. [Iycrb F — cBoGoaHan abeie-
Ba rpynma KOHEYHOH cTemeHH n ¢ 6aszon

fl! S | fn- (3)
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daemenmapnbim npeobpasosaruer 6asn (3) Ha30BEM Iepe
xox oT (3) k 0ase ONHOrO H3 CJEAYIONMX THIOB:

a) fla RIS fj;- IR fia"ﬂfm l<]'-'

0) fio oo s fiFmfyy oo f e fae T

B) f1v + o v fir + - s f

llorasars, 4T0 ¢ IOMOmMBIO KOHETHON MEMOYKHE HIeMEHTAP
HBIX Tpeo0pasoBanmit MOKHO mepeiitu oT Gasu (3) kK Hamepep
3agaHHOU Gase rpymmel /.

8.1.4. Yupamunenmne Ilepecevenne mogrpynn Ko--
HETHOTO HH/IEKCA KOHEYHO NOPOKAeHHONX abeleBOM rpyNIK
pPaBHO HYJIIO.

8.14.5. Yupasmunenue, CoBOKYIHOCTh BCEX dIeMeH-
TOB KOHEYHOTO WOPAJKA KOHEYHO DOPOMKIEHHON abeeBoi
IPyUIH — KOHEYHAS TOArpyIIa.

8.1.6. Yupaxaenue. [lokasars ma mpuMmepe, 4To
reopema 8.1.1 me pacmpocTpaHmerca Ha caydail ¢BOGOZHRX
abeleBHIX Trpylll GeCKOHEUHOM CTeIeHH.

Pemenmne. Ilyerb G = (a)) P (a)) ® ... — cuernasm
npaMas cyMMa 0OeCKOHeUHHX NHMKIWYECKHX [Py,

H = rp (by, by, . . .), tHE b, = RA, — Gp_,.

Ecin 6m B G m H cymecTtBoBaan coriacoBaHHEIe 0assl, To
¢paxrop-rpynna G/H ~ () toxe pasmaraiack OH B HpPAMYIO
CyMMy INHKJIHYECKNX FPyINN, 9TO HEeBepHO.

8.4.7. Yupam He Hue. Bece mopgrpynns KoHewno mo-
POsKIeHHOH abeseBOil rpynnH KOHEYHO IOPOIKIEHH.

8.1.8. YVupamuenne., Ecim A, B — Komeuno mo-
po;KgeHHLE abeJeBH IPYNIH, TO aAAUTHBHAS IPYIIA KOJb-
na Hom (4, B) (cM. onpegeienme B 5.1.6) Takxe KoHedHO
HOPOsKHEHA.

§ 9. Iloanbie adeneBbl rpynnbr

I'pynna G HazHBaeTCs noaHol WIN deaumoli, eCad IIA BCA-
Koro meaoro 4uciaa n > ( u aoboro saemenra g & G ypas-
HeHHe hxr = g WMeeT B rpynme (G xoTs O OJHO pemeHHe.

94.4. Ilpumepu I. OueBmguo, aguuTHBEAA rpynma
R pamEOHAJIBHEIX UHCe] IIOJHA.

II. HoxaskeM 110THOTY KBasSMIMKJINYECKOH rpymiH Cpa.

Hak MH 3HaeM, rpynma Cpm n3oMopdHa (B aggUTHBHON 3a-
nucu) o0beqUHEHHI) BO3pacTalOmiell IEeHOYKH KOHCYHHIX
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OUKJIM9eCKAX [PYII
(a) < (@) <...<<(a,) <..

npueeM pa, =0, pa,., =a,, n=1, 2,... Paccmorpum
ypaBHEHNe $T = g. JJEeMeHT g COAEeDKHUTCA B OFHOH U3 LOA-
rpynn HOCJIGJIOB&TGJIBHOCTH HATpUMep, B (a,), 1. e. g = la,,.
Ecan s = p*m, (m, p) = 1, To maiigyrca Takme d;, dy, 9TO
1 = p"d, + md Orcroma ¢ ToOMOmMBI0 paBeHCTB g = la,,
pta, = 0 moaysaem g = (p"d, -+ md,) g = md,la,. Ilocnen-
HEe PABEHCTBO C YIeTOM COOTHOMICHUS D'y = @, BIETeT
paBeHCTBO g = mp" (dyla,,;). Takmm o6pa3oM, bIeMeHT
d;la,.x YIOBIeTBOpAET yPAaBHEHHIO ST == £.

BamHOCTh pACCMOTPEHHHX IIPHMEPOB OIpeNeliAeTCs TeM,
aro mpamumm cymmamm rpynn @ m C , mcueprmisaroTcs
BCe TIOJNIHEI® a0eJeBH TIPyIOIOH — CM. HIKe TeopeMy 9.1.6,

9.1.2. YuopaxHeHue. JJokasaTs mOJTHOTY roMOMOP(-
AEIX 00pa30B, IPAMHEIX H JEKaPTOBHX CyMM IOJHHX aleleBHX
IpyuI.

9.1.3. Teo pewma. Ilpoussosvhan abesesa zpynna uso-
Mopgra nodzpynne Hekomopol. noaHoU abesegolti 2pynnbl.

Iloxasarteascrtso. [lycrs F — rakas cBoGomuas
abeseBa Ipymma co CBOGOAHRIMH HOPOKOAIOOEMHE Z;, | & [,

uro G ~ F/N. OGo3nagmm uepez F'* mpamyo cymMmy 2 0,
iel

rpynn Q;, m3oMopdHHX agmuTHBHOH rpyIlle parAOHAJILHHIX
quced (), 1 B xaykgoM caaraeMoM (J; orMeTEM Kaxou-HEOYIB
HenyJeBoil 3aement b;. OueBmpaHo, oTobpakenme x; — b;
opogoinkaerca a0 uzoMopduoro orobpaskenus T rpynnou F
B rpynny #*. Ha ocuoBanum usoMoppuama T rpynny F MoxK-
HO cydTaTh moarpynuoi B F'*, Cornacuo 9.1.2 dpakrop-rpyn-
na F*/N monua m, KpoMe TOro, cogep:kMT moarpyuny F/N,
n3omMopduyo rpyune G.

9M1.4. Teopewma. Iloanas nodepynna A abeaesoi
epynnvt G evldeasemca ¢ G nPAMBM CAA2ALMBIM.

HorkxasarteanctBo. O6Go3zmaumm uepes B MmMarcu-
MaJLHYI0 MOATPYUOY rpynnst G, mepeceKalwmyoca IO HYJIO
¢ noarpyumoit A (cymecrBoBaHAe MOATPYINL B JErKo HOKa-
3aTh METOLOM TPAHCOMHHTHON HHAYKIHMH HJIA C IIOMONIHIO
iemmu 1lopua), m goxaskeM paBencTBo G = A @ B.

[Ipegmonomum, uro G%= A @ B, m BmbepeM B3leMeHt
£ € G, He cofiep)Ramuiica B cymme A v B. llukxaueckasn
woprpynna (g) mMeeT HeHnyleBoe mepecedenme ¢ 4 &P B, Tax
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KaK B IpOTHBHOM ciydae cyMmMa A + B 4 (g) orkazamzace 6m
npsaMmoi | moprpynmna B @ (g), crporo comep:kamas B, me-
pecerkalacr ¢ A W0 HYJII0, 9TO HpoTHBOopeunT BLGopy B.
TaxuMm obpasoMm, g &£ A P B, HO HEKOTOopOe KPaTHO® ng 9TOr0
9JIeMeHTa y:Ke comepskATca B A (B B, npuueM n MOKHO CUl-
TaTh HAUMEHBIIAM HOJOKATEOILHEM YHCIOM C YCIOBHEM 7. &
& A @ B. Moxxao pake CUHTATH 7 IPOCTHIM YUCJIOM: OCJIU
Obl 3T0 OLLIO He TaK, TO BMECTO g MH cTaju GH paccMaTpHEBAaTh

n o
aJeMeHT —- g, Te p — HPOCTOU felHTelnh n.

BBuny BHGopa g HaiimyTcsa Takue 9JaeMeHTH a & A, b &
& B, aro ng = a -+ b. Tak kak moarpyuma 4 moJaHas, To
B HeH CyIMecTBYeT 2JeMeHT a, ¢ ycloBmeM ha, = a. Ilomcra-
BHB B OpefHAyHiee PaBEHCTBO BMECTO @ DJIEMOHT nad,, HOJYy-
qyuM ng, = b, rae g, = g — a,. BMecTe ¢ g 2J1eMeRT g, TaxKe
He IpmHamIekAT Doarpynme A D B.

Ha ocroBammm BHGOpa moprpynmsl B mepeceuenme 4 ()
) (g1, B) orauyHo oT HYAsA. ITO 03HAUAET, 4TO HEKOTOPHI
HEHYJeBOH 3JeMeHT ¢’ & A MOKHO TPEACTaBHTh B BHAE CyM-
M a’ = kg, + b, = B,0 <k < n. Tax xak (k, n) = 1,
TO cymecTByloT Takme [, s, 9ro Ik -+ sn =1 u, caenoBaTeln-
HO, g, = lkg, -+ sng,. Tak kak ng,, kg, = a’' — b' = A P B,
0o g, =A@ B. lloryuennoe wnDpoTHBOpedYUe HOKA3HBAET
TeopeMy.

915. Yopamuenme. Cymma moboro MHOMKeCTBA
OOJNHHX MOATpynm abejieBoil TPYNIH SABIASETCA IOMHON mof-
rpyunoii.

9.1.6. Teo pewma. Henysesan noanas abesaesa zpynna
G paasazaemcs 8 npAMY cymmy nodepynn, udomopprux ao-
dumusnoti zpynne ) payuoHarbHblxr wuces UL K6A3UYUKAUYEC-
xum zpynnam G ., Oume modcem, no PassudKbLM nPOCTIbLM

YUCAAM D.
ToxasatTeabcTBo. HymxHoe HaM pasioKeEue
rpyunk G O6ygeM CTpPOHTH TpaHCOMHATHONM HHIYKIHMEH,
rpynoe G BHOepeM NpoW3BOJLHHA 9daeMeHT g 5= (.
PasbepeM fBe BO3MOMXHOCTH OTHOCHTEJILHO &.
1) dneMerT g mMeer OeckoHeuHHH mOpApxok. BBmoy mo-
HOTH Ipynnn G CymmecTByeT TaKad MOCIEHOBATEIBHOCTH 3JIe-
MEHTOB

8 = 811 829« « <9 8ny « + oy
aro (n + 1) gnpy = gn, n =1, 2, ... Jlerko nDposepsercs,



§ 9] TIOJHLIE ABEJEBEL I'PYIIIEI 89

4T0 HOJrpynna, MOpOKAeHHAA £, L2, - - -» H30MOppHA aj-
AETHBHON rpynme panmoHaapHHX umcel Q.
2) deMeHT g mMeeT KOHEYHHH IopAxoK n. Torga sieMeHT

n bt i
a, = - & TAe p — HpoCTOM AeJnTeNb N, HAMEeT TPOCTOH

mopanoKk p. CHoBa BBEAY HOJHOTH ( CyIIeCTBYeT IOCJefo-
BATEJILHOCTH 3JIEMEHTOB @y, g, . . ., PAy,1 = 4y, TOPOKAAI0-
mas Tenmeps rpyumy, msomoppryio C .

P

Wrak, B 1060M cayuae B rpynne G cymecTByeT HOATPYI-

na A,, usomoppuada @ minm (Cpoo.

IlycTs mocTpoeHa IOCHEOBATEIbHOCTE TOMHMNX HOATPYII

A, LA, ... <4< .. ,p<La, Takag, uyro upm
npejeJsHOM TpaHCPUHHUTHOM umcie f} Ap== D A5, a mpm
0<B

HenpeneanHoM [ moarpynuma Ag pasnaaraeTcd B IPAMYIO CyM-
My Ap, u moxrpynnsl Cp,, msoMopdHoit () miIm HEKOTOpPOX

p>
Ecium o — npejeibHEOe UHCIO0, TO TOXOMAM Ay = D As.
B<a
Ecim & — HempemeapHOe YACIO, TO HOATPYHNA Ag-; IOJHA.

IIpm Aq; 5= G 1o Teopeme 9.1.4 cymecTByer mpsiMoe pas-
dokeHne G = Ag-; @ C. Apajgormuno mocrpoerHio A; B
moaHoir rpynue C Bmbupaem moprpynny Cg-;, u30MODPOHYIO
@ wmam Cpm, n monaraeM Agq = Ag-1 P Cai.

ITpomecc uETYKTHBHOrO HOCTPOoeHHAS A4 000pBETCA HA HEPp-
BOM HOMepe Y, AJdsA KoToporo Ay = G.

IMocrpouB A, & < ¥, ocraercsa 3aMeTHMTh, 4To G pasia-
raerca B OpaMvio cymmy moarpynn A, = C, C,, ...
... Cq, ... Teopema pgoxasana.

917. Yupasxuenue. B aGerepolt rpynne 6e3 Kpy-
YeHUA IlepecedeHme JIOGOr0o MHOMKeCTBA DOJHHX HOArpynn
ecThb IOJHasdA HoATrpyImIa.

918 YopaxHeHHE. MunnManpHasgs  TOJHAA
rpyona G*, comepkamas gaHaylo rpynny G, HaswBaercsd
nonoanenuem G. [Ipyrumu croBamu, nonosHenue G* rpynou G
ecThr Takag MoJHAag Ipynma, copep:kamas G, 4T0 BCAKAA
noxrag rpyoma A ¢ yciaosueM G < A < G* coBuapjaer ¢
G*. [loxkazars cymecrBoBaHme afeeBHX MOXOIHEOHRAH 603 KpYy-
yeHna abelieBoi rpynuH & 0e3 Kpyuenus. Mexay nBymsa Takm-
MI momoaHenufAM® G CymecTByeT M30MOP)H3M, HPOLOJKAI0-
IHA TpoW3BOJBHBIA Hamepen 3agaHHbiT aBToMopdusM G.
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919. YVopasxuenne. [lokasare Ha IpuMepe, ITO
IepecedueHHe IOJHBIX MOATPYIN IePHOAHYECKOM IpPYINIH He
0053aHO OHTH IIOJHEIM.

914.10. Yopaxxuennme. I'pymma, me cogep:amas
HEHYJIeBHIX TOJHHIX TMOATPYHI, HA3HBAETCA pedyyUposaHHOL.
IIpomsBonpnas abeneBa rpynma pasjaraerci B HPAMYIO
CYMMY DIOJHOH H PegyIMPOBAHHOUM LOATPYIII.

91.41. Yupaskwenume. B rteopmm Mmogyieir Bamk-
HYK) POJb HIrPAlT IOHATHA TPOEKTHBHOIO H HI'bEKTHBHOTO
MonyJaed. ITH moHATHA Ajasa abejeBHX rpynn (MopyJeir Hap
KOJBIOM IiedBIX 4Y¥Cel) MOMHO OIpegeauTh Tak. AGeiaesa
rpynna /' HasmBaerca npoekmueHol (npoexkmuehuim 7-mody-
Aem), ecnn A aoboro roMomopdusma t: A — B rpynnu A4
Ha B u moboro romomopdusma ¢: ¥ — B rpynnst F B B cy-
IIecTBYeT Taxkoid romomopdmsm ¢: F — A, uro gmarpaMma

KOMMYTaTHBHA, T. €. ¢ = Y. AGeneBa rpynna G HasHBaeTcA
UK'BEKMUsHoU, ecan pusa awoboro m3omopdmusMa T rpynnu B
B A m moboro romoMopdmama ¢ rpynns B B G cymecTByer
Takoil roMoMopdusm : A — G, dro guarpamMma

4 <

KOMMYTaTHBHa, T.e. @ = Ty. Mokxasars, uro 1) abexesa
rpyuna OpoeKTHBIIA TOIAA W TOJAbBKO TOTHA, KOIJa OHA CBO-
6oana, 2) abesreBa rpymma HHBEKTHBHA TOIga H TOJLKO TOTHA,
KOIJa OHA IIOJHA.

§ 10. Uepnognueckne aGeneBbl Ipynnbl

B npomsBoanHO# abedeBoir rpymue G COBOKYIHOCTL 1
BCeX 3JEMeHTOB KOHeYHOro mopafaka obpasyerT HoArpyumy,
KOTODYI0 HHOTIa HA3HBAIT nepUoduteckoli wacmbio TpynnH G.
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(daxrrop-rpynna G/T yxe He mMeeT KpyueHHA., JTOT QaxT
B KaKOH-TO Meépe CBOANT H3YUeHHe IPOU3BOJBHHEIX abejeBHIX
TPYIO K MCCIeN0oBAHNI) IePHOAHYECKHX TPYIO H Tpynn Oes
kpydennsa. Ciepyer saMeTwThb, 49T0 BooOllle NEPHOFAYCCKAA
4aCTh He BHIEJAETCH NPAMHM CIaraeMHM.

10.1.1. I prme p. Ilycrs

G= Z Zp1 G = 2’ zp
P P
(cyMMApOBaHMe IIO BceM IpocTHM p). Quesnpmo, G — mepmo-
pudeckasd 4actp B G. Iloramewm, 9ro G/G — monmas rpynma
u G He BHpenserca B G IPAMBIM CHAaraeMEM.
Hokasxem cHawama moixHory daxrop-rpynns G/G. Ilyers

fE G, n — nemoe MOJOKATENBHOE WHCIO. IIOCKOIBKY IpH -
p > n B rpynne 7., CYIECTBYeT 9JIeMeHT g, C YCIOBHEM

nge = f (p), 10 ng = f', rue
{0 mpm p<n, _{0 npE p<n,
e={, wa b 1 @={; o PS

Ho fG = f'G, mostomy ypaBHeHEe nx = fG mMeeT pemeHHe
B G/G. B

Tenepr momycrmM, uro G pasiaraercssi B OPAMYI CYMMY
G =G@H. Us npenaunymero seuxy H ~ G/G cuexyer
nonHora moarpynou H. Taxmm ob6pasom, B mogrpynme H
IpPpE NPOH3BONBHOM I [OJIKHO HMETH pelleHde ypaBHeHHe
nx = h, h= H. Ho ecuam, manpemep, 2 (p) % 0, To 3T0
ypaBHEHUEe HE MOMKET HMeTh pemeHni npu n = p. Iloayuen-
HOe HPOTHBODEUYHe AOKAa3hBaeT HAame YTBePIKACHHE OTHOCH-
TeabHO G .

B nepmopgmueckoit abemesoit rpymne G coBokymHOCTH Gy
BCEX pP-YIIEMEHTOB, T. €. 3JIEeMEHTOB, HOPAAKH KOTOPHX €CTh
CreneHr (UKCHAPOBAHHOTO TIIPOCTOrO 4UHcaa p, obpasyer
noprpynny. OuesHpHO, G, — MAaKCHMalpHaA p-IOATPYIIA
B (7; OHa HAa3HBAGTCA TaKKe RPUMAPHOL KOMNOHEHMOL
rpyonu G.

10.1.2. Yopamxnaenmne. Ilepmognmueckas abeneBa
Ipynma pasjaraeTrca B OPAMYI0 CyMMy CBOHX IIPHMapHEIX
KOMIIOHEHT,

Beany 10.1.2 npum mayvenmm nepmogmuecKEX abeneBmx
rpyno — oo Kpa#ieill Mepe B IOCTAaHOBKe W PENIeHHH BO-
Opoca o0  pasiIoKHEMOCTH — JOCTATOYHO  PaACCMATPHBATH
p-rpynnsl. [HoaToMy B HacToAmeM maparpade Msl OTpaHAYNMCH
bopMyanmpoBKoOil H [0KA3aTEIBCTBOM HEKOTOPHIX HpefiloKe-
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H¥# OTHOCHTEJIBHO p-TPyNl, XOTA COOTBETCTBYIOHIHe 0000mIe-
HHUA HA NePHOAMYECKHE TPYIIH MO;KHO OnI0o OH Jerko ycra-
HOBHTbB.

B c¢Bsa3E ¢ TeopeMoil 0 PA3IOKUMOCTA KOHEYHO IOPOKICH-
HOX abejieBO# TPYyNOH B NPAMYI0 CYMMY HHKIHYECKHX IIOJ-
IPyII €CTeCTBEHHO BO3HHKAET BOIPOC 0 CYIIECTBOBAHHHU Ta-
KOTO Pa3jo:KeHHA B IIPOH3BOJILHOHR abeleBoir p-rpymnme Oea
MONHNX moarpynn. B obmeM ciaydae BompoC pelmaercs OTpPH-
IaTeAbHO, ONHAKO HMEIOTCH IOJIe3Hbe NPH3HAKH, IPH BH-
IOJTHeHHH KOTOPHX abeyeBa p-rpynmna pasjaraercsa B IPAMYIO
CYMMY [HKJIHYCCKHX IOATPYIII.

10.1.3. Ipumep. Ilyers G =) (a,) — mpaAMas cymma

n
NAKIAYeCKAX  OOATPYyIN (@,) mnopamko® |a,| = p",
n=1,2,..., mb, =p"ta, Tomosxum N = rp (¢cy, . . .
cew Cpy ...), € ¢, = by — by41, BOKAIKEM, UTO TpyHIIA

= G/N He COReP/KHET HETPHBUAJIBHHIX IOJHKX TOATPYIN H HO
pasiaraercd B NPAMYI0 CYMMY IHKINYeCKHX NONIPYII.

B caMoM pedte, paKTOp-Ipynma G/Ny, the N, = N,/N,

= (b;, N), mo womHeuHoH moprpymme /V, pasmaraeTca
B npamym CYMMY nHKIHYeCKEX noarpynn (d,, N,)/N,,
a, = a, + N. JlerKo norasaTs, 9T0 TaKHe IPpyNOH He AMEIOT
OTIHYHEIX OT HYJA IOJHHX NOArPyOm.

Tax wak b; + N = by, + N, 10 p*'a, = a; m, 3ma-
YAT, B rpynne G AJIA OIPOU3BOJIBHOrO YHCJa N H (HKCHPOBAH-
HOT'O 3JIeMeHTa @, pellaeTcA ypapHeHHe p"x — d,. OFmako
npsAMHE CYMMH IEKJHYeCKAX p-TPYNN TaKAM CBOHCTBOM,
oueBHAHO, He obmagawT. [loaroMy G He MoKeT pasimararTecA
B IPAMYI0 CYMMY [HKJIHYECKHAX NOATPYIIL.

10.1.4. Yopaxuennme. Afenesa rpynma npocroro
IepHOZa p pa3iaraercAd B OPAMYI0 CyMMY OUKJIAYECKHEX IO~
rpymm.

YKaszaHAeE: BOCOONB30BATHCA TPAHCPHHHTHON HH-
IYKOHeHX HIH paccMoTpeTh afeleBy rpynny mepHofa p Kak
auHeiiHOe IpoCcTpaHCTBO Hajy mojeM GF (p) m npmMendTw
TeOpeMy JHHeHHOM aNTeOpH 0 Pa3OKHEMOCTH IPOCTPAHCTBA
B IPAMYI0 CYMMY OJHOMEPHHX IOAIPOCTPAHCTSE.

10.1.5. IIepBasa Teopema Iiprwdepa. Abe-
A€6a p-2pynna KOHEWH020 nepuoda passazaemcsi 6 NPAMYH
CYMMY YUKAUHECKUX nodepynn.

HorxasatTeascTBo OyIeM BeCTH HHAYKUHAeH Iq
nepuony rpyuon. Bsmay 10.1.4 cpasy mpemmonaraem, utd
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TeoOpemMa HCTHHHA AJA I'PYLE NepHoga < p", H pacCMAaTpPHBaEM
abeneBy rpynmy G mepmopma p".

Tak Kak moprpymnma pG HMeeT mepHop p™ !, To mo mH-
TYKTABHOMY ILPeIIONOKeHAI) OHA PAa3naraeTcs B IPAMYIO

CYMMY DIHEKJIRYeCKEX HOATpyIm: pG = M (a;). OGosmaumm
ic1

Jepe3 I; pelleEMe YpaBHeHHAA px = a; — KOTOpoe, pa-
ayMeeTcH, cCymecTeyer B rpynoe G — H  TONOKEM
H = (z;| i = I). 3ameram, wto H = D) (z;) (noxasatsl).
==}
Ilycts, manee, B — MakcEManpHas MNOATPyNIa, Iepece-
rawomaa H no Hynwo, B nycte G %= H + B. Bo3zbsmem 3ie-
MeHT g &= G, He copepramuiica B H + B. N3 nocrpoenmsa
noarpynns I/ BEJHO, 4TO ypaBHEHHe pr = pg EMeeT B H xoT#a
OH OJHO pemeHHe, HaupEmep, A. JIeMeHT g, = g — h
He npunaniae;kuaT cymme H 4+ B m pg, = 0. Ilo Bubopy noj-
rpyunnt B mnepecedenne H () (g,,B) He paBHO Hyaw. IT0
03HA4aeT, YTO HEKOTOPHIA HEHYJIeBOR 3JIeMeHT h, & [ moxHO
npeACTaBETL B BHIe h, = kg, + b, by = B,, 0 <k < p.
Orcwopa, ecnm sk= 1 (mod p), To g, = skg, = sh, — sb; =
< H 4 B, 9To IPOTHBOPEYHAT IPEAIOJI0KCHAI0 OTHOCATEIIHHO
sJeMeHTa g£,. TaxkmMm oGpasom, G = H & B.

Tax rak moarpynna H 1o mocrpoeHHIO, a moprpynma B
BBAAY 10.1.4 pasnmararnTcA B NPAMEE CYMMH IHAKJIAYECKHX
HOATPYLI, TO AHAJNOTHYHHM pa3jIoKeHHeM 00iajaeT H rpyI-
na G. Teopema moxasaHa.

Fosopar, uro sameMenT g5~ 0 aGenesoit p-rpynns G mMeer
B G KOHeunylo evicomy h, eCIE ypaBHeHHe p"x = g paspemHEMo
TONBKO IpA 1 < h. Ecia® ypasHenHde p"zr = g EMeeT perienne
OpHA JI000M 1, TO BEHICOTA g CUATACTCH IO OIpefeleHHIo Oec-
KOHEYHOH.

B TepMEEAX BHCOTH MH CHOPMYJIHApPYeM H MOKa)KeM eIme
OJAHH [MOCTATOYHEIA IPH3HAK PA3NIO'KeHHsA abeleBoH p-rpyInH
B OPAMYI0 CyMMYy IHKJIAYecKHAX moArpynn. Ho mpexpe wem
dopmyrmpoBaTh IPH3HAK, BBEieM NOJE3HOe IOHATHE Cep-
BAHTHOH NOATPYIIH.

Iloprpynma A rpynnn G Ha3HBAaeTCA cepéaHmMHOU, €CIH
IUIA OPOM3BOJBHOTO YHACIA N W BCAKOTO 3lMemeHTa a & A
I3 paspelliMOCTH ypaBHeHmHA nx — @ B rpynue G ciegyer
pPa3pemuMOCTh TOTO ypaBHeHHs B moarpynme A.

10.1.6. Yopasxumenne., B npamoii cymme abelreBrx
TPyNn KaKg0€ H3 CJaraéMHX CepBaHTHO.
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10.1.7. Yupasxnae nune. Ileppoguueckan wacTp abe-
Jepodl rpynnH G cepmsaHATHa B (.

101.8. Vopassnuaeunne. llogrpynna A aGemesoit
p-rpynns G cepBaHTHA TOTAAa W TOTbBKO TOTJA, KOIrQA pas-
pemmBMOCTh NPOHW3BOJBHOrO YPpaBHEeHHA TtEOa p'r = q,
a = A, B rpynnne (G BIeYeT pa3PEITAMOCTH ITOTO ypapBHe-
HuA B A. '

101.9. YVopaxkuenne. B aGenepoit rpynme G ¢ ycio-
pueM nG = (0 noprpymma A CepBaHTHA TOrjga H TOJBKO
TOTHA, KOIa AJf BCAKOTO MeIUTeJs m 4YHcHa n H J0b0oro
a —. A paspemmMoOcTh ypaBHEHHA MI = g B G BIeuer pas-
PemIEMOCTH 3TOr0 ypasHeHHS B moprpyome A.

104.10. Yopamuaennme. Hycrs cepsanrnas mnop-
rpynna A abexepoir rpyoos G onpeneiiger IAKIHYECKYIO
daxrop-rpynny G/A = (g + A). Torga B cMexxHOM Kiacce
g + A cymecTByeT Taxoii 3JeMeHT g;, 9T0 | g; | = | G/4 |.

10441, Yunpamueenue Ecium dakrop-rpymmna ate-
JeBOo# rpynne G mo ceppaHTHO#N moxrpynme A pasiaaraercs
B IPAMYI0 CYMMY OUKJIHIECKHX MOATPYNH, TO A BHICIACTCA
B G OpAMEIM ClIATaEMBIM.

YV x a3aHmne: ucoonbszoBarh ynpayaerme 10.1.10.

10.112. Teopema  (Ilpiodep — JI. A. Kynuxros).
Ecau cepsanmnas nodepynna A abeaesoli epynnv G umeem
KOHeuHbll nepuod, mo ona ewdessemes 6 G npAMBM caazae-
MbIM.

HoxaszatTeuabcTso. Cormacmo ycuosmio nd = 0
Ana HekoTtoporo unciaa n = 0. Orcioga m m3 cepsarTHOCTH A
caemyer A [} nG = 0.

IlokaskeM cepBaHTHOCTH moarpynnu B/nG, rme B — 4 +
-+ nG, B dakrop-rpynne G/nG. JIaa 3TOro NpemuoIOKHEM,
ur0 ypasHemme mx = a + nG, a & A, mMmeer B G/nG peme-
ane g + nG. Beugy 10.1.9 wncmo m Mo:xHO cumTarh AenmTe-
aeM n, n = mm,.

Uz coorromenuss m (g -+ nG) = a + nG BHTEKaer pa-
BEHCTBO Mg = a - ng, W, 3HauuT, g = m (g — m,g;). Or1-
clofa | m3 cepBaHTHOCTH A Cciexyer cymecrsopanme B A Ta-
KOro »JIeMeHTa a,, 9T0 & = ma,. Ho Torma aiemenT a, -+
+ nG ygosiieTBopAeT YpPaBHEHHIO Mr = a + nG.

Tak xax B/nG cepBantHa B G/nG, a ¢arrop-rpymma
rpyonn G/nG no B/rnG no nepsoi Teopeme Ilprodepa pasma-
raeTcs B OPAMYIO CYMMY OUKINYECKHX IOATPYNN, TO COIJac-
#0 10.1.11 noprpynma B/nG Bhenserca UpAMHM cjarae-
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MHM, G/nG = B/nG & C/nG. Orcwopa G = A B C, uro m
TpeboBanocks JOKA3aTh.

10.113. Cnepgc v ue. Ecau nepuoduueckas wacmv T
abenesoli epynntt G umeem KoHeunwli nepuod, mo T cayscum
048 G NPpAMBM CAACAEMBIM,

10.1.14. Bropasa TeopemMma IIprodepa.
CuemHas abeaesa p-epynna G 6e3 snemenmos GeCKOHEUHOU 6bl-
combl pasna2aemcs 6 npAMYyw CYMMy YUKAUMECKUT nodzpynn.

HHokasartreabeTso. Beuay cuermocTs G HIKHHAHA
ciot A = {g = G | pg = 0} Taxk:Ke CcUeTeH, H TOITOMY Cy-
IMECTBYET TAKaf MIOCJIEeIOBATEIbHOCTH IOATPYIII

0=do<A;<... <A, <...
aro (JA, =A B |4,1: 4, | =p.
n

ITyers A; = (ay) m b, — pemenune ypaBHeHHA pMr = a,,
rape h; — BHICOTA dJeMeHTa @,. HaK Jerko 3aMeTHThb, INOJ-
rpynna (b,) cepsantHa B G H, cilegoBaTedbHo, (G pasiaraer-
ca B npamyw cymmy G = (b)) @ B,. Ogesupgno, 4, = 4, +
+ (4, [) By m BHCOTa h, HeHYICBOTO 3JIeMEHTA a, &= A, [ |
(] By B G coBuajaer ¢ BHCOTOH 3TOro »JeMeHTa B HOJATPyI-
ne B,.

O6osnaumm uepes b, & B, pemeHume ypasHeHus phir =
= a,. Hak = npeskae, cylmecTBYeT NpAMOe PasiokeEne By =
= (by) O By, mpuiem G = (by) &© (b)) O B.,.

IIpomonxan aHaJOrMYHO Ipomece IOCTPOSHHS IOATPYIN
(b,) 1 B,, nonyunm npamyw cymmy C = (b)) @& (b)) B . . .
I DmocjemoBaTelbHocTh moprpynn B, > B, > ..., Takme,
o G=((b) D ... b,)PB, m By[] A, = 0.

Hoxramxem, auro G = C. Ilyctb g = G, | g | = p™. Bube-
peM n, p#asa kKoroporo p " lge= A,. llyete g =c¢ + b,
ce(b) +...+(,), b= B,. Tax rak p" b & 4, ()
(1 B, =0,710 |b|<|g| H, 3HAYAT, MOJKHO CIHTATH YyIKe
RokKasaEHEM, 9T0 & & C. Ho Torpa m g = C. Teopema goka-
3aHA.

Orkasareca oT yCJIOBHA CYETHOCTH BO BTOPOR TeopeMme
Ilprogepa Henb3s, KAK IOKa3LBaeT CICKYIOIMHAN

10.1.45. IIpumep. Ilycts p — mpocroe 9HCIoO,

G =Zan, T — nepmommieckad wacth rpynns G. Ogesnp-
n

Ho, I' smasercsa p-rpynmnoii 6e3 9iIeMeHTOB 0€CKOHEYHOM BHI-
COTH H HMeeT MOIMHOCTh KoHTmHyyMa. [oxasxem, uro I' He
Pagnmaraercsd B OpAMYI0 CyMMY NEKJINYecKEX moxrpymn. Ilycers,
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manpormB, I = ) (a;). Bmugy BHecuermocrm I Haiinerca
iel
Takoe OeCKoHewHmoe mogmMHOMKecTBO [, & I, 9410 mopaAgky aie-

MeHTOB mOgrpymmsl A = ) (a;) orpaHMYeHH B COBOKYIHO-
i1,

ctE — ckameM, umcaom p'. Tax xak A B rpynme 7 Bripe-
NAETCA NPAMHM CIIaraeMbiM, TO BHICOTH HEHYJEBHX 3IeMeH-
ToB moarpynni A B rpymme I me mpesocxogar k. Ilycrs
b, — DOPOKAAINUE 9JIeMeHT TIPYIIH an. s aw6oro

fe A
f(n) = (p™*b,) upm n > k.

Tak Kak KoMOOHeHTH (QYHKOHEA f B IPAMOM CIaraeMoM Zp.n

NPEHEAMAIOT TOJBKO KOHEYHOE MHOKECTBO 3HaYeHHH, a noj-
rpynna A OeckoHeyHa, TO B A HAHAYTCA TaKkHe pasawd-
HHle 9JeMEeHTH fi, f,, 9T0 fi(n) = fo(n) mpr 1 < n K
< 2k. Ux pasHOCT® f = f; — f, OTIMYHA OT HYJNA, JEKHT
B A m mmeer 8 T Bmicory, Goxeimiyo k. Ho aro mpormsope-
9AT NOCTpoeHHIo A.

OrMeTHM, 49TO BeCcbMa HETPHBUAJBHEE aHAJOTH TEOpPeM
Ilprodepa pnfg JNOKANBHO HOPMAJBHHX TPyIONl YCTAHOBMIH
0. M. T'opuakos m @. Xomr (cm. [8]).

NayuyrM B 3aKIIOUeHHe, KAK YCTPOGHH IePHOTHYECKUE
abeleBH Ipynnbl KOHEYHOr0 pAHTa, YUYHTHBAA YOpPa:KHEHHE
2.3.4, moCTAaTOYHO PACCMOTPETH TOIBKO IpPHMapHHE IPYIIIH,
a A HAX TOJHOE ONHCAaHWe HAeT CAeNylmas

10.1.16. T e o p e m a. ITpumapras abesesa zpynna moz-
da u moavko mozda umeem KoHe4HWI pakwe I, Kozda OHA pa3-
AA2AETNCH 6 NPAMYIO CYMMY T K6A3UYUKAUXECKUT U KOHEUHbLT
YUKAUYECKUT 2pYynn.

JoraszaTeuabcTso. Tak KaKk NEKIHIeCKAE U KBa-
3UNMUKINYECKHe TPYNIH HMeT paHr 1, To yTBep:Kmenme
«torgay ogesmpHO (¢ yuerom 4.1.7). O6parHo, mycrs G —
abexesa p-rpynma KoHeduoro paura r. Bsmmy 9.1.10 mocra-
TOYHO PacCMOTPeTh CIeAVIOIMUe [Ba CAydas.

1. I'pynna G moama. Torga mo teopeme 9.1.16 oma pmomx-
Ha OHTEL NIpAMOR CYyMMOH KBasmijuKiIwdecKmX rpymn. Ilomar-
HO, 9TO YHCJIO CJATAeMBIX H€ MOKeT OLITh OoJbide 7.

2. Tpynna G pemynmposana. Iloxa:keM, ato G cuerHa M
HE COHEPIKHAT 3JIeMeHTOB 0CCKOHEYHOHM BLICOTH, TOTHA OCTa-
HeTCA COCJNATHCA HA Bropylo TeopeMmy Ilpiodepa}10.1.14.
lpesxge Bcero mas Kammoro k=1, 2, ... rpyoona G co-
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AEPIKAT JHIib KOHETHOC YHCJIO JeMEHTOB, YIOBJICTBOPSAK-
mux ypaBHeHHI0 p'z = 0 (yuecth mepBylo Teopemy Ilpio-
depa W KOHEYHOCTH paHra rpymms), mostroMy G cuerna. [la-
Jee, AONyCTHM, 9T0 G COMEP:;KUT HEeHYJNEBOH 2JeMeHT a Oec-
KOHEUHOH BBICOTH; ©IycTh p"" — ero mopamok. Bosbmem
B G nasa kaxgporo k =1, 2, . . . 00 27eMeHTy Ix ¢ yCIOBHEM
p'zy = a. Tax war omementn pi-lzy, kb =1, 2, ..., amMenT
OMHH W TOT jKe HOPAMOK p" 1, T0, HO IpPeIHAYIIeMY, Cpeau
HIAX Halmerca OeCKOHeUYHas IIOANOCIEeNOBATEIBLHOCTH COBIA-
HAIOMUAX APYr ¢ APYroM; 0003HAYWM HTOT IEMEHT a;. Oue-
BAJHO, pa; = a U, IO IOCTPOEHUIO, @; TO}Ke EMeeT OeCKOHed-
HYyI0 BHCOTY. lIpofomxan nocTpoerne o MEAYKIAA, MOIYyINM
JIEeMEHTHL a = Qoy Ay, oy » . « C YCIOBUEM PGjyqy = Q;y L =
=0,1,2,... flcAo, 9TO0 mNOpOKHEHHAA HMH NOLrpyIIa
MOJIHA,— IPOTHBOPEYNEe ¢ PeAYNHPOBANHOCTbIO rpynns G.



I'nasa 4

HOHEYHBIE I'PYIIIIbI

§ 11. CanoBcxkne moprpymmsl

Nsydan abejesn TpyNIIlb, MBI BHJEIH, 9TO HX CTPOCHUE
BO - MHOTOM OIpefensieTcA CTPOeHNeM MAKCHMAJBHHX p-IOJ-
rpynn. B Teopmm KoHeWHHX Trpynn MaKCHMAaJabHEE p-TIOA-
IPYIIH TaK;Ke UrpaioT CYMeCTBeHHYX pojab. B arom mapa-
rpajge MBI JOKaxKeM clenywomylo reopemy CumoBa o KoHeu-
HHX TPyNIax: A KaKmo# CTeneHH p%, neiasAmeld HOpPAKOK
TPYIIH, CYIECTBYeT IOATPyIIa ImOpPAAKa p%, IpHYeM eclH
p**l HeTAT MOPAXOK TPYUNH, TO BCAKAA ODOArpynna nopsap-
Ka p% CONep:KUTCA B HEKOTOPO# Noprpymme mopsfaka p%*l;
BCe MAKCHMAaJbHBIE p-NIOATPYIOIOH IONAPHO COIPHKEHH
B Tpylne, a HX YHCJO cpaBHAMO ¢ 1 mo Mogyiio p. dTa Teo-
peMa, NOKasaHHAd HopsemckmMm MatemarmroM JI. CumosoMm
B 1872 roxy, ABuiack KpaeyroJbHHM KaMHEM TeopHN KOHed-
HeX rpynn. Oma BHeomHOKpaTHO 0000majiach B pasHHX Ha-
npanieHnnax Kak B Hameir crpane (C, A. Uymmxmu m np.),
Tak ® 3a pybemom (. Xona m ap.). B csasm ¢ aroit Teope-
MOH H B 4YeCThb €e¢ aBTOpPA MAKCHMAaJbHBIE p-IOATPYIIH KO-
HeuyHHX (a 9acTo W GeCKOHEYHBIX) rpyII HAa3HBAIOTCH CUN06-
CKumMu  p-nodepynnamu.

U3 Teopemnt CHIOBA BEITEKAET, B YaCTHOCTH, 9TO CHJIIOB-
cKue p-mOArpylNns KOHEYHOM TPyHNE — 3TO B TOYHOCTH NOfA-
rpynnsl DOpAMKa p', THe p’ — MAKCHMAJbHAf CTeIeHb p,
ReTAmaA 1opaAmoK rpynoe. OTMermM, 9T0 eCIH YHCIO M
AENWT OOPAJOK KOHEYHOH rpymnus (G, HO HE ABIAETCHA CTe-
IeHbI0 IPOCTOTO YHCa, TO B (G MOMeT H He OHTh NOATPYII
nopajika m — HaIpAMep, B 3HAKomepeMenHOW rpymnme A,
nopanka 12 mer moarpynn nopagka 6, eM. ynpaxuenne 11.2.2.

11.1. Teopema Cmiosa. B pgorasarenbcTBe 9TOH TeOpeMbl
HaM nmoHajoOmTcA moHATHe AeiicTBua. I'osopsaTr, 4T0 2pynna
G Oeiicmsyemy na mmuodxcecmee M, eclim IIA KaXKILIX 3JeMell-
T0B m & M, g & G onpefelleH sjdeMedAT mg & M, npudeM
(mgy)) g = m (g1g,) ume = m gaaBcex m € M, gy, g < G;
3fech ¢ — equENa rpynuu G. Muosectso mG = {mg | g =
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& G} nasmBaerca opGumoii anemedara m. OdeBEgHO, 0pPOHTH
mobuXx AByX sidemenToB m3 M iaubo cosmamaior, ambo He
nmepeceKaloTCH, Tak 4To MHoKecTBo M pasbuBaerca Ha He-
nepeceKamueca OpOUTH.

1144. Teopema (Cumos). IHycmv G — KoHewHas
epynna, p — npocmoe uwucao. CyuecmeoséaHrHue. Jas
kaxcdoli cmenenu p%, Oeaswell nopador G, ¢ G cyuecmayem
nodzpynna nopsdka p*. Baodenue. Ecau p*l deaum
nopsador G, mo kaxdas nodepynna nopadka p* us G eroxce-
Ha 8 Hekomopyio nodzpynny nopadka p®+ us G. B wacmnocmu,
CUAOBCKUE p—no@epynnbz u3 G — amo 6 mowHocmu nodzpynnul
nopadka p’, 20e p' — MakcumaabHas Cmenenb p, Oeasuas
nopadok G. Conpasennocmbd. Bee curosckue p-nod-
epynnw u3 G conpascenti 6 G. Hoauwecmeo. Koauue-
cmeo cuaosckuxr p-rodepynn u3 G cpasnumo ¢ 1 no modyaio
p u deaum nopadox G.

HokxasaTenscTBso. CymecrBoBaHIe.
HOyers |G | = p'l, (p, 1) =1. Ilycrp M — MHOKECTBO BCEX
IOOMHOKECTB MomHOCTH p* m3 G. OueBHiHO,

|| = () = pr-a H"”"’

=

m09TOMY HamGonbmasa CTeneHb p, femsaman | M [, — aro
p. Eciu M = M, g = G, 10, oueBmauo, Mg = {mg |m =
= M} = M, tak uro G peiicteyer Ha I npaBEME CHBHra-
mu. Ilyers {M,, ..., M} — ta op6uTa, MOIHOCTH § KOTO-
poir He nenmrcsa Ha pT%+1. Ilyers, pmamee,

Gi={glg=sG Mg =M}, 1 <i<s

Henocpepcrserno uposepsercd, dro (G, — Noarpynma
B G, a G; — mpasrle cMe:KHHe KiaccH G mo Gy. IloramxeMm,
uro moarpynma G, mmeer TpeOyeMmuii mopamok p% OGosHa-
uypM moKa |Gy | = ¢, Ttorma mo Teopeme Jlarpamma 2.4.5
st = |G| = p'l. Tak rax pauGospmas cTemeHL p, HEIA-
was s,— 9ro p™~%, rto ! peiaurca Ha p%, B YaCTHOCTH, ¢ >
== p*. G ppyro#i cropoEH, ecim x & M,, TO, OYEBHJHO,
G, © My, noaromy |G, | < | M, | mnm ¢t < p* Oxronua-
IrelbHO © = p%.

Brnoxenne. Ilycrs p** gemmr | G |, P — noarpyn-
na nopsagka p* m3 G, € — Kyacc moarpynm, CONPSMEHHBIX
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¢ P anemenramm m3 G. Mu 3HaeM, 9T0
€| =16G:Ng(P)]|

Ecau | € | me genmrea wa p, to | Ng (P) | menmmrca Ha p%Hl,
"a JoTOMY IO mepsoi 2acTH TeopeMbl B N (P)/P cymecTsyer
noprpyona P*/P nopsiska p. Torma P¥ — Ttpefyeman mop-
rpynoa P. Hycrts Teneps | €& | menurcs ma p. I'pynma P
peiicteyer Ha & compsmKeHmaAMH, OpHYeM MOIMHOCTH OpOHT

neisr | P |, a moroMy mmeror Buf p°t, o; > 0. Tak kax mMe-
ercs 1o KpaiiHedz Mepe ojHa ONHOZJeMeHTHag opbmTa
{P} n | € | penArca Ha p, TO HEIpeMEeHHO HalifeTcs W Apyras
ogHOoneMeHTHas opbmra {Q}. Ho sro ozmauaer, uro P Hop-
manuayer (, moaromy PQ ectp p-moprpynnma (y4ecTh, 49TO
PQ/Q ~ P|P [ Q n pacmupeHEde p-OOATPYIIH IIOCPEACTBOM
p-IOOTPYIIH ecTh p-moArpynmna). [Ipmversss ¥ PQ TOT BHYT-
peHHEiT aBToMOpdmsM rpynnu (G, KoTopHiE nepesogur (
B P, mel nonydum p-noxrpymny P’P, copepskamyio P B Ka-
gecTBe cOOCTBeHHOH HOopMasnbHOH moprpynns. CHoBa mo mep-
BOA dacTH Teopemn B P’P/P naiinerca moxrpynma P*/P
nopAnka p, rorga P¥ — rpebGyemas nmoprpynma.

W3 noKasaHHOro YTBEPIKAEHHA BEITCKAeT, UTO CHIOBCKHE
p-TOATPYDIE KOHeYHOH TPyNIEl — 3TO0 B TOYHOCTH HOATrpyI-
oK mopAfnKa p’, TAe p° — MAKCHEMAJNBHAS CTeNeHb p, [HeNs-
masa OOPAMOK TPYLIH.

ConpaxenHocTbs, Temepsr mycrs P — moprpyn-
na nopsagka p’ ®m3 G (B 9ACTHOCTH, 2TO CHIIOBCKAS p-TIOJ-
rpynna), a ¢ mnMeer mpeskumit cmeica. Hamo mokasars, 4ro
ni06asa cmnoscKaa p-moprpynma @ ms G aexur B €. Ho @
peiicteyer wa & compsixenmsamu, npudeM OpPOHTH HMEIOT

CHOBa MomiHOCTH p %, o; > 0. Tak Kax Temeps | € | saBegomo
He JQeNHTCA HA p, TO HMEETCA HEKOTOPAsA ONHO3IEMeHTHAsN
opomra {P’}, r.e. Q Hopmammayer P’. Torma P'Q ecrs
p-mourpynna, ® BBEAY MaxcmManbHOCTH P, Q mMeem Q =
= P'Q =P 6.

Houxmagectsno. B oboznasenwax mpegrgymero myux-
Ta HOCTATOYHO IpoBepuTh, 310 {(} — eIHHCTBEHHAs OJHO-
anemerraad opomra. Ho ecnm {Q'} — nmpyras rakaa opbura,
T0 QQ' sABNAETCA p-MOATPYNIIOHA, OTIMYHOA OT (), 4TO HEBO3-
moxHO. Teopema porasaHa.

OrMer:EM, 9TO HHOTAA TOBOPAT He 00 OofHONE, a O Tpex
TeopeMax CHIOBa: yTBEDIKICHHA O CYIECTBOBAHHHA M BJIO-
JKeHWN HA3HBAIOTCA NEPBOH TeopeMoi, 0 COmpAKeHRHOCTH —
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BTOPO#, a 0 KOJUYECTBE CHJIOBCKHX p-NOATrPyDN — TPeThei
teopemoin Cusona.

1112. Yopasxuenne. I'pynma omopagka 196 co-
JIePKUT HOPMAJILHYI CHJIOBCKYX p-IOATpynmy.

11.13. Vopamuennme. CHIOBCKHC p-DOArPYyLIUEL
OecKOHEYIHON rpyDOH He BCErja CONPM;KeHHl B rpymnume, T. e.
Ipeuoyio;KeHe KoHedyHocTn B Teopeme CuiioBa CYIOECTBEHHO.

Y Kas3aHHe: paccMOTpPeTh NPAMYIO CTE€eHb FPYNIIE S 5.

1114, Yopamxuaenane. Ilycts P — cmiobckasa p-
DoArpynma Komeunoi rpynust G, H — nomarpynma, comep:xa-
mass HopmaausaTop Ng (P). Torna Ng (H) = H.

11.2. Ilpumenenme K rpymiaM nopsigka pq. Teopema Cu-
JI0Ba YaCTO JAET BechMa CYIMECTBeHHYI HHPODMAIA O HaH-
HO KOHEYHOU rpynme, a IPYOON He 04eHb OOJbIIAE — B TOM
AN WHOM CMEICJe — IO03BOJNAET ONMUCATh DONHOCThIO. B Ka-
YecTBE WIJIIOCTPAIMM [JajMM 3[ech ONHMCAHHWe Trpynl NOPAX-
Ka pq.

IIycte p, g — Dpocteie 4uciaa, p << q. Rawroit moiskHa
OnrTh rpynna G mopsgka pq? CHIOBCKEHE p- W g-DONTPYERILL
u3 (G, OyiayiId DORrpynnaMm OpPOCTOro HOpPAAKa, SABIAITCA
nukiandecknmu. Ilyere (a), (b) — cooTBeTCTBEHHO CHIIOBCKHE
p- u g-noxrpyoma. Ilo teopeme Cmiopa uwMClIo CHIOBCKHX
g-moxrpynn B G mmeer Bux 1 -}- kg m jmequT pg, O03TOMY CH-
noBcKag g-nonrpynma (b) exmHCTBeHHa. B uacTHOCTH, OHA
HopMaJibHa B (. UHCI0 CHIOBCKHX p-TOArpYOI HMeeT BHJ
1 + kp @ peaurt ¢, WOITOMY BO3MOKHH JBA CJHYydYad:

a) Cmiopcras p-moArpyunna (a) eqHHCTBeHHA. Torjga OHa
HopMalibHa m, 3Haumr, [a, bl &= (a) [) (b)) = 1. Tax kax
(ab)?? = a™b" =1, 10 G = (ab). Taxmm oGpasom, B 3TOM
caydae G = 7 p,.

6) Umeerca ¢ cmnopcknx p-nmoxprpyno. HoHewwo, 3T0
BO3MOKHO JHIIb Opm yeiaosuu ¢ = 1 (mod p). Ilycrs a™tba =
=b". Bcim r =1, to cHOBa G = (ab), 1. e. G == 7Zp,.

IIycre r = 1. Naayrnoueir no z moiaydaeM a *ba™ = b™,
OTKYy/Ia

a*bVg* = p™Y
A BCeX mednx z, Y. llpm x = p, y = 1 s10 pmaer r’ =1
(mod ¢), KpoMe Toro, mojiyiaeM GOpMyNy YMHO}KeHHUSA

a*bV . a?bt = ger2bVH, (1)

O6parmo, merxo mposeputs, 4ro ecim ¢ = 1 (mod p), r° =
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=1 (mod ¢), r==1 (mod g), To 3Ta Qopmyna ymHOKeHHHA
ompefenser HeabeneBy rpyunny mopsmgka pg. Haxonem, pe-
meHnA cpaBHeHHA ¥ == 1 (mod ¢) COCTaBNAAOT NAKIHICCKY IO
Ipynny mopsaka p, ModTOMY Te W3 HmMX, KoTophe ==1 (mod g),
AMEIOT BUE 1, I%, ..., rP Y, rme r — oxBEO U3 HuUX. Bce atm
pemeHNA ONPeleNAIT OfHY W Ty jKe Tpymmy, TaK KakK 3ame-
Ha TOPOIKEANINCIO ¢ HAa ¢’ MPHBOXUT K 3aMeHe r Ha 7',

Taxum ofpasoMm, ¢ momompbio TeopeMbl CHiI0OBa MHE ODH-
calll Bce BO3MOKHBIE THIH FPyNN NOPARKA pg; HEX OKasaloch
nBa — abeseB m HeabelieB, DpUIeM BTOPO# CYmECTBYET TOJb-
Ko npu ycaosud ¢ = 1 (mod p).

11.21. Yopamuenune. CymecTByoT TOJBKO [Be
Hen3oMOoppHEIE TPYLINH M3 6 DIEMEHTOB — IUKINIECKAH ¢
B cuMMerpmuecKas .

11.2.2. Yupamuae Eme, IJHAKoUEepeMCHHAs Trpynna
A, He comepskuT moArpynm mopsanka 6, xors umciao 6 menmT
ee nmopsaxok 12. Taxum oOpasom, Teopemy Jlarpamma 2.4.5
HOJb3A 006paTuTh — QaKT, yrmoMmHAaBmEHCA B Hadaje mapa-
rpada.

Pemenue. Ecim 66 pnoarpynna m3 6 aieMeHTOB co-
pepskanach B A,, To oHa Gruia O m3omopHa Ze¢ miam S,
(yopasxuerme 11.2.1). Ho HmKaras mogCTaHOBKAa Ha 4 cuMm-
BOJIaX He MojKeT OWTh mopsaaka 6, mosromy nepBHI ciaydqait
HeBo3mokeH. IeBo3Moiken H BTopoii, Tak Kak B 83 cymecT-
BYIOT HellepecTaHOBOUHbLIe DJEeMEeHTH mopAgka 2, a B A, mx
Her. B camom gmene, 4, cofep:ur Tpm sIEMEHTA mMOPAIKa 2
(12) (34), (13) (24), (14) (23), m Bce oHM momapHO HepecTa-
HOBOYHEI,

11.3. lipamepul cHnoBcKuX noprpymi. O0paTuMca K rpyI-
mam 1—IV ra. 1.

11.34. Il pumepu. I. AgmuruBHas rpynna Koaboa
BHYETOB 7., pasjaraeTcd B TpAMOe MNPOHU3BEICHHE CBOMX

CUJIOBCKAX p-HOATPYNIN, KOTOPHE ABIAAIOTCA MUKJIMYECKUMU
DOJrpynuaMu DOPSAXKOB Py « . ., Ps 5 €CIH N WMeeT KaHO-
HEYECKOe pA3JOKeHHe 1 = p) . .. ps *.

I1. Cunopcras p-moarpynma MyJbTHIVIMKATHBHOHX TpPYyH-
ot C* — 3T0 KBasMmuKJIMYecKasg rpymma o

I1I. Onmmem cHIOBCKEEe p-MOArpyNOB CHMMETPHIECKHAX
rpyno. Haxk Mmu 3maem, |8, | = n] KakoBp MaxkcuMaJbHEIHR
ookasareab e (r), 0pu Koropom pt™ genur n!? B mocnenosa-
TesbHocTd 1, 2, . . ., n KparHEIME p GyAayT Yucia p, 2p, . ..
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eony kp, Tie kB = [%] , TO3TOMY e€(n)= [-;z—] e (k). TaI{
. .

KakK [T] == [%— , TO e (n)= [ - } [-l%] .. ¥robHO

PA3NOKATL 1 MO OCIOBAHMIO p:

=@+ ap -+ ...+ ap’, 0<a; <p, (2)

TOTJ[A

e(n) =a, +a, (1 +p)+a; (1 +p+p3+...
e ta+p+..o+p (3)

Paccmorpum cHagana rpynusl 8, KOrga n — CTeneHb p.
Ilycts B Spm yie HAaUmeHa CHJIOBCKasA p-UHOArpymnma, T. e.

m-1,

noxrpyumna H,, nopsaka p't--tP"""; DoCTPOHM 1O Heil B Spmﬂ

noprpynny Hy,.1 mopsgka p't--+™, Jlna sroro pasobbem
nepecrasjisgeMble cUMBOJEL 1, 2, . . ., p™*! Ha mocneoBaTeab-
Hble OTPe3KH JjiuHH p". Kcam

r
c=1lG.p"+i 2™ +5, - (0 =) 2™ + 1)

7=l
U z — NOACTAHOBKAa Ha CHMBOJaX {-To OTpe3Ka, TO Jer-
Ko co00pasuTh, 4UTO ¢ lr¢ — MONCTAHOBKA HAa CHMBOJAX
(i + 1)-ro orpeska (caoskeHme mo Moxyawno p). Orcioga BHUX-
HO, UTO MOArpynma, HOpoMKIeHHafs mnoxrpynnamu ¢ H,c',
0 r<<p, sBngercA WX UPAMEIM OPOHU3BEACHHEM H, CTAJIO
6wTL, momrpymna H,,.,, mopoxieHHas noxrpynnoi H,, n
slieMeHTOM ¢, H3oMoppua cmaetenuwo H,, 2 (c¢). Ilogrpynmna
H,,,, — HCKOMasg, TaK KakK

IHmi’l I — IHm I'P lc | — p1+...+pm

OmxnoBpeMerio M BHIUM, 9TO CHIOBCKAsA p-NOATpyOIa B Spm

H30MOP(IHA MOCIIE/0BATE/ILHOMY CIIBTEIHIO (...(ZpeZp)e.
. ..) e/, UUKINGECKOH TPymnbl 7, ¢ CaMoi co6ot0 m pa3
Teneps mycTh n mpoussodbHo. PasobpeM cumBodm 1, . . .
. ., n Ha Qo OfHODJEMEHTHHIX, @; P-3JIeMEHTHHIX M T. JI. OT-
peskos (cM. (2)). Ha xa»goM u3 9THX OTPE3KOB pacCMOTPHM
CUMMeTpPHYECKYI0 Irpynmy — oHa OyjeT HEKOTOpOi CTemeHH
p™, a B HCH BO3bBMEM CHJIOBCKYIO p-HOATPYNIY, HOCTPOCHIYIO
Kak Bpine. Tak Kak dTH MORXTPYHOAl JeHMCTBYIOT Ha Helepe-
CeKalOUXCA MHOKECTBAX, TO MX HopokAeHHe P, ABigercd
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WX OpPAMHM ODOW3BEJEHMEM, a HOTOMY HMeeT HOPAHOK!

s

1al = IL romos™yim — g

m=1

(em. (3)). CuaenoBarenbio, P, — cuI0oBCKag p-mojrpynmoa
B §,. U3 mocrpoesus BUEHO, 4TO OHa H3OMOpHHA TPAMOMY
IPOU3BEJCHHI0 HECKOJBKHX TOCHELOBATEIbHKX CIICTCHAR
tana (. ..(Zp27Zp)e...)e7y.

1V. PaccmorpmM, HakoHen, o0Imme JWHEAIHE IPyIOH Haf
komeunbiMn uongmu. Ilycts p — mpocroe Tmeno, m, n —
neaste amena > 1 m g = p™. Ilowaskem, aro UT, (¢) —
CHJIOBCKAasA p-moarpynma rpynnsl G'L, (q). Ilogcamraem mo-
PAXKH 3THX rpynm.

HKakne n-xm Hax nmoiaem GF (g) moryr OwTh mepBOit CTpO-
KOH HeBhIpOKICHIO# Martpumer? OdeBHgHO, Jdi00LIe, KpoMme
HyleBoi, T. €. §© — 1 wryk. Ecniu nepsas crpoka BhiOpaHa,
TO B KalecTBe BTOPOA CTPOKH MOMKHO B3ATh JN100y10, He IPO-
NOPHHOHANBHYIO TePBOH, TakuX CcTpPoK ¢° — q. Ecnm pgse
TmepBble CTPOKM Y:Ke BHIODAHH, TO B KadeCTBE TPEThEH MOMKHO
B3ATH Ji00y© CTPOKYy, Iie 3aBHCAMYIO JHHCHHO OT IMEPBHX
ABYX; 8TO maer ¢" — ¢® BoamoskHOcTed. W rtak mamee. 3ma-
qAT,

n—1

1GL, ()| = ] (¢ — ¢)- (4)

i=(

Tar xax yruosue saementit matpun us UT, (g) upoGe-
raloT He3aBACUMO APYT OT Apyra BCEé moJie, a BCero YIJIOBBIX

n

MeCT (;) , 0 |UT, (g9)] = q(2). N3 cpasieHHA DOPATKOB

MBI ﬁHnHM, yro UT,(q) —cunoeckaa p-moArpynoa B
GL, (9.

11.3.2. Yopaswunenune. Brmucars mnomacranosky,
COCTaBAANINNE CHIOBCKY0 Z2-IOATPynNny rpynunn S,.

11.3.3. YupamuaeHue. Ilycth p — mpocroe umedo,
m, n — HaTypaJibHBe uncia, P, (me) — COBOKYIHOCTDL TeX
mMarpun M3 GLy (7 m), K0d)OUIEEHTS KOTOPHIX, CTOAMME
OOj TrJaBHOH AHAroHalblo, KpaTHH p, a Ha [HArOHAJIN —
cpaBEEMEL ¢ 1 Do mopyaio p. IlpoBepnTs, aT0 P, (me) -
CHJIOBCKAA p-niofrpynna B G Ly (7 m).
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Yrasagrne: ¢ nomompio roMomopdusma GL, (Z m)—
—GL, (7, BrBeCTH $opmMyny

n-1
|G Ly (Zm)| =11 (pm — prn-ns, (5)
i=(

B sarmiodenue oTMeTHM B BHE yIPasKHEHHH HeCKOJBKO
o0ImMX 3aMedaHuil,

1134, Yopamuaennme. Ilycrb ¢ — romomopdusam
KoHeuHOi rpynoH G. Ecnm P — cunopckag p-moarpynma
n3 G, 10 P® — cunosckas p-noxrpynma us G®. O6partno,
BCAKAA CHJIOBCKAA p-moprpyuna m3 G® asasercA obpasom
HEKOTOPOHA CHIOBCKOM p-moarpynnel u3 (. ITo 3aMedaHHme
OHBaeT NOJE3HO B HHAYKTHBHHX [0Ka3aTeJbCTBaxX.

11.35. Yopamuenne. Ilpoussenenne aAByX oie-
MEHTOB HODPAAKA p MOKET MMOTh KAK KOHETHHIA NOPAIOK, HO
AEeJNAMUKCA Ha p, TaKk W OeCKOHEYHBI MOpPANOK. TakuM 06-
pa3oM, 3jleMeHTH NOPARKOB p%* OPH JaHHOM p HE BCerja co-
CTaBJAIT TOArpyuIy.

11.3.6. Yopamuaenue. Ilycrb G — Koneunasg rpyn-
na 1 A<{G. Ectm uagiekc |G : A | MeHbIIe HEKOTOPOro
OpPOCTOr0 NeJUuTelds p HOpAfKa rpynnsl (G, To mepeceicHHe
[ A%, g &= G, CcOmepsKUT CHJIOBCKHME p-NOATPYONH TPYHOH
G W, B 9aCTHOCTH, OTJIHNTHO OT CUHHIHI.

§ 12. 'pymusi noacTaHoBOK

PaccmorpuM Goslee mofpo6HO rpynmsl NOACTAHOBOK —
BaJKHBIA W WCTOPHYECKH NepBHii npmmep rpyno. Onm OwuIn
BBEJleHBl B HayKy dsapucroM [ajlya miia m3ydYeHus yCclOBHE
PA3pPeNUMOCTI aAare0pandecknx ypasneHuid B paguKalax —
C Ka)abiM ajdrefpamuyecKHM ypaBHEHHCM OH CBA3aJ HEKOTO-
PYI0 rpynny DOACTAHOBOK KOPHEH, HONAIHUKJINIHOCTL KOTO-
poif oKasajach HeoO0XOAMMBIM M JOCTATOYHHIM YCIOBHEM Ppas-
peliuMocTd ypaBueHust B pagukanax. B 1870 roxy mossuics
pynmaMenTanpublii TpaxraT jHopgaHa o rpynmax HOACTaHO-
BOK, coOfep:Kamuili scHoe W Imoxpo0HOe WM3JN0)KeHHe Wmaei
I'anya, a Tak:xe MHOro4YHMCJIeHHHE CBOHCTBA NOACTAHOBOK.
Jimmbs K mazany XX B. coBpemeHHOe aOCTpPaKTHOe TWOHATHE
rPYHNOE OCBOGOAMIOCH OT 3THX DEJIEHOK, a TPyHOH HOJCTa-
HOBOK HOCTeNeHHO 3aHANHM WX HHHEOITHEe CKPOMHOE TOJIo-
KeHHe B oOmeil Teopun. Boobme, rpynnsl NoACTaHOBOK ecTe-
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CTBCHHO BO3HHKAIOT BCIOAY, TAe HM3YyYaeTCss CHMMETDHA (KO-
HEYHO ONpeieNIeHHKX» O0BeKTOB — HAUDHUMEp, C KayKIbiM
KPHUCTAJJIOM MOKHO CBsI3aTh IPpyNnny ero BpalleHuM, 3a0HCH-
BAEMHIX MOJCTAHOBKaMHu BepmuH. JlerajbHee ¢ rpynmamu
DOJCTAHOBOK MOJKHO IO3HAKOMHTBCHA no Kumre [406].

12.1. Peryuaspuoe npeactaBrenye. OxasmBaercs, IToj-
CTAHOBKH JAlT HCUCPUHBAKMHAN DpPAMEpP KOHEYHHIX TpynO.

121.4. Teopema (Honu). Bcakas koHeunas epynna
usomopra Hexomopoii zpynne noOCMAHOEOK.

IHHloxasarteanbcrBo. llyctb G — KoHeuHas rpymD-
0a, KOTOPYI0 MH XOTHM m300pasmrb mopcTaHoBKamm. Ilopjcra-
HOBKaMH 9ero, KaKoro MHOKeCTBAa?— BOT DEPBHIE BOIpOC,
KOTODH# Bo3HEHKaeT. Bo3bMeM B KadecTBe 3TOT0 MHOKECTBA
camy (7, DOCKOJbKY HW4eM IPYrEM MB He pacuoJiaraeM.
Ilycte g — saementr m3 G. Hakyw mOACTAHOBKY £ eMy COIO-
crapuTh? Ee mepmas cTpoka ysKe BHOpaHAa — DTO 3JIEMEHTH
n3 G, Kaxk-HEOynb 3aHyMePOBAHHEE. YMHEOKAM WX COpaBa
Ha g W 3a0dlleM TOJYICeHHBIE DIEMEHTH BO BTOPYIO CTPOUKY.
W3 rpynnoBHX akcwoM CIeAyeT, U4To 3JIeMEHTH BTOPOH CTPOU-
KH NOOAPHO pPa3JMIHBl, TaKk 49T0 £ — JeHCTBHUTEJIbLHO TOA-
cranoBKa. OcraeTca npoBepuTh, 4To oTobpaskeHne” ABIsfETCA
nsomoppusmoM. Ho, Bo-mepsHXx, 3T0 romomopdusMm, T. e,

ab = &b naa Bcex a, b € G.

HeiicTBUTCIFHO, Ha KasKABIE 2JIcMeHT z & G o0e dactm pa-
BEHCTBA [AGUCTBYIOT OAMHAKOBO:

zab =z (ad) = (za) b = (zd) b = z (ab).

Bo-BTopHix, sAnpo orobpaskeHns ~ TPUBHANLHO: eclid g =
TO TOACTAHOBKA 2 WepeBOAUT CUMBOJ 1, ¢ Ofioit CTOPOHH,
B £, a ¢ Jpyrol — ocraBlisgeT Ha MecTe, moaTOoMy g = 1,
Teopema porasaHa.

1242, YopamHe Hue. BeAkag KoHednas rpynoa
BKJIAAHBAETCA B 3HAKONEePEeMEHHYK TIpynmy.

Ecau B norasarenbcTBe TeopeMil Halwm He mpepgmonararh,
uyTO rpynna G KOHeYHa, TO ¢ HNOMOMLIO TOTO Ke IpejCTaBle-
HHS UOPaBLIMA CHBHCAMH — OHO HA3HBAETCA pe2YiapHbM
npedcmasaenuem rpyonn G — molydaercs

1243. OGoO0meuHHaA TeopemMa Hsan
Beawas epynna usomopgina zpynne 63auMHO OOHOSHAUHWT
omobpaxceHuli — «b6eCKoOHEeUHBL noacmanoaon» — HeKomopoz0
MHodHCecmea Ha cebs.
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IIpencraBnenne afcTpakTHHX rpynm DONCTAHOBKAMH Ohi-
BaeT MOJE3HO B CaMHIX Pas3JHIHLIX BOIpPOCAX, M He TOJBKO
B TEOPUM KOHEYHHIX rpyIl.

121.4. I pnme p. O reopemax BAoskenmsi. Hacro BO3-
HHKaeT DO0TpeGrioCTh BIOKMTL JlaliHy rpynny (G B HEKOTO-
pylo G6abiryio rpyony G¥* ¢ TeM HNIH MHBIM HHTEPECHEBIM
CBOMCTBOM, — HallpAMep, ¢ ONXHAM W3 CJeIYIOIIHX CBONCTB:

a) G* — mpocrada rpyunma,

6) B G* m3 Ka:kmoro sjieMeHTa H3BJIEKATCA KOPHH IPO-
M3BOJILHOM CTemeHH, T. €, YpaBHeHHe Z" — g paspemuMo
B G* nana dwoboro g ma G* m mwoboro HaTypasibHOTO R,

B) ni00pe pBa sjemenra u3 GG*, mmelomme OMHAKOBHIA —
KOHETHBIH min GeCKOHEIHHIH — MOPANOK, COUPSIKeHH B G*,

Yurareapr 0e3 Tpyra yBeJHMYHT DBTOT CIHCOK, PYKOBOACT-
BYAACb CBOHMM COOCTBEHHHIM NOHMMAHNEM HHTEPECHOTO.

B mryx coemecTHHX paboTax asropoB m B. H. Pemec-
nennmxkoBa (JJAH CCCP, 1960, 134, Ne 3, c. 518—520;
Yu. san. Ilepmcroro ym-ta, 1960, 17, Ne 2, ¢. 9—11) Onin
npenJioskeH OyTh JOKA3aTeNbCTBA TEOPEM BIIOKEHHA, COCTOA-
muii B TOM, 4TO Tpynna, OpejBapuTeIbHO NpeacTaBJIeHHAsd
HONCTAHOBKAMH, BKJAaApBaeTCA B rPynny mOXCTAHOBOK, B He-
KOTOPO#l Mepe Yy»Ke o0Jajanmyl0 TpedyeMHM CBOXCTBOM
(mpocTOTO#, KOPHAMH, CONPATALIMMHA BJIeMeHTaMH W T. 1.),
mocJie 9ero JeJio 3aBepilaeT MHAYKMUA, WHOTMA TPAHCHHUHHT-
HafA. Taxoir myrh ymoOGeH TeM, 94TO KOHKPETHOE IpefCcTaBJiC-
Hue aOCTPAKTHOM rPyNnH MOACTAHOBKAMH KOHKPETH3HpPYeT —
U TeM caMHM o0Jjeryaer — BHUncienus. B ragectBe miiio-
CTpaLum YKajyKeM BJIOKeHNMe NPOU3BOAbHOM rpynnk (G B rpyn-
oy G* co cBoiictBoM B). [lns TOTO OmpepeaANM N0 MHIYKIIHH
memouky rpymn G = Gy < G; < ... Hwmenno, ecau G,
yiKke HOCTPOeHa, TO BO3bMeM B KadecTBe (.1 rpynmy mpeob-
pasoBaHHMH MHOecTBa (,, a BiuoxeHne G, <( G, ompepe-
JAM Kak pery/igpHOoe mpexcrapierme rpynnd G,. Ob6benn-
Heume G* rpynm G, m Gyger mckoMeM. B camom fene, ecanm
a, b — ABa dieMeHTa OTMHAKOBOrO HOpPAgKa r < oo m3 G¥*,
TO OHH JIe3KaT B HEKOTOpoir (,, a HOTOMY B (7,41 H300pasKaror-
Cf IPOM3BENEHNAMH HO3aBHCHMBEIX LUKJ0B AiuHH r. Coriac-
Ho 2.D.7 anemeHTH a, b compsmeHH B G,.1, & DOTOMY H
B G*.

AHaJOTHYHO, €cJM MH XOTHM BIOKHTH G B rpyuny G¥*
CO CcBOUCTBOM 0), TO MOCTATOYHO HAayINTHCA BKJIAALIBATDH
B TAKyi0 IPylINy, B KOTOPO# ypaBHeHHe " = g JJIA JaHHHX
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n, g & G 6u0 651 paspemumo. OuuH cr1ocobd TAKOro BJIOKe-
HAA YKasaH — Ha MA3BKe MOJCTAHOBOK — B YIOMSHYTHX
BHOIe pafboTax, 9To M pemaeT 3ajfady.

Haxorern, 3amada a) Toie pemaeTcs MOJOMKHUTENbHO, KAk
Mb{ YBHTAM B CJegyomieM maparpade.

Bosnuraer Bompoc — menn3g Jid MPOH3BOJBHYIO IpyHuy
BJIOATE B Takyo rpynny G*, koropas obnagana OB CBOH-
crBaMu a), 6) m 1. n. opHoppemenHo? Pasymeercs, orser
OymeT yTBEPJUTENBHEIA, eclIHM MOMHO mocTpouth G* ¢ Kajk-
TbIM M3 9THX CBOICTB B OTHENBHOCTH H €CJIM 3TH CBOMCTBA
HepeHOCATCA Ha 00 befHHCHEA BO3PACTAIOMUX MEeN0YeK rpynn —
KIS JTOKA3aTelIbCTBA JOCTATOYHO IEPHOXHIECKH IIOBTOPHUTD
BJIOJKCHUS THOOB a), 0), B), . . . c9eTHOE INCJO pa3 u HepeiTu
K 00heguHEHHUIO,

OTMeTuM, 9T0 Jpyrme MeTOAH [[0KA3aTENBCTBA TCOPCM
BJOJKEHUS — B 9aCTHOCTH, ;IS OTMEICHHHIX BLINIE CBOWCTB
a), 6), B) — yrasaan tax:e @. Xoxaa (Hall P. — J. London
Math. Soc., 1959, 34, p. 305—319) u B. Hoiiman (Neumann
B. H.— J. London Math. Soc., 1943, 18, p. 4—11); meron
IepBOro OCHOBAH Ha CHJIeTCHHAX, a BTOporo — Ha cBoboj-
HBIX NPOU3BENEHHAX ¢ OOLeIUHEHHOH NONrpyHIOif.

12.2. IIpencrapnenna DONCTAHOBKAMH CMCKHBIX KJIACCOB,
O600mum Temepb Teopemy Hoim B gpyroM HampaBJIEHMH,
IIycte H — moprpynma KoHeYHOro HHEeKca rpynnel G, He
o0s3aTenbHO KoHeuno#. Haximomy anementy g m3 G comocra-
BAM MOJACTAHOBKY £ MHO(eCTBA HPABBIX CMEKHBIX KJIACCOB
G mo H, oupegensieMyio mo a”ajormm ¢ m. 12.1. Hmenno,
ecad ry, ..., T, — HpaBele npexcraBuTeau G mo H, To

oojiaraeM
(Hxl .. .me
g == ) a
Hxlg P H.’I,'mg

12.24. Teo pema. Omobpasxenue ~—, sadasaemoe no-
caedrnell gdopmyaotl, asasemces 2o0momop@rvim npedcmasieHu-
em epynnw G. A0pom amoezo npedcmasaenus cayrcum Hop-
maavnas nodepynna N u3 G, marcumasvnas cpedu codepirca-
wuxca ¢ H,

HokxasarenbcrBo. To, aro ~ — mpepcrasienne,
JIeTKO OPOBEPAETCA HEMOCPEeACTBeHHO, KaKk m paubiie. IycTh
K — ampo astoro upexcrasnesus. llokaskem, uro K <CN.

Fat

Ilyets g&= K, T.e. g = 1. 9ro o3Hagaer, uto Haxg = Hx
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masa scex r & G. Orcioma H*g = H™ m, clemoBaTesbHO,
g=[) H.

x=G
flcro, 9ro mpaBas 9acTh BTOTO BKJIOUEHHAA — HOPMaJbHaf
nonrpynna u3 (, cojep:ramasica B H. flcmo rawixe, dro
aobasg APyrag TaKas ke HOATPYNOA COAEP;KHTCA B KaKAOM
H*, moaromy
N = () H*.

x=G

Taxum obpazom, g = N m K < N. O6parno, N < K. Jleir-
cTBATeNbHO, nycth g & N, Torpa Hzxg = ngx 1x = Hz,
orkyma & =1 m N <C K. Teopema pmoxazana.

N3 Hee m Teopemul Jlarpamma 2.4.5 cpasy BhITeKaer

12.2.2. Teo pema. Bcakas nodzpynna Koweurozo UH-
dekca m codepicum HOPMAABHYIO nold2pynny KOHeYH020 UHOeK-
ca, Odeasugezocs Ha m u Jeaswezo ml.

Bonee cnaboe yTeep:kieHme y:;e 0TMeYaJioCh B NEPBOK
riase (cm. 2.5.13). Teopema 12.2.1 m BHTexaomas u3 Hee
Teopema 12.2.2 mosponsiT ycTaHABAMBATH OTCYTCTBHE IIOJI-
rpydn TOTO WJIH HHOTO HOPAJKA B JAHHOH rpynme — CM.
yopaskHenune 13.1.3 B craegyomem mnaparpade.

1223. YupasxueHue. 'pynma us 12 anemenrtop He
MOkeT OHTBb NPOCTOH.

Ilycts R — xoabmo, H — rpynma. I'pynnosvim kosbyoM
rpynunl H wag R uaswmBaerca koiabno R [H] dopmaibHHX
JUHeHAHNX KoMOuWHammi

r1h1+...—|—rnhn, TiER,hiEII,

KOTOPMN® CRIAQLBATCA I YMHOMAIOTCA OO ClJexyroImnaM apa-

BILJTAM;
Ak + Dishy =\ (r; -+ 1) by,
2irihy- Asif; = Dirisihuf;

(aamormummf OOBEKT BCTpeYaJiCA HAM Ha CTp. 43).
BepreMcs Temeph K Ha4aJly DYHKTA M 3aMeTHM, 4TO Hpe[-

cTaBjieHHe g - § CBMA3HBaeT ¢ KayKALIM g n3 & «IepecTaHoB-

Ky mpefcTaBuUTeNei» I (g) B «JOMOJHHATENBHEE MHOMKUTEIH)

ki (g):
H.’Eig = me(g), I = hi (g) £ i (g)-
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Henocpenersenno mpoBepserca, 4To (gopMyna
g — diag (hy (8), « - s hm (8)) -5 (8)

zagaerT usoMopdHoe Bnoskenne G -G L, (7 [H]), rne 7 [H] —
ITeJI0IHCIeHHOe [PYHNoBOe KOAbio rpyonsl H, a mepecta-
HOBKa Tt (g) 3amucaHa MaTpuie W3 HyJed W eNUHHI., ITO
BJIOKEHNE HA3LIBAETCA MOHOMUALLHUM npedcmasienuem epyn-
n G Had nodepynnoti H. Mu BupmM, dro aiobaa rpynoa,
comep:kamas A B KavecTBe NOATPYNOH WHICKCA 772, BKJIAJBI-
BAETCA B TPYNNYy BCEBO3MOKHEIX MATPHI CTeTIEHW m HaJ
7 [H], copepmamux B KaKIoi CTPOKE W Ka)KHoM cToabrie
TOYHO OJfMH HEHYJIEBOH 3JeMeHT, Jeamuir B8 H (morHomuant-
nas nodepynna rpyuun GL, (7 [H])). OnucanHas KoH-
CTPYKIEA 0co0erHO ynoTpeOHTebHA B TEODHH JHHEMHBLIX
npefcTaBJieHHil KOHOIHHX rpynd, rie oHAa AaeT MpeAcTaBie-
HUe TPYDOH, WHIYMHPOBaHHOE IpefCTaBieHWeM IOArPYyIOEbI.

CrkasamHoe MOMKHO cJjefyiomuMm o00pasoM TepeBeCTH Ha
AI3BIK CIJIETEHHU.

IIycry A, B — rpyunn, npuieMm B < 8 (X), X — Hexo-
TOpPOE€ MHOKEeCTBO. Jlerko mpoBepHTh, YTO MHOMKECTBO
B-Fun (X, A) ¢ yMHOKeHEHeM

bf-b'f = bb'fY'f, rae f° (x) = f (xb ™), z = X,

ABnsAerca rpynmnoit. Ona HA3BIBAETCHA ChaemeHuem 2pynnbl A
¢ epynnoii nodcmarosor B. HauGonee BaykHbINE caydai 3T0TO
_IOHATHA — CHJIETeHWe, PAacCMOTPeHHoe B T, 2, OHO I1a3sl-
BAaeTCA cmandapmHulm | ToJydaercs, eciu B mpeacTaBHTh
HoJICTAaHOBKAMH CaMol ce6g mo mpaBmay z — b~ lx. VYwmo-
TpeONsAsa s CIJICTeHHHE NPEKHIO CHMBOJHUKY, Mbl BHAHNM,
ur0 MoHoMHanblias muoxrpymna us GUL, (Z [H]) — a10
B rounoctd H 2 8,,, a Teopema 6.2.8 KoHCTaTHPyeT OOACAH-
HYI0 BHIIIe CATYyanuio IS CTAHAAPTHHIX CHJIeTeHHI.

12.3. Tpansurmsuocthb. Ilpumarmprocrs. 3pech MH pac-
CMOTPHUM HeKOTOpble UOHATHS, OTHOCAIHMECA K TIpyumam
HOOACTAHOBOK M CYHIECTBeHHO CBSA3aHHBIE C MX JeiHCTBHEeM Ha
MHOKECTBe IepefABHTaeMbiX CHMBOJIOB. B edACTBHTENBHOCTH
9TH MOHATHA OTHOCHTCA K MPOHU3BOJLHHIM T'pydOIaM, AeHCTBY-
ION[HM HA MHOeCTBe, IO3TOMY Mbl Aa/{HM ompefesieHns B 6o-
Jee o0med curyammm, 9eM HeoOXoquMo.

Ecau rpynna G geiicTByer Ha MHO;KecTBe /M m CylnecTByerT
Bcero ogHa opbmra — camo M,— To roBopsT, uTO0 G Mpak-
saumuerna (na M). flcno, 9ro 8T0 paBHOCHIbLHO TpeboBaHMIO,
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9T0 A NMIOOKX NIBYX 5JeMeHros m, m’' n3 M Haixerca sie-
MeHT g U3 G ¢ yciloBuem mg = m’. O6o6mas sTo nouaATwe,
rosopAr, ¥ro rpynna G r-epamuo mpaHsumueHa, eCJu A
moObIX ABYX 70K {my, ..., m,} u {my, ..., m;} sjleMeHTOB
u3 M mnaiiferca sjeMent g w3 G ¢ yciosweM m;g = mj,
1 < i < r. PasOunenne muoskecrsa M Ha HemepeceKalwmiuecs
nogmMuOKecTBa {My} HasHBaerca pasbuenuem Ha 640Ku
omuocumeavro G, ecaum miasa Kakmgoro My M ramgoro g = @G
Haupercsa rakoe Mg, 910 Mgg = Mg, HHBRIMH CJI0OBaMH, €CIH
2JIEMeHTHl M3 (G IlepeCTaBJANT TopMHO;KecTBa My (6.0Ku)
meankoM. Honeuyso, Bcerga cymecTByT TpUBHAJNBHEE pPas-
OMeHns — HA OJHORJIEMEHTHBIE OJOKHM M Ha eJMHCTBEeHHBINA
6xok. Ecnum HerpuBmanpHbnx pazbuennit M ma Oxokm He Cy-
HIeCTBYET, TO TOBOPAT, 910 Irpyuna G npumumusra. B gacr-
HOCTH, BCe 9TH IIOHATHA PACTIPOCTPAHAIOTCA HA I'PYIIH Toj-
CTAHOBOK KOHEYHOT0 MHO;KeCTBa M, paccMaTpuBaeMele ¢ mXx
eCTeCTBEeHHEIM NeHcTBHeM Ha M.

12341. Yupamuaeune. Yciosue Mog = My B on-
penenenuu OnoyHoro pazlmenmsa pasHocuipuo GoJjiee cia-
GoMmy mo ¢opme yeaosmo Mqg & M.

123.2. Yupamxuenune. I'pyonm §,, 4, coorser-
CTBeHHO n- #W (»n — 2)-KpaTHoO TPAH3NTHUBHH.

123.3. Yunpamxuaenne. Beakags aBamie rpauap-
THBHAsA FPyNIa HPAMATHBHA.

123.4. Ynpaxuaernune. DBceakaa HeequEUInag mop-
MajJbHas moarpynna N IpaMHTHBHOR FPYINH G TPaH3WTHBHA.

Yxagzauune: opdomth jiga N COCTABIAIOT TOJIHYIO
cacTeMy Oaoxos miusa G.

[Iyerp rpynns G, G° gefcTBYIOT COOTBETCTBEHHO Ha MHO-
mecrsax M, M'. EcrecrBeHHo Ha3HBAaTh UX U30MOpPHBMU —
KaK Tpynmb TpeoOpaz’oBamuil,— eCcnd MOMKHO YCTAHOBHUTH
B3aMMHO ofiHosHaunoe orobpaskenume M ma M’ (ckaskem, )
u m3omopduom G na G’ (craskeM, ), Opu KOTOPHX COOTBET-
CTBYONe HIEMEHTH TPYHOI TIePeBOAAT COOTBETCTBYIOHIHE
2JIEMEeHTH MHOJKECTB CHOBA B COOTBETCTBYWINHE 3JEMEHTH,
T. €.

mOg% = (mg)® pua Bcex me M, g &G.

HaoMopduele rpynne ToACTaHOBOK HA3HBAOT TaKMkKe no-
006HMMU.

B npepmigymeM NMyHKTe ¢ Ka/KNoA nmoArpynnoi KOHEYHOrO
HHIeKCa MH CBA3AJHM TOMOMOp({)Hoe IpejCcTaBlierne IPyIEl
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MOACTAHOBKAMH MHOMKECTBA CMEX(HHX KiaccoB. Jlerko BH-
KeTh, YTO DTO TpeAcraBJeHWe TpaHamTHBHO. OKaskBaeTcs,
BepHO H oOpaTHoe: BCAKOEe TPAH3UTHUBHOE IIPEICTABIACHUE
IAHHOW IPYNNH IOJCTAHOBKAMHK Momo0HO HEKOTOPOMY OIiH-
CAHHOMY paHee TPEJCTABJICHUI0 TIOJCTAHOBKAMH IIPaBHX
CMEIKHHIX KJACCOB II0 HEKOTOPOH MOArpynme KOHEeYHOro MH-
nexkca. Vmenwuo, cmpasepamBa

123.5. Teopema. Ilycme n — 2omomopgusm 2pynnut
G Ha mpaHaumuewyl epynny nodcmarogox mroxucecmsea M.
Lydem cuumamo, umo G deiicmeyem na M no npasusy mg —
= mg". ITyemv my &= M, H — cmabuauzamop m, ¢ G, m. e.

H={gl|g=GqG mg=m,}.

Toeda H — nodzpynna komeunozo underca ¢ G u epynna G%
nodobra zpynne nodcmanoeor cmexcnuxr kaaccoe G no H,
ONUCAHHOL ¢ npedvidyujem nyHKme.

HoxaszareubcrtBo. llyers M = {my, ..., mg}.
O6o3naynm

I, ={glgs G mg =m}, 1 <is.

B cuny rpansauruBHocrm G* Bce H; Hemyern. Hemocpemer-
BeHHO Tposepserca, uro H, — moxrpynna m3 G, a H; —
mpaBhe CMekHHe Kiaccl G mo H,. Tak xak H = H,, To
H — noprpynma KoHewHoro HHjexkca B G.

Ilyerp ©t' — omucamBoe B IIpefbIAYmEeM TYHKTe IIipef-
crapjieHne G 110j[CTAHOBKAMH IPABLIX CMEKHLIX KaaccoB &
no H. Ham ocraioces forasars, UTo IPyNIN HOACTAHOBOK G
1 G nopmo6ubl. Ilycrs @ — oroOpaskenme A Ha nDpaBbie
cMe)KHBle Kiacch G mo H, nepeBopsmee m; 8 H;, a ¢y —
orobpaskenne G™ na G, nepesojsamee g* B g™, Jlerko mpo-
BEPHTH, YTO ecian 2™ = y%, ro 2™ = ¥V, TaKk 9vo orohHpaKe-
HUEe 1 ompejeieno KoppekrHo. Temeps HeNoCpeICTBEHHO
nipoBepAercsa, 4ro ¢, \ — B3a@MHO ONHOBHAayHHE oTobpa-
JREHWA Ha W

mf (g = (mig9® mam 1 <<i<s, g6

TeopeMa porazana.

ITokaskem, yro H3yUYeHMe TIPOHIBOJBHHX TpyNI HOHCTa-
HOBOK CBOJMITCS B HEKOTOPOU Mepe K H3YYeHHI0 TPaH3ATABHEIX
IPYNI, a HOYYeHWe TPAH3UTHBHHIX [PYNN — K H3YYCHHIO
npuvMurusHEX., HamoMnuM, uTo mopmpAMHM IIpoH3BeleHHEM
rpyun (; HasHBaercd TAaKafd HOATPYINa HX OpAMoro Ipo-
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M3BOJICHAA, NPOCKIHUA KOTOPOA Ha KakABE MHO:KuTEdb G
copmazaer ¢ G;.

12.3.6. Te o p e M a. Bcakaa zpynna nodcmanoeor nwa n
CUMBOAAT AGAACMCA NOONDAMMM NPOU3sedeHUeM MPAH3L-
MUBHWL 2PYNN ROJCMAR060K HA N; CUMBOAAT C YCAOSUEM

dn; = n. Ecau G — mpansumusnas zpynna nodcmarnosor
mHoxcecmea M u sadano neusmesvdaemoe pasbuenue M na
baoku mowyrocmu > 2, mo cmabuausamop 6aoka M' ¢ yeaom,
m. e. MHONECMEO

H={glgesG, Mg=M},

seasemcs nodzpynnoii epynnw G, npumumusno deticmeyioueri
na M'.

Hoxasareascrso. Ilyers G — rpynma mopcra-
HOBOK MHojkecTBa M, M; — cooTsercrBylomue op6urh, G;—
Irpynna IOHCTAaHOBOK MHOKecTBa M, wHAYIMpoBaHHAsA Heil-
crsaeM G Ha M ;. OuweBnpgno, G Oyaer nognpAMbIM IIpou3Bese-
nueM 1pynu G;.

Tenepsr gokameM Bropoe yTeepiiaenne. OQueswpno, H —
nogrpynna. llyers zy, ..., T, — mpaBhHe IpexcTaBATENH
G oo H. Torga M'z,, ..., Mz, — ucxoxgHoe pasbuenue M
na Giaokum (umemosip3oBarTh TpaH3WTHBHOCTE G). Ecim O6m H
peiicrBoBajia Ha M’ He NPHAMHTHBHO, TO CYMECTBOBAJN0 OH

HerpuBHaibHOe pasbuenume M’ ma Gmoxm My, ..., M, or-
Hocuresnbiio H. Ho Torma uexognoe paséuenue muo;kecrsa M
oTHoCUTENLHO G MO0 OblJI0 OBl M3MCIBUUTH O pasOuenus:
M;x,-, 1<i<r, 1<<j<s Teopema porazana.

123.7. Teopema. Iycmv G — mpanaumuenas zpyn-
na noocmanosor mhuoxecmea M. ITycmv M pasbumo Ha
baoku, M, — kakoii-nubydo 6aok, m, — Kakas-nubydo moira
us M,. ITyemv H — cmabuausamop m,, K — cmabuausa-
mop M, B yeaom, m. e.

H={gl|lgesq, mg=m},
K={glg=sG Mg=M,}.

Tozda H, K — nodepynnw us G, npuvem H < K < G.
O6uee uucao 6a0k06 pasno | G : K | u kaxcdwii 640k cocmoum
us | K : H | aremenmos.

HoxasartenbcrtBo. Ileppoe BHTeKaer u3 ompe-
neaennit. lanee, myers Hxy, . . ., [z, — TipaBHe CME;KHEIE
Kiacew G mo H, npuuem z; = 1. 1lo reopeme 12.3.5 MoskHO
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cunrars, 9ro M = {Hz,, ... Hz,}, a G peiictsyer na M
npapuiMe cxasuramu. [lyers M, = {Hx,, ..., Hz}, m; =
= [I. BBugy TpausuTuBHOCTH G BCAKmiA GJNOR IoJaydaercs
n3 M, IpaBeIM CABUIOM Ha dJleMeHnT M3 (G, TI09TOMY BCe GaoKR
PaBHOMOIIHB, M, 3HAYHT, HOCTATOYHO YOCAMTHCS, YTO r =
= |K:H | nan gro

K =Hzx,J... | Hz,.

Ho, ¢ opuo#t cropomsl, Kampoe hx;,, he H, 1 < i <,
IePEeBONHUT CMEKHBIA Kiace /{ B HEKOTOPLIM CME/KHBIA KJacc
u3 M,, nos>romy u Becwk Gaok M, mepesomgnr B cebsa. 3HaynT,

Hzx ) ... UHz, Z K.

C npyroi cropoHH, ecin x & K, ro Hx = Hzx; nna Hexoro-
poro 1 < i<{r, orKyja moXydaercs HPOTHABOIOJIOMKHOE
BJIOKEHHE.

§ 13. Ilpocrble KoHeuHbie TrpyNOIBI

ITogobuo ToMy Kak HarypaJbHEE YHCIA TOAYYAIOTCA H3
IPOCTHX YHCEeN IOCPEeACTBOM YMHOKCHHS, TAaK H JI00yI0
KOHEUHY0 TPYIINy MOKHO IMOCTPOHTH M3 TIPOCTHX KOHEOYHHIX
TPYII IoCpexcTBoM pacmupenmit. B camoM pgeie, paccmor-
pUM B KoHeYHo# rpynne G cyO6HopMalpHyl0 MaTpemKy Ges

TIOBTO el K
1=6,<6G,<...L6G, =G,

T. €. MATPEUIKY, B KOTOPOH KayKABH TpeAbYIUHA wieH —
CoOCTBeHHAsA HOPMaJbHAA HOATPYNIia CJHEAYIOINETro dYJeHa.
Ecam nexoropas ceruyusa G;y,/G; He ABAAeTCA NPOCTOR rpym-
Toif, To, B3AB B Heit cobcTRenilyio MOPMAJBHYIO IOJIPYINILY
H/G;, Moo ynaotours Marpémry Beraskoit Gy < H < Gy,
NO3TOMY B HeyIJIoOTHAeMoH 0Oe3 IoBropeHmd cyOnopMalbnoR
MaTpEmKe BCe CEKL MM TIPOCTH. B 5ToM cMEICHe ImPoCTHe Ko-
JIeYHbIe TPYNINL — 9TO Te CTPONTEJbHBE 6JOKH, N3 KOTOPHIX
MOJKHO co0paTh NpPOM3BOJBHYI0 KOHEYHYIO TPYIIY, XOTH
B OTJHWYHE OT YMCEN pe3yJbTaT HE OIpegeiserca 3/ech TONb-
KO COCTaBIAKINMME GJIOKaMH, a 3aBHCHT OT cniocoba cOopkn.
TpuBradpHR OpEMeD NPOCTHX TPyNN — UHKIAYeCKHE
TPpynnel OPOCTOro MOPARKA; OYEBHAHO, ITO €RMHCTBEHHEIE
npocrhie TPYNIH, ABIgomuecs abexesumn. Hiacecndpnraqua
NPOCTHX KOUIEYHHIX IPYyIN — Ype3BnigyailHO Ba;KHaA M, HO-
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Hallyd, B HacTofAllee BpeMsa riaBHas npobGrema B Teopmm
KOHEYHRIX I'pyINH, XOTS O0HA He MCYEPUIBEIBAET BCEro CofeprKa-
HUA 9Todl reopmu. Hacrynnemue Bemercss B HECKOJBKHX Ha-
OpaBJIeHAAX: ONHM Pa3BHBAOT 00IMHe — CHHAYCTPHAIb-
HBIE» — METOHB, CTPeMACh K TOMY, 4TOOW HAYYHATBCS €M~
ioo0Opasiio MoNAyyarh BCe NPOCTHIE KOHEYHLIE I'DYTIb,—
clofia NPUMHKAT H TOHKHE paboThH 10 OTOMAECTBIEHHIO
Ipynn, NMoJdy4YeHHHX PasHHIMU ciocobaMu,— KpyTHe, HAIIPO-
THB, TOJArafAch HAa MHTYHIMI0 H CTaparejbCKoe CYacThe,
HIIYT OTAEJBLHHE TIPEMEPH — TEHHOCTh KaKJ0i HOBOH IIpo-
crofi Tpynmel ceifgac HeoObiYaHHO BHICOKA,— TPETHHU IIPOBO-
IAT KIACCHGUKANMIO IPH TeX MJM MHBIX JMOTIOJHUTEJIBHBIX YC-
JOBHAX,— HanmpuMep, IpPH 3aflaHHOM CHIOBCKOH HOATpyIe,
u T. B. B 60-e rogn mana suamenwmras npoGiema BepHcaiixa,
NMOJBEKA OCTABABOIAACA HempHcTymHoi,— PDair m Tomncon
[36] norasanum, yro moGaa HeHUKANYecKad IIPocTas KoHEY-
I1afg TIPYNOa CONeP:KUT YeTHOE dYHCJIO 3JIeMEHTOB (BIpoueM,
qame 3Ty TeopeMy (opMYJIHPYIOT mHaye — Ge3 ynoMuHaHHSA
OPOCTHIX TPYIN: A06ai Hewemmuas epynna, T. €. KOHEeYHAaAd
IpyInia HEYeTHOTO TOPSAJKA, NOAUYUKAULHA).

Hacroammii maparpad mnpeciepyer CKpOMHYIO melb —
YKa3aTh fiBe KIaCCHIeCKHe CePHH IIPOCTHIX KOHEYHKIX I'PYIII —
3HAKOIIEPEMEHHKEe TpPyONEl W TPOEKTHBHEIEC CHE(HAJIbHEIE
AuHeiHHe rpynne. [IpwBogmmbie 37ech J{0KAa3aTeNbCTBA
KyCTapHH H He JAioT OpeAcCTaBjeHusa o0 yIoMUHABOINXCH
HHAYCTPHANBHHX MeTofax. -Xopomuii o630p coBpeMeHHOTO
COCTOSTHHA 3Toil o06jacT m TabiamWIy M3BECTHRIX IIPOCTHX
KOHEUHHX rpynn Mo)kHo Haiitm B ctatbax B. I[. Masyposa
(18] m AmGaxepa [35].

13.1. 3maxonepemernsie rpymsi. B sToM nyaxTe nam 6yjer
nonesno 3ameganwe 111 m3 mpumepa 2.5.7.

1314.1. Teopema (lanya). IIpu n = 4 3uaxonepe-
MeHnasn epynna A, npocma. I'pynna A, ne npocma.

Hoxaszareanctso. a) pynou 4,, 4,, 45 ameror
nopauku 1, 1, 3 cooTBercTBenHO, a oToMy Hpocrh. I'pynma
A, He mpocra — BBHY 4.4.1.111 ona ofaamaeT ToJHIIMKJIH-
JeCKOM MaTpémKoil ¢ cexmuaAMH uopamkos 2, 2, 3. Illyers re-
oeps n > 95 u N — HeeHANYHAA HOpMAaJbHasA IOATPYIIA
rpynns 4,; Hago nokasarb, uro N = A,. Tak raxk 4,
nopo;kpaaerca Tpodnmmu nukiaamu (em. 2. 2.2.111), To pocra-
TOYHO IMOKAa3aTh, 4To Bce oHHU Je:kaT B N. MH cpmeraeM 3To
B HECKOJBKO 3TaIOB.
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6) Tark kaxk N cogep)KUT HeeIWHAYHYI0 YETHYIO IO/CTa-
HOBKY, TO, pasyaras ee¢ B Ipou3BefeHAe HE3aBHCUMHX I[HK-
JOB, MOKHO CUATATh, 9T0 NN COHEP;KUT OJNHY H3 CACAYIOMEX

IOACTAaHOBOK:
6.1) a = (1234...)..., T. e. B pasnoKeHNH TIOJiCTAHOBKY @

ecTh THUKJ IJIHHHN _>4,

6.2) a = (123) (45. . .) .. ., T.e. uMeeTcs TPOHHOHA UK
M eme KaKhe-TO I(HKJIH,
0.3) a = (123),

6.4) a = (12)(34). . ., T. e. a — Tpon3BeeHNe He3aBH-
CHMBIX TPAHCIIO3HIINA.

B) llogrpynmna N copiep:kut XxoTa O OMMH TPOAHOR IUKJI.
B camom gene, ona comep:xur Kommyrarop la, bl = g ~1(b™1ab)
npu awbom b= 4,. Baas

(123) B cayuae 6.1),
b— 1 (124) B cayuae 6.2),
(123) B cayuae 6.4),

ImocJie HECHOHHEIX BBIYMCJIEHHHA I0OJYYNM
(124) B caygae 6.1),

[a,b] = { (12534) B caygae 6.2),
(13) (24) B cayzae 6.4).

Tem cambiM caygait 0.2) cBeacesa Kk 6.1), KoTophlil B CBOIO 0Ye-
peib cBeded K 0.3), a MiA Hero yTBep:KAeHHE TPHBHAJIBHO.
Octaxock pasoGpars cayuait 6.4). Conparaa werHo# nopcra-
HoBKoit (12534) mopcranoBky [a, bl, mMbu nmomygamm (24) (15)
(cm. sameuanme [I1 B mpmmepe 2.5.7), a 3areM, yMHOKHUB
{a, bl na a1y mopcramosry, moxyuwmm (135).

r) Ilogrpynna N comep:;<uT BCe TpoiHBE LHKJIH. B camom
meiie, o TpPeAHNAYINEMY OHA COJNEPKUT HEKOTOPHH ITUKJ
(iyisig). Ilyerp (jijsjs) — mobo# gpyroit TpoHHOE LUKII.
Tax Kak n > 5, To cymecTsyeT gYeTHas IOHCTAaHOBKA BHJA

( il iz is L I )

it T2 Js ««-/°

Conpsaras ew (i isis), moayqum (j,j.j3). Teopema yokazaHa.,
3aMeTHM, 9TO pacCy:KieHHe a) — T') 9TOro HOKasaTedb-

CTBA — THOHMYHHIH H B INPHHOHNEG YHHBEPCAIBHHH IyTh

Aoka3daTelbCTBa TIPpOCTOTHI. B3AB B HOpMaJIbHOﬁ noarpyunmoe
N snemeHT a, 0 KOTOpOM MB! 3HaeM TOJBKO, YTO OH OTJIHNYCH
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OT eOWHAUH, ¥ YYATHBasgA, 4yro yMHoy{eHWMe W oOpaimeHnue,
a TaKKe CoUpAMKEeHWe M KOMMYTHPOBAHHE IIPOM3BOJBLHEIM
3JIeMeHTOM I'DyNnbl He BHBOHAT Hac¢ 3a Ipepeis /N, MH mo-
CTEIleHHO BHITATHMBaeM u3 /N Bc8 HoBHIe H HOBHE DJI€M €HTHI,
moKa He oOHADYKHM TaM Bce HOPOKIAIOO(ME BIeMEHTH IPYyII-
nsl. Qurrocod, canzomenmuil go Teopemir 'aaya, Mor 6b Tax
pe3lOMUpOBATh HAEI0 IPHUBENEHHOTO /(0KA3aTeJBhCTBA: yXBa-
THBOINCH 33 MAaHHOE 3BCHO, BHITACKHBAEM BCIO 1enib. H coa-
JeHMI0, dTa PYKOBOAAIMAs HHes OCTaBJisgeT B TeHH crocob
BEITACKUBAHUA. .

1342, Yopasxueunwnme. Ecam 8 — mpoussoipHoe
KapAUHANBbHOE TACJI0, TO 3HAKONEPEeMEHHOL 2pYNnol cmenenu
n HasHBaior rpynnmy 4, rex upeobpazoBaHMA MHOKECTBa
MOOIHOCTH #, RaMJ0e H3 KOTOPHX [eHCTBUTEJIHHO Tiepe-
EBATAeT JHIML KOHEYHOE YHCJIO0 CHMBOJIOB H pasjaraercs
B TIpoM3BefeHHe YeTHOro dWcia TpaHcnosmnui., lloeropas
JAoKasaTenbCcTBo TeopeMhl [amya, pokaszaTp npocrory Ay
IpE 1 5= 4.

B cBa3u ¢ nocieqHUM yIipasKHeHUEM OTMETHM cJemylollee,
IIycrs, kak 5To NMPHHATO B TEOPHH MHOKECTB, ®y 0003Ha-
gaeT (v 4+ 1)-e Geckomeunoe KapambvaibHoe wguciao. Ilycrs
M — MHOXKeCTBO MOINHOCTH ©y B 8, (M) — COBOKYIHOCTH
Tex orobpaskenmit u3 § (M), KoTopble B HefiCTBUTEIHLHOCTH
Iepef[BUTAI0OT MHOKECTBO CHMBOJIOB MoIHOCTH < wy. flcHo,
4T0 TPaHCPHBUTHO Bozpacrammas MarTpéllka

1 << Ao, < 8o (M) 8, (M) <. ..
L8y (MY <8 (M) (1)

COCTOMT M3 HOpPMaJXbHHX moArpyunn rpynnu 8 (M). Oxasn-
BaeTCs1, WICHAMH 5T0H MaTpEIIKUM HCeuepOHBAKTCA BooOime
BCe HOpPMalJbHHE moprpynme rpynnet § (M) (Baer R.—
Studia math., 1934, 5, p. 15—17). B wacrmocru, cexkuus
8§ (M)/8y (M) — npocras rpynoa. OTMeTuM, HaKoHer, 49TO
B cBere aTHX (PaKToB 3ajmava a) ms 12.1.4 pemaerca coBcem
npocro. B camoMm fexe, A KoHeYHHX I'pynn pemeHue cpasy
caepyer u3 12.1.2. Ecam ke rpynna G mMeer GecKoHeuHy0
MOOIHOCTE @y, TO, B3ATasA B PEryJIAPHOM IPENCTABJICHHN,
ona nonagaer B §(G), rxe nmepeceraercs ¢ 8y (G) o egunu-
e, a moroMy G usomopdHo BKIagpiBaerca B 8§ (G)/S, (G).

131.3. YonpamxuneHune. B snakomepemennoi rpymu-
ne A; nopagra 60 Her moprpynn mopsara 15, 20, 30.
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Pemeunne. Ecam 6m A, comeprana mopgrpyuny Tio-
panxa 15, 1. e. ungexca 4, To mo Teopeme 12.2.2 ona couep-
;kajga OH HOPMAJNBHYI0 TOAIPYNINY KOHEYHOTO HHJIEKca,
nedsamerocsa Ha 4 M gensamero 24. 1o, oj(HAKO, HEBO3MOIKHO,
Tak Kak corimacHo teopeMe 13.1.1 A, — mpocras rpynma.
Ocranpusie ciayyam pasOUpaTCA ANAIOTHIHO.

13.2. IIpockruBHbie crneunajibHble JMHEHHLIE FpyUIbI,
[Iycrp K — mone. @arrop-rpynna LPSL, (K) cnenmalbrOR
nureitHo# rpynnel SL, (K) nio ee meHTpy — Iojrpylne cKa-
JIAPHRX Marpull — HAa3HBATCA NPOEKMUGHOU CReyuUasbHoll
AUHEUHOU 2pynnotl. JTA TPYNNE — HAJ{ KOHEYHHIMU HOJA-
MH — OHJHM BBeJleHH B 4mcje Apyrmx cepmi rpymnn fHopma-
oM (1870), koropui# ycraHoBma ux mpocrory. Herounocrm
B IepBOHAYalbHOM Jokaszareidscrse sHopmanma yerpanun
A akcon.

13.21. Yupasxxkuenane. [IpoOno-iuueiine ¢Qynk-
19871

ar -} b
f@) =57

¢ Kosddunuenramm u3 monss K m onpepenmrenem ad — be =
= 1 cocraBiAIOT OTHOCHTEJNBbHO CYNEepHO3NUME TPyImy, H30-
mopduyw rpymme PSL, (K).

13.2.2. Yopamunesne. Ilposepuars ¢opmyas:

n—1
| S Ly, (@) = —q—i—i Il @ —a", (2)
i=0
| PSL,(9)|= d(qi__” H (@" —¢'), tme d=(n,qg—1). (3)
o

Y kasanue: pacemorperb SL Kak sigpo roMoMopdHs=
Ma det m Bocmoib3doBaThesas Gopmynoi (4) m3 § 11, a Taxke
yupa:kHenneM 3.1.6.

Ilaa  pokazaresberBa Teopemi Hioppana — [lukrcona,
npuueM HaR J100HM — He 00:3aTeJlbHO KOHEYHHM — II0JeM,
MBI BOCHOJB3yeMCA TAaKUM OPU3HAKOM IIPOCTOTH:

13.2.3. Jle mma. Ilpumumusnas epynna G npeobpa-
30ganull MHoxcecmea M npocma, ecau 8vNOAHEHbL CAedylowue
YCA08USR:

1) G cosnadaem co ceoum Kommymawmoxm G',
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2) cmabuausamop S, wnexkomopozo saemenma m us M
codepicum maryio abeaegy Hopmarvhyw nodzpynny Ap,, umo

G =rp (4% | g = G). (4)

HoraszareabcrBo. a) Ilyers N — meegmuny
Hafd HOPMAJIbHAA TOArpylima TIpynOH G; HATO KOKasaTsb,
910 G = N. 3ameruM cHayaxa, 9to G = S, N. B camom geue,
peuny 12.3.4 N rtpauspTHBHA, TO3TOMY JJA BCAKoro g=G
Hadiflerca Takoe he&E N, uwro mh = mg. CaemoBaTeibHo,
ghte S, n ge= S,.N.

6) Hanee, G = A,N. HeiictBurensvuo, B cuay (4) ram-
IR sJeMeHT g M3 G 3ammchHIBaeTcs B BHUE

g=ab...d% aq, =4, g =G,

a BBUJY a) MOKHO CUHTATh, YTO KayHAW# g; nemmr B V. Tak
Kak A4,, m N mepecraHoBodHb, TO g = A,,N.

8) Hakonen, G = N. B camom pene, BBUay 1), 6) m
KOMMYTATOPHHX COOTHomeHudA mn3 § 3,

G =[A, N, A,N1<N.

JleMMa nokazama.

13.2.4. Teopema (Hopmam — Hurcon). Has ecs-
kozo noas K epynna PSL, (K) npocma, 3a uckaiouenuem
deyx caywaes: PSL, (2) u PSL, (3).

IHHlorkasartexsncTso. I[Ipexme Bcero, ykasauuwse
nse rpynns mmeoT mopaxkd 6 m 412 (cM. dopmyny (3)),
a TOTOMY NeHCTBHTEJBHO HE IPOCTH — CM. YIOPAKHCHHA
11.2.1 n 12.2.3. Tlepexonsn K o0meMy ciy4aio, pacCMOTPHM
ecrecTBeHHoe fieficTBue rpynnst G = PSL, (K) na MHO:KecTBe
M Bcex NpAMBIX RN-MEPHOTO BEKTOPHOTO IPOCTPaHCTBA HaJ
noiemM K ¢ waxoi-HmOyjub dmrcmpoBaHHON 0Oaszol e,

. ., €y H IpoBepuM, uTOo AiA G, M BHIOOJHEHH BCe YCIOBHA
aemmn 13.2.3.

Tark Karg musa mOOHX ABYX Tap Pa3IUYHHEX HNPAMHX CY-
lecTByeT JHHeHHoe mpeobpasoBanue, mepeBOAANIEe TEPBYIO
napy Bo BTopyl, To I'pynna G nBa;Kmel TPaHSHTHBHA, a Tio-
Tomy mupumurusHa (em. 12.3.3).

Hanee, G coBmajiaer o CBOMM KOMMYTAHTOM — 3T0 Cpagy
caenxyer u3 gopmyan (8) npumepa 3.2.1 (uMenHO 3m€CH BhHIHa-
A2I0T [ABEe HCKIIOYATEILHKE TIPYIIH).

IIposepnm, makoHer, yciosue 2). Ilyers m — mpaAMasn
¢ HaOpAaBJIAKIINM BeKTOpOM e,. flcmo, wro crabmimsarop
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Sm (rousee, ero mpooGpas B rpynne SL, (K)) cocrour us sce-
BO3MO/KHHX MAaTpul] BHJa

»
0...01] =

Oro6paskenne Ipynns S, Ha TIapy AAATOHAJNLHHX KICTOK —
roMomopduam, A7Po KoToporo A,, COCTOAT N3 BCEBO3MOKHBIX
Marpum Toro K€ BUAA ¢ eJHHWUYHKIMH KJeTKaMu Iio JgHaro-
na;u. OgeBHpHoO, rpynna A4,, aexesa, ¥ 0CTAETCA IPOBEPUTE
ToabpKo Gopmyny (4). Tak kax rpyuna SL, (K) nopompxaerca
CBOUMH TpaHCBeKOHAMH ¢;; (&) (cm. 2.2.2.1V), To mocrarouno
ybegurbesn, arto i;; () compsuxena B SL, (K) ¢ HexoTopoi
tw (@). Ho ecaw i = 1, 1o sTo TpuBmanpHoO, a ecam i # 1,
TO B Ka9eCTBe CONPATAIMER MATPUI(bI MO;KHO B3AThH MATPHILY
nepexoa oT QHKcHpoBaHHo# 6Gaswl e, ..., €;, ... K 0Oase
——€iy ...y €1,..., TTl€ BCE HEBHIMCAHHLIC BEKTOPLI He MEHSA-
iorea. TeopeMa moKasama.

13.2.5. Yopaskuenue. B csasm ¢ reopemoit sHop-
fana — [IMKcoHAa eCTeCTBEHHO CODPOCHTH, He NOAYYAM JIH
MK HOBBi€ IPOCTHE KOHEYHHIE T'PYIIbI, €CJAH B OIpENeIeHUN
PSL, (K) BosbMeMm BMecrTo Tioiii K KOJABLO BHYETOB 7,7
ITH HAOEe:KIMH HECOCTOATEJIbHE: €CJIM M — IIPOCToe YHUCHOo, TOo
MBI BO3BpAalIaeMCs K CJydYal0 IoJs, €CIH ;Ke m cocraBioe,
ro rpynaxa PSL, (7.,) ne mpocra.

13.2.6. Yunpaxxsenne. ¥YKasarb Ipyumy, ILeHTp
KOTOpPO# oIpefiesifeT NPoCTyl $GaKTOpP-TPYNITy, HO HE Bblj(e-
JAseTCHd TPAMBIM  MHOMKHATENEM.

Pemeunne. Ecin6uB rpynne G = 8L, (5) neurp Z,
COCTOAMMA U3 MATPHI] —}-e, AMen npaAMoe fonoJjuenue H, To
offHa W3 MAaTpPHI|

1

4
+ 0 ¢

nesxana 6u B H, rie { — mopoAAOIAA MyJLTHIIIAKATHB-
HOA Tpynns moias u3 S5 saxeMmentoB. Ho Torma xmampar —e
oTO# MATpHIK Je:xan On B mepeceyenuun Z (| H, 49ro He-
BO3MOKHO.

Tomncon (Thompson J. G.— Pacif. J. Math., 1964,
14, Ne 1, p. 363—364) masBan moarpynmy A KoHedHoi
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rpynion G 2-cuenaausamopom rpyunnbl (G, ecin HOpAAOK
| A | m augexc | G : Ng (A) | negernn. Tam ke o BocKa3sait
THNOTE3Y, 9TO 2-CUT'HAJM3ATOPH NPOCTHIX KOHEYHHX TpPyIn
Bcerma abesepbl. MBI 3aKoHYMM T'JIaBy IPHEMEpPOM, opoBepTa-
oM 3Ty rumotedy. On npunagae;xutr B. JI. Masyposy
(Anre6pa u goruxa, 1968, 7, Ne 3, ¢. 60—62) n ucnionnayer
TOABbKO Ipoctory rpymn PSL.

13.2.7. Il pam e p. B npocroii rpynue PSL, (9), rne ¢
HeYeTHO, CYIecTBYIOT HealejxeBbl 2-curHaau3datopsi. Jleii-
CTBHTEJbHO, paceMorpuM B G = SL; (¢) moarpynnut A4, B,
COCTOAINE COOTBETCTBEHHO M3 BCEBO3MOKHBIX MATpMHI] BHUIA

1 = » a(z,y) 0 0 1
0 e, = ) 0 z 0 y (Z(x, y) = ’

T7ie €, — eIMWHHYHAs MaTpHIa cTenenm K M KJeTodHoe pas-
omernme o6a pasa ogHOo W To Ke. BBumy dopmyan (2) storo
naparpaga m dopmyast (4) us § 11

|G| = qi1 @—1)@—q9...(¢" ¢, |A|=crenens g,
|1B|=1(¢ — 1) — @ —1) (@ — ) — A — ).

Orciofa HemocpenacTBenHo BuHO, u4t0 |A |, |G : B | —
HeveTHeie qucxa. ficmo, gro B wopMmanusyer A, moatomy
nHgekC |G : Ng (A) | Beweren. Ecam ¢ — darxropmsanma
rpynnsl G o ee NenTpy Z, ToO NOPAXOK moATpynus A B An-
AeKC ee HopMaausaTtopa B GY Toke HeveTHhi, T. €. A? ecTh
2-curnanuzatop B P8 L, (9). Ho A () Z = 1, moaromy rpyn-
na A% usomoppuna A um, 3maunr, HeabeieBa.
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CBOBOHLIE I'PYIIIBI B MHOI'OOBPA3UA

§ 14. CpoOopunie rpymmbl

B navade ria. 3 MH onmpefednam HOHATHe TPYIIE, CBO-
OofHOM B JAHHOM KJjiacce, W yCTAHOBWJIW, 9TO B Kjacce abe-
JeBHX I'pynn ¢BOGOJHbIE I'PYNNE CYILEeCTBYIOT M UMEIT ACHO®
ommcanme. B sTom maparpade OymeT mokasaHo CymiecTBoBa-
Hpe, JaHO OOHMCAHHE M HM3y4eHH NpPOCTeAlIne CBOMCTBA CBO-
OomHBIX TI'pyom B KjacCe Bcex Tpymil.

14.1. Onpepenenne. JiaeMeHTH HOPO'KAAIOIEr0 MHOKe-
ctBa M nw6oil mamHo# Ipynnkl G MoryT OHITh CBA3aHH CoO-
oTHOMEeHuAMH B G, T. €. Ipou3BeieHUA CAMAX dTHUX DJIEeMEHTOB
M DJeMeHTOB, K HAM o0paTHHIX, MOTYT PaBHAThHCA eJWHHIE
B G. Hanpmmep, z27! = e, 2712z = e gnsg moboro z n3 M.
BDynyan caemcTBuAMEH aKCHOM, MOCJIeIHA® COOTHOIIEHWSA
Hem30e;xHpl B A000f rpyniie m noTtoMy Ha3HBAIOTCH mpu-
suasvnvini, OKaspiBaeTcs, CymecTBYIOT IpyOne, He goly-
CKalomme B HEKOTOPOM HOPOKAAIOMEM MHOM{eCTBe HAKaKmX
HeTPHBHAJBHHX COOTHOIMEHHMI — «CBOOOAHEE OT COOTHO-
menmitn. [leap 3Toro myHKTa — AaTh KOHCTPYKIHIO TAaKHAX
Tpyno M JoKa3aTh, 9T0 OHA ¥ OyayT CBOOOJHEIMHM rpymiaMm
B KJacce Bcex Ipymnn B cMpicie o0mero ompefeldeHds ria. 3
(9TUM 0OGDBSCHAETCA, B YAaCTHOCTH, HPOMCXOKAEHHEe TePMHHA
«cBoGomHAaAY).

Ilycrp I — muoskecrBo. O kakoit Opl rpynne G ¢ moposk-

maomuMu Z;, { & I, ug mua peun, ee 3JeMeHTH H300pasKa-
A

I0TCA CIOBAMHM Tj. . . ™, &; = =1, a mX yMHOKeHHme —
NPUIINCHBAHAEM CI0BA K CJA0BY. OT0 M HOACKA3BIBAET MJEI0
KOHCTPYKIMM: Hajio caMm cJoBa oT OykB {z;, 27 |ic I}
Ge3 mOACIAOB THma 2.7, &=-1, o0BABATH BJeMeHTaMH
rpynnsl, a BX OpHUOMCHBAHEE APYr K APYTLY € TOCIeqyIOmuM
BHUCPKUBAHHEM TAKHAX IOJCIOB — YMHOKCHHEM.

BoJsee Toumo, 3aguMKCHpyeM ABa MHOMKECTBAa CHAMBOJOB

X={zlicl}n X 1= {ai'iec I}
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Caoso ¢ aagagume X — o710 mycraa (obosmauaerca 1) mau
KOHOYHAfl HOCHe0BaTeAhHOCTH, cHMBONOB m3 X | ] XL
Uucno smeMeHTOB 3ToHl MoCJaeJOBATeNHHOCTH Ha3HBAaeTCA
daunoi cinosa. CiroBo Ha3oBeM COKpAMUMBIM, €CIH OHO CO-

TeP’KAT COCeHHe CHMBOJH Bmua 23, %;, & = —-1. Hampn-
Mep, mepBoe m3 CJOB

-1 -1
Lol \ T Ly Ty, L 1XoXy Ig

HECOKPAaTHEMO, a BTopoe cokpatuMo. Dymem roBopmth, 4TO
IBA CJI0BA U M U 9KguedaenmHb. (B CHMBOJAX: U ~ U), €CIH
UV MOKHO HOJYYUTh H3 U 4epe3 KOHEYHOe HUHCIO BCTABOK

M COKpameHHH CJ0B BHAA ZiZ; . SICHO, UTO OTHONIEHNE ~
pedeKCHMBHO, CHMMETPHYHO WM TpaH3MTHBHO. Bce cioBa, sk~
BHBAJIEHTHEIe U, 00pPasyloT KJAacC SKBHBAJEHTHHX CJIOB, KO-
Topuiii MH o0GosHauynM gepes [u].

1444. Teopema. IHyemv X = {z; | i € I}. Ha mno-
acecmee F (X) Kaaccoe oskeusarenmuvix caoe & aagasume X
onpedeaum ymmnoxcenue, noaazas lullv]l = [uv]. Omo onpe-
deseHue He 3asucum om cayiaiinozo ewlbopa npedcmasumenei
¢ kaaccax. Mmnowecmeo F (X) asasemca epynnoii omuocu-
MeAbHO MO0 YMHONCEHUA.

JorxasarteasnrcrtBo. a) Jloboii Kiacc sKBumBa-
JeHTHHX CIIOB COleP/KUT elMHCTBeHHOe HECOKpaTmMoe CJI0BO.
JleficTBuTenbHO, TycTh P (1) 0o6o3HAYaeT HeCOKpaTmMoe CIo-
BO, NONY9YeHH0® A3 U MOCIeJ0BATeABHKNMA BHYCPKHBAHUAMH

caMoro OpaBoro HOAcHoBa zir; . OyHrmmA p obmajaer clie-

IyIOmMAME CBOMCTBaME (3HaK = o6o3HagaeT rpaduueckoe
PaBeHCTBO):

o (u) ~ u, (1)

o (u) = u, ecaiu u HeCOKPATHMO, (2)
p (uw) = p (up @), (3)

p (zizi’u) = p (u) mpu & = +1, (4)
o (uxiziv) = p (wv) mpu e = 41, (5)
p (w) =p (p ¥)p ®))- (6)

Ceosictea (1), (2), (3) cuenyroT HemocpeaCTBeHHO M3 ompefe-
aeHnsa p, (4) Berrexkaer us (3), dpopmyxa (9) caemyer m3.(3),
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(4), dopmyna (6) — u3 (3), (4), (0) mANyKOEe#d mo AaMHe U.
Ilycte Teneps u ~ v, rge U, v — HecoKpaTHAMHe ciaoBa. Ilo
onpegeJeH M0 CyIecTByeT IOCIeJ0BATeAbHOCTH CJIOB

U==Uy, Uy « .., Up =1,

B KOTOPOH coCeHHe CJ0Ba HOJYYAKTCA APYT A3 Apyra ogHOR

BCTABKOH MJIM OJHMM COKpAMEHHeM IIOACIOBA BHIA Z:iZ; .
Beugy (5) p (Win1) = p (u;), mosromy p (v) = p (1). Beany
HECOKPATUMOCTH CJIOB U, U 3TO 03HagaeT, 4TO ¥ = U.

6) HesaBmcmmocts mpomssemenust [u][v] or caywaitmoro
BrI6opa mpeAcTaBmTeNel U, U BHTeKaeT M3 a) m dopmyas (6).
AccommaTHBHOCTS YMHOKEHHA KJIAaCCOB ACHA M3 ONpeeeHns.
Epnunneit 6yger kaace, comepxammii nycToe CI0Bo, a o6par-

[ -8 -
BeM K Kracey (5, ... £] —xmace [z ™. . . #;;"]. Teopema

JTOKa3aHa.

I'pynoa F (X) nassiBaerca cgo6odnoti epynnoil co c60600-
HUM nopoxcdarwwum Mmuoxrcecmeor X, a Mommocts | X |
Ha3hBAeTCA ee cmenewblo (ceobodw). Ecam X = {x,, ...
e u Xy}, X = {4, 25, .. .}, TOo BMecTo F (X) mumyr Taxxke
F,(z), F(z) coorBercTBenHO. Ecin 06o3Ha9eHAA HOPOKIAAI0-
KX HecymecTBeHHH, To mumyT npocro F,, F .. B naasneii-
meM /Ui 3a0ACH 3JeMeHTOB CBoOOAHOH# rpynIhH Mhl OymeM
ACIONb30BATH MPEJACTABHTENHA KJIACCOB, T. €. IHCATH, HAIPH-
Mep, u = v, uv = w BMecro [u] = [v], [u] [v] = [w]. Beuny
3aMe4aHHMA a) MOKHO TOBOPHTHL TaKKe 0 HecoKpaTHMo# 3a-
NHUCH KJIACCa, MOApa3yMeBaa OO HTUM HeCOKPAaTHMMYIO 3allMCh
p (1) mwoboro ero mpexCTaBATENA U.

14.1.2. Yopamuenme. CsoGogEbe TpyOomel cre-
meHd _>2 HeKOMMYTATHABHH.

141.3. Yopaxuenane. Ecim u — Henycroe ¢ioBo,
To mamHa ciaoBa p (u™), n > 2, Goabme pauH ciaos p (u),
p (™). B gacrHOCTH, mM0bas cBoGofHas Trpynnma ABIAAETCH
rpynunoii 6e3 Kpy4eHus.

141.4. Yopamucanme. Hecoxparumoe ciaoso mHa-
30BeM I[MKJIMYCCKH HECOKPATHMMHIM, €CJH OHO HAYAHAETCA

£
HEKOTOPHIM CEMBOJIOM Z;, 8 KOHYAOTCA CHMBOJOM, OTJIMYHEIM

or Z; . BruepkmBas B Hadaje M KOHIE CJI0BA OJMHAKOBHIe
CUMBOJIE, BXOAAI(We ¢ PA3HEIMHE MOKA3ATENAMH, MOKHO
aio0oe HecoKpaTuMoe CJOBO U B KOHe9Hoe YHCJIO INATOB
NpPHBECTH K IHMKJIMYeCKH HecoxkpatmMmomy BEAy o (u). Iloka-
3aTh, 9TO 3JEMEHTH ¥, V cBoOOJMHOH TpynOH TOTAA H TOJBKO
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TOrga COompsKeHH B Hell, Korga o (u) = ww,, o (V)=
= W,W; HOPRE HOOAXONAIMUX W;, W,. |

OxasmBaercsa, Jdiob6ag Ipynma, obaamaiomas MMOPOKEAN0-
UM MHOKECTBOM MOIMHOCTHE #, ABJAAETCA roMOMOpPHEM 06-
pasoM cBOOOHO# TPyNIK cTeneHu . Bousme Toro, caegyio-
maA TeopeMma HokaseBaer, yro rpymust F (X) — ato u ects
rpynns, cBOOOJHEIe B Kjacce BCeX TPyHI B CMBICJe Hadajaa
TJI.

14.1.5. Teopema. IHycmv zpynna G nopoxdaemcs
muoxcecmesom M = {g; | i = I}. Bosvmen aagasum X ==
= {x; | i & I}. Omobpaxenue X — M no npasutry z; — g;
eOUHCMEEHHUM 00pa30M npodoaxcdaemcs 00 20MOMOpPHUIMA
F (X) —»0G.

HoxasareanctBo. flcHo, aro of6pa3omM Kiaacca

[2f; . . . xf::] Hajj0 00BABUTH 2JIEMEHT gi, . . . gfﬁ HKoppexr-
HOCTh M TOMOMOPOHOCTH 3TOr0 OTOOpaKeHHA BRITEKAIT H3
onmpenenenniz. Teopema moxazana.

Junements axpa H romomopdusma F (X) — G masmBatorcs
coomnouenuamy rpynnsl G B andaBure X. Ecam MHOKeCTBO
H’' cooTHomeHuii TaKoBO, YTO MHUHEMAJIBHAA HOPMAaJAbHAs
moarpynna B F (X), comepsxaman H', cosmagaer ¢ H, to H'
HASHIBACTCA ONPeOeAfOUUM  MHOHCECMEOM  COOMMOWEHUL
g aagpasume X. Tax vax G ~ F (X)/H, 1o 3aganue aadapara
X n muomectBa H' noxnoctsio ompemensier rpynny G. Ilapa
X, H' nasniBaercs zememudeckum Ko0om Ipyunns (¢; cHMBOIH-
geckaa 3anmch: G =rp (X || H). Wsvorma pmas xpaTkocTH
mepedYeHh IOPOMTANMAX 3JEMEHTOB OIYCKAT, IOApPAa3yMe-
Bas, YTO rpynmna HOPOMKAAeTCS BCeMH 3JeMeHTaMM, YIOMHUHA-
eMHMH B OIpefedAIoNmux cooTHomeHuax. HomeduHo, ofHA H
T4 K€ rpynma AonyCKaeT MHOr0 pAa3ANYHKRX TeHeTHYeCKHX
KOMOB, M H0Jb34 TOr0 MM HHOTO KOMa 3aBHCHT OT KOHKpPeTHo#H
sagagu. OcoObI#i MATEepeC MmpefCcTABAAIT IPYNOH, HOOYCKAIO-
muyue KOHeYHHIH IeHeTHYeCKHH KoJl, OHH HAa3KIBAIOTCA KOHEYHO
onpedeaeHHMU .

Nuorpa Bmecro caoB v u3 H' B 3anucm reHeTHYECKOro
Kojma OAMYT paBeHCTBa u = 1 mam maske u; = U,, €cam u
MeeT BHI Ul .

14.1.6. Yopaxuaennme. CsoGomman abeaesa rpyn-
oa cTeOeHH n JOUYyCKaeT CJAeAymui reHeTHYeCKEHE Kof:

TP (T1y « o oy Zp | T T iz, 1 <0G n).
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141.7. YVopaskuaeHnne:
CoxCu=rp(z, yl2® =1, y* =1, zy = yz).

Hasa oTHICKaHHMA FeHeTMYEeCKOTo Kofa I'pynnsl BoO MHOTHX
cay4daax OHBaeT YHA00eH Memod nepeducaeHus CMeHHHE
KA(CCO8, KOTOPEIA MBI NMOACHUM Cedyac Ha OpUMepe IpyInH
§,. Ilpexxne Bcero, B paccMaTpHBaeMoi Tpymnne BeIOmpaioTcs
HOpPORAAIOIMUEe DJeMEHTH W 3aNMCHBAITCA COOTHOINEHHA
MEKIY HHUMH, NPeICTABAAIMecH N0 KaKuM-To coolpa-
YKeHHAM, X0TA O METYATHBHHM, JOCTATOYHHEIMHU NNA OIpeie-
nenus rpynnsl. Haopamep, B rpynme §, B KagecTBe moposk-
MAOmMX MOMHO B3ATh daeMeHthr z = (1234), y = (12)
(cMm. ynpaskHerue 2.2.4). Tar rax zy = (234), 1o

=1, =1, (zy)®=1.

ITockoapky Hama rpynna He o4eHb CJIOKHA, Pa3syMHO Opef-
NONOKATH, 9TO DTH COOTHOMEHHA MW J[OCTATOUYHH [Js €0
ompefeneHus. UTo6w JOKAa3AaTh 8TO, PACCMOTPHEM
rpyuany

G=rp(x ylat =1, y* =1, (zy)® = 1),

a B Hel Kakywo-EuOyap DHoarpyunny, ckamxem, H =
H H0CTapaeMCcs YCTAHOBHTL, 9410 G comepxutr |8,]:4 =6
cMexkHNXx KiaaccoB no H. Torma 6yper

|G| = |H||G:H| =24

a Tak Kak (G BmeeT §, cBomM roMoMopdHEM 00pasoM, To MONy-
9UM HCKOMHIA m3omopduaMm G ~ §,.

Haweptum B cooTBeTcTBHU € oupefeqAlMHUMA COOTHOIIE-
HEAMA TIpynnosl G TpE TaOJaAUE

x x x X v Y X ¥y x y x y

1 1 1 1 1] ¢ 1 |1 1 1

A HadHEeM NepeIACHATh CMCIKHbIE Kiaacch G mo H, 0603HagHB
camy H unmdpoit 1. Ouesumgnoe pasencrso 1xr = 1 Mu yke
BHeCJIM BO BCe TaGamnmul. UTo mammcaTp Ha mMyCTOM MecCTe BO
Bropoin Tabamme? Ilomosxmm 1y = 2, Torma XKax cCleacTBHO
moaydaercsa 2y = 1. BHeceM 3aTH cooTHOomeHEs Bo Bce Tab-
JMOE, OTKPHB OJHOBPEMEHHO B KaKAOH K3 HEX HOBYIO
CTPOKY:
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Tabaunbl 3aKpLUIACH — HEpeuYncileHne CMeKIBX Kaac-
coB 3aKoHYeHo. Ero pesynsrat: |G : H| = 6. 3amerum, 410
Ha KaKoM-TOo Imare MH MOTJIH M HEe 3aMeTHThb BO3MOK-
HOTO0 3aN0JHEHHA HEeKOTOPHIX MeCT, TOrJa KaKof-To KJiaacc
moayuyua OB HeCKOJABKO pasdHbix HOMepoB. TaxkumMm ofpa-
30M, H3 BaKpWTAA Talaun caegyeT JWIOb HEePaBEHCTBO
|G : H | < 6. Tak kak, ojHako, G mMeeT TOMOMODP(HBIM
o6pasom rpynny §;, To CTporoe HepaBeHCTBO Ha CaMoM JeJie
HEBO3MOKHO.

OT™MeTnM eme, 910 3-5, 4-A M -1 CTPOKM mepPBoH TaOJAIIEI
ABJAAIOTCA CIeQCTBUAMHA Z-H CTPOKM M MX MOKHO OblIo Ou
BooOIie He NHCATh; TO e OTHOCHTCH Ko 2-i, o-i, 6-#1 cTpoKaM
BTOpO# Tabauusl m 2-i, 4-i1, o-i, 6- cTpokaM TpeTheil Tab-
agns. BopoyeM, 9TE B HeKOTOpHEe Apyrue yupoImeHAA MeToa
nepevYmcJeHUsA HOCAT yiie TeXHWUYeCKHH xapaKTep, U MH He
OymeM Ha HHX 3afepkHmBaThCa. Jlo6aBUM TOJXBKO, YUTO
ONMCAHHBIA MeTO[N XOpOII0 HoAxaeTcs HIpPOrpaMMHEDOBAHHIO
IS BEHIYMCIAUTENBHBRIX MammH (cM., Hanpmmep, c¢6. Brramc-
JeHns B anre6Gpe m Teopm:m uncen.— M.: Mmp, 1976).

1418, YonpakuHeHHe:

83 =r1p(x, y| 2* =y = (xy)? = 1).

14.1.9. Yupakue HHe. [lepeuncante 9 CMEKHLIX
KIaCCOB TPYIIH

G=rpx, ¥, 2]|2° =y" =2 = (y2)! = (z2)* = (zy)* = 1)

no moarpyane H = rp(z, y).
14.1.10. Y op amneune. Hajith reHetTHuecknii xop
rpyonsl nopAapka pq, rae p, @ — OPOCTHIe YUCIa, P < (.
141.11. YopamueHnHue. Hoagrpynna, mopoxennas

B F (z, y) onementamm z"y2", n=0,1, 2, ..., cBobomguo
NOPOKIAAETCA MMM (T. €. ONMCHIBAETCH HYCTHM MHOMKeCTBOM
COOTHOIIEHMIT).

Jaganne Tpyno IeHeTHIEeCKAMH KOJaMH eCTEeCTBeHHO BO3-
HAKAeT B TOIOJOTHM (HampuMep, B TeOpHMM y3J0B) H OPYTHUX
o6aactax. Iogpobuyno Teopnio moxkuo Haitu B [11, 17].

14.2. Marpnusoe npexpcraBienne. B 3ToM IyEKTE MEI Jl0-
KaeM H30MOPQHYIO BIOKHMOCTH CYETHHIX CBOOOJHHX rpymm
B SL, (7). Tax kak rpynou F,, F,, ... BraagmBalorcas F,
a Fo B F, (ynpaskueune 14.1.11), To mocraTouno Ha#TH B
SL, (Z) croGognyw moarpynny cTemeHH 2.
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14.2.1. Teopema. IIyemv m — yeroe uucao > 2.
Hodzpynna, noposxcdennas ¢ S L, (7) mpanceexyusmu

1 m

t12(m)=(0 1>, 1‘21(??"'f)=(1 O)a

m 1

nopodcoaemca umu c60600H0, m. €. ORUCHIBAEMCA NYCMBM
MHOHECMBOM COOMMHOULEHLLIL.

HMokasaTteascTno. 0003HAIMM I KPaTKOCTH
a = t;, (m), b= t,, (m). Ilycts w — uepepymiomeecsa npouns-
BOJlcHH® HEHYJeBLHIX CTemeHeidl 3JeMeHTOB a4, b B rpynme
S L, (7). Hapgo nokasars, 9To w 7= e. Ecim w HaumHAeTCA CO
cTedeHH b, TO MOMKHO CONpPAYL W ITOW CTEHEeHBI0 H pPacCMOT-
peTh mOAydYeHHoe NIPOM3BeJeHHe, KOTOPOe HAYMHAOTCHA YIKe
co cremeHH a. IlosToMy nmycTs w = a%b® , .. ¢®,rHec = a
miau b, Bce a; 7= 0. Ilycts z; — BepxHAA CTPOYKA MATPHUIHI
aub% . ., ¢%. Ecaa Zy-y, = (Zap~q1, Lax), TO

Pe a Gt
Zop == 2ok 10" = (Toks1s Tox)s  Zoker = Zok@ ¥ = (Top 41, Loks2)s
T7Oe

Xok+1 == Lgk-1 -}~ MAgkLoks Fokre = Tk + MOk 11Tk +1-
O6pepmnna nociefHAe JBe QOPMYAH, HOIYydaeM
Tisg =T+ MOy Ziyy BA =1, 2,...,r—1.

Ham pocraTrounmo jgoxasath, 9T0 ¢ poctoM i oTr 1 mo r - 4
uncaa | x; | Bospacrator. aa i = 1, 2 aro npopepsaercsa He-
IOCPeACTBeHHO. Jlanbme BefeM HMHAYKIHAIO:

|Zg | > m oy | |2 | — |2 | =

>2|zml—lz > 2w [+ 1.
TeopeMa morasaHa.

YxasagHHe B Hefl KaHOHMYeckme Baokenma F,
— S L, (/) Becbma nonesHs B Teopun cBo6ojHEX rpyon. as
HILTIOCTPANEM OTMETHM OJHO HX NpHMEHeHMe.

14.2.2. Teopema. Hyemv p — npocmoe wucao. Jwo-
6asa ceobodras 2pynna F (X) annpokcumupyemcs KOHELHLMU
p-2pynnamu.

Horasareanbcrtso. IIycrs X' — KoHewHAA dacTh
X. Ilochmaa ocraasHbEle CBOGONHBIE NOPOKAAIINAS B OHHE-
ny, Ma moxydaM romomopduam F' (X)— F (X’). Tark kaxk
Afpa TAKAX TOMOMOP(H3MOB IepeceKanTcd Io efHHHAIE, TO
no teopeme Pemara 4.3.9 F (X) — moamekapToBO mMpomM3Be-
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JeHHe CYeTHHX CBOOOMHHX rpynn. TakmMm o6pa3oM, MOMKHO
caurats, 910 F' (X) cuetna, a motomy mo teopeme 14.2.1 Bio-
jeHa B KoHrpysHu-noarpynny T, (p). Hamomuum (cM. yno-
pakHenne 4.2.7), 970 o ompefieseHHIO

Y,(m) = {z |z SL, (Z), = ¢ (mod m)}.

Bynmyan smpamu romomopdusmor SL,(Z) - SL, (Z x),

noarpynnst T, (p*) — HopManrbHEE DOATPYOOH KOHEYHHX
uHfieKcoB B 8L, (7Z) n, 09eBAIHO, IEPECEKAIOTCA IO eHHALS,
kE=1,2,...Hosromy, cHOBa mo Teopeme Pemaxa, I'y (p)—
mofeKapToBo npoMsBefieHEe Komeunux rpymn Iy (p)/T, (p%).
Haxoner,

D

(e + pa)’ = D (":) (p2)t = e (mod p?),

=0

e+ paP = 2 (1) (p%) = e (mod p?),

mostomy T, (p)/T, (p*) ects p-rpymma. Teopema fokasama.

O6paTuM BHHMaHHE HA TO, 970 QUHATHYIO ANIPOKCHMM-
PyeMOCTh CBOGOJHBIX TPYNI MHI BHBEJIE 31eCh M3 (HHATHOI
ammpoKkcuMupyeMmocT® rpynust G L, (7). Booome, GUEATHYIO
AOOPOKCHMAPYEMOCTh I'PYLIH JacTo YAAeTCs M3BIEYh M3 €e
IpPefCTABUMOCTE MATPHIAME BBHAY CJIeAYIOmMEHR TeopeMhl
A. . MaasneBa (Marem. ¢6., 1940, 8, Ne 3, c¢. 405—421):
8CAKAA KOHEUHO nopoxclenHas apynna Mampuy HOO nosem
Purnumro annporcumupyema. Ilpocroe mokazaTeabCTBO 3TOHR
Teopemn MoxkHo Haittu B [20], crp. 408.

Jlerko mpoOBepHTH, YTO MHOKECTBO

Gm == {.‘L‘ I T — SLz (Z), 11 = X9y = 1 (mOd mz),
Lig = T91 = 0 (mod m)}

Apnsaerca noarpymnnoi B SL, (7), mpnaem
Ip (t12 (M), 31 (M) < G-

B o6meM cayuae paBeHcTBa HeT, Ho, KaKk moxasaix U. H. Ca-
soe (JIAH CCCP, 1947, 57, Ne 7, c. 657—659),

rp (t12(2), s (2)) = Gy,
T, ©. 106y MaTpEOY U3 G, MOJKHO PAa3JiOXHATH B IPOH3Bee-
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HNe CTeleHell TpaHCBeKnuwil @ = i, (2) m b = i, (2). Ugeno
TAKOr0 Pa3ioKeHHA IMOACKA3HBAKT (QOPMYJIH:
( Zy Tz ) a% — (xn z12 + 20‘--"311)
Ta1 Tag Tn Tyt 2025’
( Ty T12 ) b — ( zy 4 2Px1z xm)
Ta1 T22 xo1 + 2B%20 T
Mu orpaHMYEMCA TeM, UITO HOSICHAM e€e Ha IpHMepe MaTPUILH

__(_23 — 86
“\— 4 —15)'

B meit |z, | > |24 |- Amem Taxoe o, 9TOOH B MaTpHIe
' = za* O6mno |z, | < |y |- HAnAa atoro menmM z,, 4
+ | zy; | Ha 22,, ¢ ocratROM: —63 = (—46)-2 4 29. Bepem

o = —2 (JacTHOe C OOpATHHIM 3HAKOM), TOTJa
o — a_z__(__23 6)
=z =\_ 4 1/

Tenepr mmem Takoe P, yTo6H B MaTpmue z” = z'b8 Gnuro
|22 | > | 2y |. Hemmm zp, + | 21, | Ha 2213 ¢ ocTaTKOM:
—17 = 12.(—2) + 7. Bepem f = 2 (9acTHOE ¢ OOpaTHHIM
3HAKOM), TOTAA

3aauuar, z = adb2al.

14.2.3. Yopamuaenne Onmcars m o6ocHOBATH aj-

TOPUTM PasNokeHHA MATpun U3 G, 0o mopokaaomuM t,, (2),
321 — 86
tay (2). IlloapsysAch WM, pa3N0KHTh MATPHIY (698 -—187)'

14.3. Ioarpymer. OrasmuBaercs, 910 a0fadA MmOArpymnmna
cBoboaHO# rpynnH caMa cBo6omHa. JTa Teopema Onuia JTOKa-
saHa Hunascemom B 1921 romy nnsa KoHedHo moposkeHHEIX
noArpynm, a B moxHoMm ob6neme — Illpaitepom B 1927 rony.
B sroM nymKTe MH majoxkuM Meron Illpaitepa, moamoasio-
muii HaXOAWTh CHCTeMY CBOGOAHKIX NOPOMAANIMHUX AJA
IOATPYNNK CBOOOMHOE I'pYIIH.

Iycts H — moprpynma mpodmsBoabHod rpymmu G. 3a-
¢EKCHpyeM B Ka)K[OOM IIPAaBOM CMe;KHOM Kjaacce & mo H mo
npepacrasutexio. [na moarpynns H snfmpaeM npefncraBmTe-
aeM 1. OyEKnuA, DpHHUMAKINAA HA JIOG0M IPaBOM CMEK-
HOM KJacce IMOCTOSHHOe 3HaueHWe — (MKCHPOBAHHBIA Ipef-
CTABHTEAb 3TOr0 KJacca,—Ha3uBaeTca (IpaBoit) swoupawuel
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dynryueii. HemocpeacTBeHHO MPOBEPAOTCA CAeAYIONUE CBOM-
cTBA 910 QYHKUMH: I = T M Uv = uv, TAe U4, V=G, a il —
¢uxcEpoBamHH nDpeAcTaBHTeNh Knacca Hu.

Bufupaomas ¢yHKDua D03BONAeT OO0 LHOPOMKAAIIIEM
9NeMEHTAM TPYINH CTPOHMTH DOPOKMAIOMUE 3JIeMEHTH IOf-
rPYIIIAL.

14.3.1. Teopewma. ITyemv M — nopoxdawwee Muo-
scecmeo epynnv. G, H — ee nodepynna, u v U — dynryus,
subuparwwyas npaswe npedcmasumesu G no H, § — muooice-
cmeo enbpannuxr npedcmasumeneit. Tozda

—1
H=rp(szsz |s=S§, x=M).
-1

HHorasatTeanbcTso. AcHo, 9TO 3JIeMEHTH SIST
cofep:karca B moarpynne H, IlokaxkeM, uro ni060# 3geMeHT

u3 H MmoxHO 3amwcarb KaK NPOH3BEACHHE 3JOMEHTOB SIST '
K 2JeMeHTOB, K HHM of6paTHnx. HemocpencTBeHHO mpoBeps-
eTCA, 9TO0
—1 ) | —_—
(szsz Y!'=s'z"%'z7L, rpe s’ = sz,

OpHYeM @0 § OJjHO3HAYHO BOCCTAHABNHBaeTCA § = s’z L.
IIyets Temeph 9deMEHT U = Z3 ...%y, L; =M, g =
= =41, B3ar u3 H. MH [o/sKHE 3amMCcaTh ero B BHJE CJI0Ba

1

| 4
or aneMeHTOB Bufa stsz . Oboanawmm u, = 1, u;y, = z,'...
... x4 Torma HckoMoO# sammchi0 6ymer

-1 -1

~1

g ]
u = (i z™ ) (fgxeuszs ). . - (G,2, 0z, ) (1)
He#icTBETENBEO,
=1
£ —
wrt uy,=1, i=1,...,r—1,

M03TOMY IpaBafd 3acTh cooTHOmeHEHA (1) paBHa
-1

_ e e

hauu,z,, =tlw-il'=1l.u-1=u.

Teopema mokasama.
14.3.2. Yunpasxkueunmne. Ilogrpynna KonevHoro m=-
[eKca B KOHEYHO LIOPOKAeHHOU rpymme KoHeIHO HODPOKAeHA.
14.3.3. YnpaxuaeHnue. Halitu B cBoGogHOH rpynme
F, nopoxmamomue sJeMeHTE HOATPYNIH CJIOB YeTHOH JIIRHH,
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14.3.4. Ynpasxueunne. Jloas3ysace morazaTeabCT-
BoM TeopeMut 14.3.1 u dopmynoit ynpaskHenusa 2.2.4, maitm
OOPOKAAIee MHO;KeCTBO Aiada A,.

MuosxecTBO 371eMeHTOB CBOGONHOM I'pYHIHI, mpeACTaBJeH-
HEX HeCOKPATHMEIMH CJIOBaMH, HA3EBAaeTCA wpaliepoeuMm,
ecJd BMeCTe ¢ KasKAKM CBOUM 3JIeMEHTOM OHO COJepyKMT H
BC€ ero HadYaJbHEE OTpPEe3KH.

14.3.5. Teopema (Humancem — Ilpaiiep). Hycme X —
npoussoavuiill aagasum, H — npoussosvnas nodzpynna ceo-
6odnotepynnu F = F(X).Cywecmesyem no kpaiineil mepe 00na
wpatieposa cucmema npedcmasumenel ' no H. Ecau u — 0 —
coomeemcmeylowas el enoupawwas Pynkyua, mo H ce0600no-

nopoxcoaemes HeeOUHUMHBIMU dseMeHmamMu STSTr , 20e § npo-
Gezaem MHOINCECMBO GWIODAHHWT npedcmasumeneli, a r npobe-
eaem X.

HNoxasaTeasctTsno. a) CymecTBOBaAWe mIpaiepo-
BOH CHCTeMH DNpaBHX mnpeAcTaputeaeir. Haszopem Jdaunol
cMeNCHO020 Kaacca Tpynnnl F mo moarpynme H pgamey camoro
KOpoTKoTO cioBa B HeM. IloctpomMm mpaitepoBy cHcTeMy HH-
AVKIOMe#A o0 AJMHe KJacca.

BrifepeM mycToe CI0BO B KauecTBe mpeacTaBuTens piaa H.
Ecim L — xaacc piaman 1, To BubepeM ni060e CI0BO JIHHE
1 B KaueCcTBe ImpeAcTaBUTeJA 3TOT0 KJiacca. IlycTs B KIaccax
IIMHE, MeHBINEH I, HpelACTABUTE]H YiKe BHIGpaHH, T. e. Ha
aTHX KJIaccax YsKe, ompefienena [Buifmpaiomas QYHKIHAA
u — i, OpAYeM [JIMHA OpeACTABUTEJNA COBMNAaAaeT ¢ AJIMHOU
riaacca. [Iycts L — mpom3BoaBbHHA Kiacc AIuHH 7. Bo3dbMeM
B HeM Xakoe-HHOYAb C€I0BO Y, ...Y, ;=X [J X7, m

o0bpABAM mTpeAcTaBHATeNeM KJjaacca L ¢I0BO Yy . . . Ypr—qYy:
flcHo, 9TO Tak DOCTpPOeHHAA CHCTeMa IpelCTaBUTeNeH mpaiie-
posa.

6) Ilycrs S — mpailepoBa cucTeMa mpefAcTaBuTedelt F mo
H, u— @i — coOTBeTCTByiOmaaA el BHOmpalomasa QyHKIHA.

IToxaskeM, YTO HeeIMHAMYHEE 3JIEMEHTH
-1
sxsx , s= S, z = X, (2)

csofonuo moposxnaoT H. 3 teopemu 14.3.1 Mu yxe 3HaeMm,
gTo oHm mopoxkpanT H. Ocraerca nmokxasaTh, 4TO 3TH 3ie-
MEeHThl He CBfA3aHLH HETPHBHAJbHEIMA COOTHOINEGHHSIMHU.
IIpesxme Bcero, xasxmoe ciaoBo (2) mecoxpatmmo. JleiicTBn-
TeJIbHO, COKpAImEeHHsA MOTYyT HAdYaThCA TOIBKO Ha CTHIKAX
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¢ Oyxsoi z. Ho eciu s = 8,271, T0 sx5% ' $,5 g 1, a ecam
5T =215, 0 s =15 ® szsz = 1.

Hamee, mycTh 4, UV — HeeAMHHMYHHE CJHOBa BHAa (2) mum
K HEM ofpaTHmie, mpudeM uv % 1. I3 moxasaTeancTBa Teo-
pemul 14.3.1 MH 3Haem, 49TO

u = sx®sat , v = {yotyd 1, s,te= 8, z,ys X, g, 6 = 1.
BBany HeCOKPATHMOCTH CJIOB ¥, UV HPONECC COKPAMIEHAHN B HPO-
M3BeCHAN LV MOKeT HAYAThLCA TOJBKO Ha cThike. OH 3ariox-
HeT, He fAoima Ao zt ciaesa m Yy® cmpama. [lecTBHTENBHO,
BBHAY IIpadepoOBOCTH CHCTEeMH IIPeACTABHTENEeH, eCIH Hmpo-
Iecc COKpaO[eHHA 3axpatdail OK cHadazla z%, TO 6RO ORI

l = s,x"%w, rae s, = sx®, OTKyJa

& — -8
5,78 = 8,77 = s,

Ho 310 HeBO3MOKHO, mocKOAbKY u 7= 1. Ecam ke mpomnecc
COKpameHH# 3axpartmi On cHagana y°, To Gr0 6H 8, = tylw,

rfe s, = s2%, OTKyfa .
tyd = tif.

Ho sTt0 HeBo3MokHO, Tax Xak v %= 1. Haxonen, coxpa-
THTHCA ONHOBpPeMeHHO z°, y® TaKike He MOTYT, LOCKOJBKY
uv %= 1.

IIycTs Temeps MaHO HemycToe HeCOKpATmMoOe CIOBO B CHM-
sonax (2). Hamo mokasaTh, 9TO ecam pacCMATpHBATh €ro Kax
ci10B0 B andasuTe X M IpPOM3BECTH BCe BO3MOMKHEIE COKpamie-
HUA, TO OCTAHETCH HEeIIycToe clIoBo. Ho meficTBHTeNIbHO, BBUAY
CKa3aHHOr0 BEHIUIe, COKPAUleHAA MOTYT HAaYAHATHCA TOJLKO
Ha CTHKAX CJIO0B (2) M mpeKpamialTcd, He AOXOAA [0 UX cepf-
ueBuH z. TeopeMa noxKasaHa.

14.36. Yopaskuennme. B rpymme F (z, y) naiitu
paiepoOBY CHCTeMY HpeACTABUTeJed M C €€ IOMOIbI0 CBO-
OomHbIe IOpOKAAMIMe MJIA KOMMYTAaHTa B ONA HaWMeHbIIeH
HOPMAJLHOM HOATPYLIH, COfep:kameir z, ¥, Tae r — meioe
YUCIIO.

Caenymomasa TeopeMa IIO3BOJNAOT BRIHUCIATH CTEIEHH CBO-
OofnI HOATPYNI KOHEYHOrO0 HMHAEKCA B CBOOOJHEIX Ipymmax
KOHeYHOU CTeIcHH.

14.3.7. Teopema. Hyemv F=F (2, ..., x,), H<
< F, | F: H| = j. Ecau n, j — Koneunvie wucra, mo H umeem

cmeneib
m=1+ (n—1)]j.
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JorasatTeasbcTBo.B o6o3HadeEUAX OpeANaymeid
TeopeMH IycTh M — MHOMeCTBO BceXx nj 3ammced BEpia (2).
HaM Bafgo moHATH, KOTJA DTH 3a0UCH M300pa)KaOT eJWHULNYY.
C oToii 1enbio 0603HaUYEM Yeped So MHOKecTBO S 0e3 enuHU-
OH B ompefeauM oToOpaskenume t: So — M, moiaras

—_1

ses'x mpm s=s'z, z&=X,
— 1

SIST npu s=szt r= X.

ST=

HemnocpenacTserHo npoBepAeTCsa, 9TO T — B3aWMHO OHO3HAY-
HOe oToOpaykenue So Ha Te sanucd m3 M, KoTtophie m3o0pa-
»KaloT emmHUnY. Tak Kak crenedb [ paBHA YACAY OCTAJBHLIX
zamuceit, T. e. nj — (j — 1), To Bce HmOKasaHO.

14.3.8. Ynpaxueunune. [logrpynna xoHeuHoro mH-
fiekca B ¢BOOOAHOH rpynne GecKOHEYHOH CTemeHHM caMa HMeeT
feCKOHEUHYIO CTeOeHb CBOOGOJLI.

14.3.9. Ynpaxueune. Ecam F,, F, — crobogune
OOATPYIIE OJHOTO W TOTO K€ KOHeYHOI0 MHAEKCAa B IPYIIIe
G, 0 F, ~ F,,

14.4, Paper nenrpanoB m koMMyranToB. Ilycts G — mpo-
n3poabHad rpymma. OnpenesmMm B G yOmBalomui pax mop-
rpynn

1G> 1.6 > ... (3)

caenylommM obpasom: w,&G = G, ¥ ecam moarpynna y,G yaxe
ompefieaeHa, 70 YnnG = [v,G, Gl; 3mecs [A, B] — B3aumumii
KoMmyTauT rpyon A m B. IlonydeHHN# pan mOATpynN Ha3kI-
BACTCA HUNHUM Yenmpaivhblm padom, a v,G n-m yenmpasom
rpyunsl &. llepecedenme Bcex moarpynnm psama (3) — o-#
yeumpas rpynnu G.

CioBa

71 (&) = Zy,
Yn+1 (xls v xn.;.l) — h’n (xla =0y xn)$ xn+1]$ n = 11 2’ AR

HA3KIBAIOTCA NPOCMBLMU KOMMYMAmMOpamy, IACIO 7. — 6eCOM
KOMMYTaToOpa Vy.
14.44. Yopaxuenne. [lna xoboik rpymmun G

VnG =Tp (Va (g, .- &)l&EG, n=12,...
1442, Yonpaxuaenne., Jna nwoboid rpynou G

HMeeM
lv: G, v,Gl < vi,sG, i, j=1, 2,...
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Y kasaHune. [[ppMeHUTs HEAYKOUIO H JeMMY O [pex
KOMMYTaHTax 3.2.3.

1443 Yunpamxusennme, [na noboit rpynnu n-i
KOMMYTAHT JeKaT B 2"-M meHTpaJe, n-i MeHTpaJ HDOATPYIIH

JeKAT B N-M OEHTpale TPYIIH.
14.4.4. Teopema (Marayc). Bo scakoli c60600n0l

epynne F - yenmpaa pasen edunuye.
NNoxasaTeascTso.a) [Ilycts cHavana F cderna.
Ilo Teopeme-14.2.1 ona BXJIaAKBaeTCA B KOHIPYSHNI-TIOATPYI-
oy I', (m), m > 2, nosToMy mocraroguo y6egmThCsA, 9TO ®-H
nenaTpan rpynns I'y (m) paBen equHAIE.
DossMeM MaTpHIIH

g=c+mia=T,(m") 1 f=e+mb=T, (m).

Hycrts gt =¢ + m*a’ u f!=e+ m't’. Torma Kommy-
TATOP

g, f1 = (e + mka’)(e + m’b’)(e + m"a)(e + m’b) =
= e + (mfa’ + m"a 4 m*a’a)
4 m't - mb+ m'b) + ... =+ ...,

rie To9KaM# 00O3HAYeHH CMEWIAHHLIE IIPOM3BEfCHAA THIA
m2*+la'ab. flcwo, 9T0 M0G0 Takoe CMEUIAHHOE 1}:£[p0ﬁ3BeneHne
CPAaBHHMO C HYJeBO¥ MaTpumedl I0 MOAYAK m * a moromy

lg, fle=T, (mk+l)-
IlpoBegeHHOE BHYHCHEHHe IOKA3HIBAET, UYTO

[T, (mk), I, (ml)] < Pz, (mhl)’

moatoMy y;Ly (m) < Ty (mi). Ilockoarxy () Ty (m')= e, O

JUISl CYETHRIX TPYOI TeopeMa MOKa3aHa.

6) IIycts Temepp F — mpomaBoapHas cBobofgHAsA rpymnma.
JlonycrtuM, 9T0 @-if neuTpan F comep)KAT HeeMMHUIHEIE 3JIe-
MeHT f. BosapMeM maa xkammgoro n = 1, 2, ... pasnoxeHne f
B IMpOU3BeicHHe IPOCTHIX KOMMYTATOPOB Beca n, cobepem
BCe KOMMYTHDYEMHE 9JI€MeHThH M BRIPAsAM HMX vepe3 IIOPOK-
naomae siIeMeHTH rpynon F. fcuo, 9To mpm atoM GypeT
ACIOJAB30BAHO JAIb CICTHOE MHOMKECTBO IOPOKAAINIUX 3JI6-~
MEHTOB. ITO MHOKECTBO IOPO;KAAeT CBOOOAHYIO MOArPyIOy.
Taxk KaK 0Ha CYeTHA U He HOAYHMHAETCA Teopeme Maruyca, To
ME IONydaeM IpotmBopeuue. Teopema JoKa3aHa.
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Beugy 14.4.3 n3 Hee BhITekaeT, 9T0 - KOMMYTaHT CBO-
6ogHOH IpPyDNH, T. e. HepecedeHHe BCeX KOMMYTAHTOB C Ha-
TYpPAJbHEIMA HOMEPaMH, PaBeH eIUHHANE.

ITyers u — caoBo B andasmnte X. Josapugmomn u no ocno-
eanulo r = X Ha3HBAETCA IEJ0e IACIO log, 1, paBHOE CYM-
Me IOKasaTesaelt npu 6yxse z B cioBe ¥ (096BHAHO, AJIA KBH-
BAJEHTHHIX CJOB 3Ha4YeHHMA Jorapmpma ONMHAKOBH). fIcHo,
9T0 oTO0pasKeHMe, comocTapiAmee KaxkaomMy u m3z F (X)
Habop ero sorapu¢gmoB log. u mo BceM r & X, ABNACTCA IO-
momopduamoMm cBobopuoil rpynnu F (X) Ha cBobomuyio abe-
JeBY T'PYLIY TOTO ’Ke paHTa. Tak KaK CI0Ba ¢ OJUHAKOBHIMHA
JorapuMaMu mo BCEM OCHOBAHHAM JIEKAT B ONHOM CMEKHOM
KJIacce I0 KoOMMyTaHTy, To xommytaHrt [F (X), F (X)] 6yner
aapomM aToro romomopgmama. Ilpmmenasa »ro paccy:xaenme
K KOMMYTAHTY cBOOOAHOM IpynDH W T. A., MHI IIOJyJaeM CJe-
AYIOIOANA pe3yabTaT:

Cexyuu pada rommymanmos ce0600HOU epynnu — C60-
6o0ntie abeaesvt epynnut.

OrmeTdM 0e3 [0Ka3aTeJhCTBA, YTO0 CEKNUH HHMKHEIO
IeHTPaJlbHOTO pAAa cBOOOAHOH TrpymmH — TakK:Ke CBO0O[-
Hue abesneBsl rpynmu (TeopeMa Bmrra). 910 ycranaBiampaeTcs
3HAYATEILHO 0O0jiee TOHKAMH CPeJCTBAMH.

14.4.5. YonpamueHnune. C(CBobogane rpynns pas-
JAYHBIX CTelleHEeH CBOOOAH He M30MOP(QHE,

- 14.46. Yopamnuaenne. Mcomoassys kKommyraTop-
HEIe TOMAECTBA I. 3.2, TOKa3aTh, YTO CEKIMH HUKHEro IeHT-
palbHOTO pANa CBOGOAHOH IpynnH KOHEYHOH CTemeHH AB-
AA0TCA KOHEYHO HOPOMKIEHHLIMHA abejeBHIMH IpyIHaMH.

§ 15. Mnaoroodpasna

IMogkaaccu, BHAeAAEMEe B KJacce BCeX IpYyII TOKAECT-
BOHHHIMA COOTHONICHMAMH, HAB3KBAOTCA MHO2000pA3UAMU.
Hanpumep, kaacc abemeBHx rpynn — MEOTOo6pa3ude, BHIIE-
AAeM0e TOMIAECTBOM zy = yx. MHoroo6pasua TecHO CBA3aHH
co CBODOMHHIME TPYOOaMH, HOCKOIBKY TOMIECTBA —3TO 3Je-
MeHTH ¢BOOOAHKX Tpynn. Teopmm MHOr006pa3smii HOCBAMEHO
3HAUATEAbHOe 9HCIO paboT, B ToM umcae Kumra [21].

3Mech MBI BBOleM UCXONHKEE IOHATAA 9TOH TEOPHH H YCTa-
HOBHM, YTO MHOT000pasHA COBmAfal0T C KJaccaMu IpYLI,
3aMKHYTHIME OTHOCHTEJHHO B3fATHS NOATpyNm, TroMoMopg-
HHIX 00pa3oB W MeKapTOBHIX IPOM3BEJeHUH.



138 CBOBEOJHEIE I'PVIIIILI I MHOIOOBLPA3HA [IJI. 5

15.1. TokpecTea m mmorooOpasusa. Ciaoso v B andaBHuTe
Z,, Ty, . . . HABHIBACTCA moMPecmsom Ha XKjacce rpynn £,
ecin HAa Ni06o# rpynme G u3 ¢ oHO obpamaeTrcA B eIMHHNY,
KOIa apryMeHTH Z,, Z,, . . . Hpoberaior (. IIycts V — MHo-
JKECTBO CJIOB B aJpaBHTe X3, T3, . . ., G — rpynnma. B o0mem
ciygae ciaoBa m3 V He 06s3aubl OLITH TOKAecTBaMuA Ha G, 1
KX 3HAYeHUA Ha & NOPOKOAIOT HEKOTOPYK HOATPYIILY

V@ =tp (g, .. ) lveV, ge=s6). (1)

JTa moArpynna HashmBaeTcs eepbaabHoti (= caosecHOR) B G
OTHOCHTeJbHO V M B HEKOTOPOM CMEICIe M3MEDPAET OTKIOHE-
HHe rpynnk & oT rpynon MHOT00GpasHsd, OmpefelsaeMoro TOM-
pectBamu V. OueBngahME mpuMepaMu BepOaJbHEX NOATPYIIT
CIAY:KAT KOMMYTAaHT M d-f CTeloeHb T'PYNIK — OHH OmpeJe-
NATCA ciaoBaME [z, y], 2° M H3MepAT OTKIOHeHHe TPYIIIH
0T XOMMYTATABHHIX TFPYIIO M OT rpynn nepuopaa d.

15.14. Yopamuenne. Ilentparek m mnociaenoBa-
TeJIbHHE KOMMYTAHTH T'PYIHIK ABJATCA BepOaJbHBEIMH DOJ-
IrpyLoDaMH.

15.1.2. Ynpamuaenue. Bepbarbmad moArpymma
Bep6aabHOM HOArpynOE BepfajbHa BO BCeil rpynme.

151.3. Yopaskuenune. Bepladbane TOArpynnH B
rpyane F, — 370 B TouHOCTH Te mOogMHOMkecTBA H aTO# rpyn-
IOH, KOTOpPHE YAOBJETBOPAKT ychaopmam: 1) u, ve H =
=sweH,2Q)ucH=su'laeH, 3YueH, vy, Vg &
EFo=u@,... thyw € H.

JloKaskeM CcymecTBOBaHUE H OJHOBPEeMEHHO JAfiAM OMHACA-
HAe CBOGONHHIX TpyHI B IIPOM3BOJLHOM MHOTroo6pa3um B
CMEICJIE HayajJa IJa. 3.

15.1.4. Teopewma. Hycmv & — muroz006pasue 2pynn,
onpedeasemoe moxcdecmeanu V, IHyemv X — aagasum,

Fy (X) = F (X)/V (F (X)) (2)

u * o6osnavaem ecmecmeenHbl comomoppusmn F (X)— Fy(X).
Ecau X ={z;|i=1I), G— epynna us @ c nopoxdaio-
wum muoxcecmeom {g; | i = I}, mo omobGpascenue z¥ — g
eduncmeeHHUM ob6pasom npodoasxcaemcs do eomomopgusma
Fy (X)—> G. Apyeunmu caosamu, zpynnu Fy (X) ceob60dnu
8 mHozoo6pasuu' L. Hmu ucuepnmeaiomcsa éce ce0600HBIe
epynnu. u3 L.

INloxasaTeasbcTBo. a) flcHo, 9T0 1A MONYYeHHA
romomoppuasMa F'y (X) — G Hago caoBy 0T zi COIOCTaBHTH
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3TO e CI0BO OT g;. INoppeKTHOCTH m roMOMOP(HOCTH 3TOIO
oTo6paKeHN A TPOBEPAITCS HemocpeacTBenHo. CiaemoBarenb-
HO, Fy (X) — cBoGoguas rpymua B L.

6) Ilycts F — cpofogmas rpymma B € co cBoGOAHKIMHE
noposkpgaromuMa f;, i = I. OroGpawkenne f; — zf mpomoJ-
skaercA K0 romomopduama F— F'y (X), a orobpamenue x; —
— f; mpogoaskaerca Ao romomop¢mama Fy (X)—» F. Or-
ciona F ~ F'y (X). Teopema moxasaHa.

MmuoxecrBo {zf | i & I} mazmBaeTcA ce0600HULM NOPONC-
daowum mruoxecmeom rpynon Fy (X), a ero mommocts —
cmenensio c60600n rpynust Fy (X). YacTHrMHN caygasamm 3TAX
NOHATHH ABIAKTCA OJHOMMEHHHE HOHATHA IS CBOOOJHEIX
7 cBoGoaEbIX abeseBHX T'PYII, BCTpedYaBIHECS HaM paHBIIE.
CpoGopgryio rpyony cremeHm # B MHOTrooGpasmm £ o6ozHa-
gaiT Taxie I, (L).

HcuepmuBalomee ommcaHme IpyIl, CBOOOJHHIX B MHOTO-
o6pasum abexeBHXx rpynm, Ouno gaso B §7. B npyrux MmuHo-
roobpasusax cBo6OHEE IPYHOHN MOTYT OHTH YCTPOEHH BeCh-
Ma CJIOKHO — CM., B dacTHocTH, § 23.

15.1.5. Ynonpasuneunnme. [I'pynma XpaTepHHOHOB
rp (z, y | 24, %2, z7'yry) He cBOGOAHA EM B KaKOM MHOT000-
pasum.

ITyers v — caoso. OueBmpgno,

vigy, - - 8=V (gl ..., gn)

aaA nwoboro romoMoppuama ¢: G — G*, moatomy romMoMopd-
B 0o0pa3 BepbanwHoBt moarpynnk V (G) nexut B Bepbaib-
Ho#t moprpyunme V (G*). B wactHocTm, Bcakas BepbanbHas
NOArpyuna 3HAOMOpHO AODYCTHMA.

15.1.6. Yopaskuaennme. ¥Ykazare B C, X C; sapo-
MOPPHO AOMYCTHMYIO, HO He BepOaJbHYH DOATPYILY.

Hna rpynn, cBoGogHEIX B MEHOroo6pasuu, CATyand yOopo-
mIaeTcA:

1514.7. Teopewma. ITycmv & — mH02006pasue spynn,
(- — epynna, ceobodnasn ¢ 8. JAwbas sandomopgro donycmu-
mas nodepynna H epynnu G eepbasvha.

HNoxasaTtenscTBso. Boasmem B (& cBoGonEO moO-
pokpaomee MuOecTBO {g;| i = I} m paccmorpum B F
MHOKeCTBO V ¢€I0B U (X4, ..., Z;, ) € YCIAOBHEM, YTO

v(gi - - - 8iy) & H. Iloxasem, wro H = V (G). Brawo-
venne H < V (G) ouwempuo. O6parHo, nmycts v &V,
g <G,
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Hapo moxkasaTh, 4TO
v(gi - .- &) = 1.

Ho BBEay cmoGoam G B ¢ orobpaskeHme g; — gi MOKHO
IPOJOJKATE A0 9HAoMoppu3amMa rpymnom G. Tax xkax
v(gy .- &, ) EH u H sagoMoppHo pomyctama, TO

v (g, - - gi_ ) € H. Teopema moxasana,

CooTBeTcTBEE MeAy MHOroo6pasuaMm M ONpeAeaAlNnu-
MM HX MHOMKeCTBaMH CJoB u3 [, He B3amMHO OQHO3HAYHO,
OOCKOJBLKY ABA PA3JINYHHX MHOKECTBA CJIOB MOTYT oupefe-
JATH OHO U TO ;e MHOFooOpasue. C Apyroii CTOPOHEI, MHOMe-
CTBO BCEX TOMKAeCTB, HCTHHHHIX HAa MAaHHOM MHorooGpasumm,
ABIAETCS BepOaabHOM NOATPynuod B £, 1 JerKo IpoBepuTSH,
YTO 9TO COOTBETCTBHE MEXKAY MHOT000pa3uaMA B BepOaJ bHEIMA
NOATrpynmaM# B3aMMHO OAHO3HAYHO. Ilo3TOMY M3yUerUme MHO-
roobpasmit m ma3yuyeHme BepOanbHHX moarpynon B F, —
paBHOCHJIbHEE 3a/1a9H.

151.8. YopakHeHHe. Iloprpynna, moposxaen-
nag B F, BepfansEniME mogrpyuomamm, BepbanbHa. Haxoe
MHOTOOGpasne OHa ONpefledder!

I[Ba MHOKeCTBA TOKAECTB V', W Ha3mBaoTCA sKsUBALEH M-
HblMU, CCAM OHHM ONPEAeNAT OAHO M TO K€ MHOroofpasume
Tpynm uid, 970 paBHOCHILHO, ecl V (F',) = W (F',).

15.1.9. Yopaskaenue. Joboe xomednoe MHOe-
CTBO TOKAECTB 9KBHBAJEHTHO OJHOMY TO;KJECTBY.

(OTMeTHM, OHAKO, 4TO JaJeKO He KaKjoe MHOTrooOpasme
Ipynn MoKeT ORITH 3aJlaHO OJHUM TOMKIECTBOM.)

15.1.10. Te o pe M a. Jwboe muoxecmso V caos 6 an-
gpasume z,, Ty, . .. IKGUBALEHMHO MHONMCecmsYy euda W =
= {zf, u; | j = J}, eade d > 0, u; — ca08a us xommymarnma
epynn F (zy, x5, . . .)

IoxaszaTeaAbCTBO. JanoumeM Kamaoe v m3 V

B BHJe
m

V=i .. T,
rae BCe 3HAYKHA Iy, . . ., [ PA3JHAYHE, a U — 3JIEMEeHT KoM-
myTauta rpynou F' (z,, z;, . ..). Illycts d — obmmit Ham-

foJpmmi OeaHTeab YHACET My, . . ., m 10 BCeM v u3 V. Uncno
d ¥ 371eMeHTH U, B3ATHE IO BCeM U B3 V,— mcromuie. [leiicT-

My

BHTeIbHO, sicHO, 410 V (F o) < W (F ). O6patHO, Cci0Ba Zi,
cogepmarca B V (F'y) — OHH HOAYYAIOTCHA M3 U, KOTIA OC-
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TaJdbHHE alPpaBATHHE OYKBH IMOCKHAAITCA B eUHHAIY,— 103~

TOMY H ciioBa z}, u copepskatcs B V (Fo). Teopema nokasana.

15.2. Jpyroii mopxon k Muoroodpasumm. Ecim € — Krace
rpyan, to oycrs SE€, Qf, CL 0603HaYaI0T COOTBETCTBEHHO
3aMEIKAHAA 3TOr0 KJacca OTHOCHUTEAbHO ONepammil B3ATHA
NOArpynO, roMoMOpPHEX O06pPa30R H J@KapTOBHX NpOHU3Be-
neamit, Ecam @ — mmorooGpasue, TO, oueBEAHO, S = &,
Qg = ¢, C¢ = & Oxasmpaercsi, cIpaBejaABa H o0Gpart-
Has

15.21. Teopema (Bmpkrod). IHyemv L — EKaacc
epynn. FEeau S = g, QL =8, C{ =g, mo & — mno-
2000 pasue.

NNoxasareasncrtso. [Iyctb V — Bce ToxaecTsa,

WCTHHHHE Ha Q, @ — MHOrooGpasme, OIpefeideMoe NMM.
OuepEpEo, QL & @ m Hago yOeamThca, uro L < L.
ITockonery Q8 = €, To JA0CTaTOYHO HPOBEPHATH, 9TO JI0-

Gas rpymma F, csoGomHas B ¢, mpmHAmIeKAT ¥, a BBAAY
coorHomenn#t CQ = ¢, S¥ = 8 aag 3Toro K0CTATOYHO
BIOKHATH F B meKapToBo mpom3BefieHAe Ipynn H3 £. YKaKeM
TaKoe BJOJKeHHe.

Cormacao Teopeme 15.1.4

F=F (X)/V(F (X))
npn uonxopAmem andasare X = {x; | i & I}. {na kaxporo

caosa v (x;, .. ., a:,-m), He NpRHAMJIEeKAMero MHo)kecTsy V,
Bo3bMeM B ¢ rpyuny G,, a B Heil dIeMeBTH g,;, i = I, =Ha
KOTOPHX
v (gvin Y gvim) # 1.
BospMeM paexapToBo IPOH3BeAeHHE
11 6.
vEV

a B HeM NOArpynmy, HOpPOKNeHHYI0 aieMeHTaMmH f;, i & I,
rae f; (V) = g,;. Taxk Kax smeMeHTH f; He MOZYAHSAIOTCHA HH-
KaKAM COOTHOILEHHAM, KpOMe TOKAEeCTB M3 V, To HOPO«-
neHHass BMA Hoarpynma maomoppHa F. Teopema foxasana.

Jlerko BHJETH, 9TO B MEHCTBHTENBHOCTH MbI [JOKa3ajal
paBeHCTBO

¢ = QsCg (3)

A1 IPOU3BOJABHOIO Kiacca rpymno .
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15.2.2. Yopamxuaernne. Ilycts G — Komeunmasn
rpynna, SR — mHorooGpasme, ompefeisdeMoe BCeMH TOMIe-
crBamu, mcTHHHEEME Ha G. Jliodas kKomewHo mopoKueHHAA
rpynna B3 M KoHewHa.

Y kKaszaHHTeE Bocuoab3oBarbcA ¢opMmynoid (3) npm
L = {G}.

15.2.3. YopaxkHenme. B Komeuno moposkmenHO
rpyune G no6asa moarpynna A KoHeYHOro HHIEKCA COLEPIKAT
Bep6albHYI0 DOATPYNNY KOHEYHOro HHAEKCA.

Pemernne. Beany 2.5.13 MosxHO0 cunrats, a0 H HOD-
masisHa B G. Ilyers V — cmcreMa Bcex ToMOecTB, HCTHHHEIX
Ha koHeuHOo# rpymnme G/H, | — mmorooGpasme, onpeneise-
MoOe 3THMH To)KAecTBamMHl. l'ak Kak rpynma G/V (G) koHedHo
NOPOsKJeHA W OmpuHAHIe:KAT N, To oHA KoHEeYHa (ympasKme-
aae 15.2.2).

15.2,4. Yopass He H me. YKasaTh KIACCH rpynm g,
M, N ¢ yecaopmamu:

SE£8, Q=8 C=¢g,
SM=M, QM=M, CRN=N\W,

SR=RN, QN=RN, CR£N



I'nasa 6

HWIBIIOTEHNTHLIE I'PYIIIBI

B npeampympmx riaBax M HO3HAKOMHAACH ¢ aGeJeBHIMH
A KoHeynHIMH rpynnamu. IIpomspoiapHas rpynna He o6s3aHA
OpAHAMJIEeKATh 9TAM [BYM ceMeiicTBaM, HO BceI/la TaK HJIH
AHAYe CBA3aHAa ¢ HAMH. YCTaHOBHTH BO3MOKHO Oosbime Ta-
KAX CBA3ed B ¢ HX HOMONBI0 M3YYATH CaMy rpynmy — BOT
OpPUBHYHKA OyTh MHOTEX pafor mo teopmm rpynn. Ha stom
OyTE OPAJYMAaHk MHOrOYECJIeHHHE YycjioBus, Oamskme K
YCIOBHEAM KOMMYTATHBHOCTH HJIH KOHEGYHOCTH TpyInH, Ha-
9AHAA OT CAMBIX €CTeCTBCHHHIX I KOHYAaA BechbMa IPHYYAJIH-
BHIMHA H HPOCTO B3JOPHBIMH,

Bakneiinme 00600meHERA KOMMYTATEBHOCTH — pa3pe-
MAMOCTh H HAJIBHOTEHTHOCTh. PaspemrHMBle TPYIIE — 3TO
IPYLOH, KOTODHE MOM¥HO cobpaTth m3 abeJeBHX TIpymnd HO-
CPedCTBOM HeCKOJBKAX IOCAe0BATENIbHHX pacIHpeHAd. Ja-
MeYaTeJbHE OHH, B JaCTHOCTH, CBOEH CBA3BI0 ¢ 3afiadedl o
paspellmMocTA ajrebpamdecKux YpaBHeHHH B pajuKalax
(cM. BBenienHe), KoTOpPOH 00sA3aHH M caMHM Ha3BaHHEM.

HanpnoTeATHRIe T'PYIOOE COCTABAAIOT KJACC, NPOMEKY-
TOYHEIA MeAy abeleBHMHA H pazpemuMbMH rpynnavu. Onm
ompeneNAnTcA 6ojiee CHo}KHO B AONycCKaloT Gojaee rayGokoe
A3yJeHHe.

M5 DOCBATAM 3Ty I'V1aBY H3Y4eHHI0 HAJBIOTEHTHRX TPy,
a CIeAYyIOmYI0 TIJaBy — H3YYeHHAIO pa3pemuMHX Tpynil.
Mnaoro maTtepecHHX $aKTOB TEOPDHM HHAJBIOOTEHTHHIX H pas-
pellEMHX rpymon Mo:kHo Haiitm B [15, 30, 39, 44].

§ 16. Odugue cpoiicTBa m mpuUMepHI
16.1. Onpenenemme. Ilycte G — rpynma. Hopmansmasn

MaTpémKa
=G <G ... LG, =G (1)

Ha3KBAeTCA YeHmpPAAbHOU, €CIA BCe ee CeKINH HeHTPalbHH,

T, e.
G;,/G; < Z (G/G;) nns Bcex i (2)
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HJIA, 9YT0 PaBHOCHIBHO,
G41, Gl < G; ana seex . (3)

I'pynoa, obnamaomas IeATPaJbHRMH MaTpEIIKAMH, Hask-
BaeTca Huabnomenmuol (Haspanme 6ymeT oODbsICHEHO HHIKE),
a MHHHMalbHOE YHCJIO CeKIUil TaKAX MaTpéilek — ee cmy-
nenvio Husvnomewmuocmu. HemocpeacTBemno W3 olpefelie-
HAA BHJHO, YTO HAJBIOOTEHTHHIE IPYIIH COCTABIASIT Kiace,
IPOMEKYTOYHHIM MeKNy KiaccamMu abeseBHX H paspemMMHEX
rpyun, npudeM abelJeBn I'PYNOH — 3TO B TOYHOCTH HHJBIO-
TeHTHHE TIpynOH cTyneHz 1.

16.1.1. Ynpamaennme. Bcakaa Mmarpémka noa-
rpynn ¢ ycaosdeM (3) aBTOMATHYECKH sABAAeTCA HOPMadb-
HOH.

I[lycry G — mpomspoapHas rpynnma. MH MoKeM IOIH-
TaThCHd NOCTPOATHh B HEH IEHTPAABHYIO MAaTPEIIKY, PYKOBOA-
cTBysach ambo dopmynoit (2), mr6o dopmynoi (3). Mmenno,
nYyCTh

&G =1, §;.G/I0G =2 (G/§:;6), i =0, 1, 2,...,
1.6 =G, vinG =1y6G, Gl j=1,2, ...

Moarpyunn ;G HasmBaioTed zunepyenmpamu rpyunn G,
a moArpynnH y;G — 3To 3HAKOMEE HaM Yewmpa.wl rpynnu G
(Te m Apyrme JIeTKO OMPEAENAIOTCA MJIA MPOU3BOJBHAX TPAHC-
MHATHEIX HOMepOB, HO MH HE XOTHM CeiIac HOrpy:KaTbCca
B 9Ty TpAcmHY). fCHO, 9TO €CIH HEKOTOPHH TI'HIEePIeHTP
COBIIAZlaeT CO BCeil Ipynmoil MIW HEKOTOPHHM HEHTpal COB-
nafaeT ¢ eJHHANEH, TO IpynIa HAJBNOTEHTHA.

O6patno, nycrs rpynna G mrasnorentaa u (1) — mpoms-
BOAbHAA IEHTpalbHAA,Marpémka B Hed. IlomokmM s Kpart-
koct Z; = [;G, T'; = v,G. Onpepenennsa m jJerxkad MHIYK-
oEA JalT caefylomue BKINYeHAA:

1=Z0<\Z1\<~...,
vV v
=G <6< .. < 6oy <6, =6, (4)
Vi Vv
T =6

Orcrona BEgHO, 9TO B HMJABNOTOHTHOHU Ipylnile PAABl IHOep-
IIEHTPOB H IEHTPAJOB ABJIAKITCA MaTpEMKaMH, T. e. cojep-
;#aT 1 1 G, | 9MCII0 CeKI{HHA B KaKA0U A3 HAX PABHO CTyIeHH
HANBIOTeHTHOCTH rpymnnsi. llox Bamammem puarpamMme (4)
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DTH PANH HAa3HBAOTCA 6EPIHUM UYEHMPAALLHBM M| HUNCHUM
yenmpaavbim (BTopoit Tepmma dopManbHO yiKe ORI BBeleH
B u. 14.4, o TompKo ceitgac moayumsn oGbsacHenme). XoTA
BOPXHSAA M HAKHAA IMEHTPAJLHbIE MAaTPEIIKA HAJIBIOTEHTHOH
TPYOIBE AMEIOT OAMHAKOBOEe YACIO WIEHOB, CaMH MAaTpémKd
He 00513aHHE coBamaTh — cM. yopaskaennmsa 16.2.10 m 16.2.11.
16.1.2. I pr me p. llyecrs K — noxe, n 2= 3. Ilonssysack
dopmyaamn (9), (12) m3 3.2.1, HeTpyAHO TPOBEPHTH, ITO PAL

UT, (K)=UTLK)>UTHK)>...>UTHK) =

ABJsETCs ONHOBPEMEHHO BepXHeil M HIKHEH NEHTPaJAbHOH
marpémkoii B rpymne UX, (K). B gacrmOCTH, 3Ta rpynmoa
HAJBNOTeHTHA cTynesn n — 1. B pabGore omHOr0o H3 aBTOPOB
(Mepaasaxos 10. U.— Anre6pa m mormka, 1964, 3, No 4,
c. 49—58) BHUHCIEHH NMEHTPaJbHLIE PALH APYTHEX MaTpHY-
HHX TPYII, B TOM 9HCJIe HAKAAE MeH TP AJIbHbIEe DAL IN1aBHRIX
KOHTPYSHI-NOATPYIL HAJ JOKAJIbHHMHA KOJABIAMH H CHIOB-
ckax p-mouarpynn mn3 G L, (me). B mocmenmmem ciayuae,
HaOpuMep, ImoidydaeTcAd TakKoe ommcaHme. IIycrr gisa kpar-
koctd K = 7 n. BosbMeM OycTyi0 MaTpUny CTeIeHH 1,

T. €. KBafApaT, pasOHTHA Ha 1 TOPH30HTANIHHHX H 1 BePTH-
KaJIbHHX HOJNIOC, H IOKpoeM ee Kogpom udeasose K, pK,
p’K, .. . caegynomaM 06pa30M (Ha cxeMe N = 3):

--------------------------------

-------------------------------
--------------------------------

~ - ~ S et
n n n

IIycts G — cmaoBekas p-moarpynna s G L, (K). Hak Mu
3HaeM, OHA COCTOHT M3 BCeX MarpHI cTeleHH n Hafg K, cpas-
HAMHX € eJMHAYHON MATpHIEeH# IO MOAYJII0 KOBpa HJealioB
B OTMe4eHHOM mnoao:kesmm (yopakmendme 11.3.3). Oxasm-
BaeTcs, 9To OpH r > 2 neaTpai y,(G COnep/KHUT Té H TOJNbKO Te
marpann #3 S L, (K), koTophe CpaBHAMH ¢ €IHHANEH IO
MOAYJI0 KOBpa HAeaioB, CABEEYTOro Ha r — 1 marop Bmpaso.
Boaee c[)opMaJILHo, oycrs K — accoumaTABHOE KOIBLO C
enmumieii, Cucrema ero mmeanoB a4 = {a;; | i, j & 7} ma-
3EIBAETCA K08DOM Udéanog, eCild
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Jlerko mposepHTh, 9T0 ecidm K KOMMYTaTHBHO, TO
I (0) ={r&= SL,(K)|x;; = 0;;mod a;;}

— rpynma; oHA HA3HBaeTcsaA (CneyuaavHoll) KOoH2DYIHY-Nod-
apynnoii no Mmodyaw kogpa G HIA kK08p0oGOU nodepynnoil
(B gactHOCTH, mpr K = 7, 4;; = (m) nmoaygaerca I, (m)
3 4.2.7). B stux 0003HaYCHMAX YIOOMAHYTHHA BHIIE pe3yJib-
TaT [JAacHT (Temephb y:Ke Ha A3HKe GOPMYH, a He PHCYHKOB):
ecid G — canosckaa p-noarpyuna rpymnn GL,(K), K =
= me, TO
v.G =T, (a™"), r=2,3, ...,
Te
o " = p-lU-i-nmg;

KBa/[DATHHE CKOOKA 03HAYAIOT B3ATHE HeNoi Jactu U p'K =
= K mpr [ < 0. Orcroga BEnHO, B 9aCTHOCTH, 49TO CHJIOB-
ckas p-moprpynna rpyunst GL, (7 m) HRIBHOTEHTHA CTyMe-

ar mn — 1.

Uz sameuanna nocie ¢opMy (4) AcHO, 910 rpynna (r Tor-
A2 H TONBKO TOrja HUJABINOTEHTHA CTYIeHH < S, Korja
Vss1@ = 1. IlosroMy maacc N, Bcex HAABONOTEHTHHX IPYNII
CTYIEHHA < S eCTb MHOrooGpasue, ompemeiseMoe TOXIECTBOM

v3+1 (xl’ L | xS‘l']_) = [xlj " s vy xs+1] - 1

(cm. ympasknenme 14.4.1). B wactocTm, M, saMKHEyTO OT-
HOCATEJABHO B3ATHA NOArpyni, roMoMopdHHX o0pazoB H
gexaprophix mpomspegeHmit. Cormacuo o0med TeopHEW Iad. O
muoroobpasme N, obramaer cBOOOAHEIME IpynnaMi; Bce OHH
AMEIOT BHJ

F (X)) F (X)

OpH nogxopanieM aidasmre X.

16.1.3. Yupamaenme. Ilyers G — csobommas
HUJbIOTeHTHAS IPYNNA CTYIEHA 2 ¢O ¢CBOOOIHBIMHA IIOPOKIAT0-
muma a, b. Ilycrs eme ¢ = [b, a]l. Kaxgnii sanemenr g us G
eWHCTBEHHHM 00pasoM 3aOmCHBaercad B Bamge g£ = a%bPc?
C melnMna a, f3, y, npaIeM

a®bBev. a2’ bb’ eV —= gt hB+P pv+y +AB,

18 v
Caemopatesnpno, oTobpaxenme a*bbcy—| 0 1 o | apugerca

0 0 1
nzoMoppmaMom G mHa UT ,(7).



§ 16] OBIIAE CBOMCTBA H IIPAMEPEI 147

Heckonbko caos o tepmmuojormm. (CBoe HEIHeNIHee Ha-
3paHre HUJbNOTEHTHBIE IPYIOH HOJYIRIH He Cpasy — 0JIro
AX Ha3HBal@ HWYero He TOBOPAIAM CJIOBOM «CIlemuaJbHEIE).
Me:xny TeM B TeOpHH KoJien yiKe JapHO paboraio HOHATHE
HAJIGLIOTEHTHOTO, T. €. «IHOTeHI[HAJbHO HYJeBOTO» KOIbIA —
9TO KOJBI[0, B KOTOPOM IPOHM3Be/leHNe NamHOTo YHUCJa JIOOKX
9JIGMEHTOB PAaBHO HYJIO:

xl...xnzo (5)

(TakoBo, HanpEMep, KOJBIO TPEYroJbHEIX MATPHI| CTEICHHA N
¢ HyJdesoii pmaromaisbio). Hmaccwueckasa teopms Jlu ycramo-
BHJAa COOTBETCTBHE MEMKITY OCOOLIM KIaccoM KOJel — KOJb-
naMa Jlm — m ocoOhM KiaccOM rpynn — rpynoamMme Jlm,—
IPH KOTOPOM YMHOMEHHI0 B KOJBIAX COOTBETCTBYET KOMMY-
TApPOBAHAe B IPynOax W, B YaCTHOCTH, TOAecTBY (0) cooT-
BOTCTBYET TOKIECTBO

[4, . .., 2] = 1. (6)

Ilo sT0if DpU4mHe TEPMAH (HEALNOTCHTHAS» B KOHIE KOHIOB
3aKpeNmicA W 3a rpyunamu ¢ ToxkmectsoM (6). OrmernM, gTo
TeOPHA I'Pynn He 0CTAJACh B JOITY IePel Teopmei Kojem —
paspemumbie Koibna Jlm OWJIM HAa3BaHH TaK [0 AHAIOIHA
¢ paspemuMBMHA rpyIOaMa.

Huorga cTynenp HHIBNOTEHTHOCTH HA3HBAIOT KJIAcCOM
HEJABIOT@HTHOCTH. JTO MeHee YAo0HO, TakK Kak IOPOK/IaeT
CTHIMCTHUECKAE® WIeHeBPEl BpOJle «KJAacca HAJTBIOTeHTHBIX
IPy0I JaHHOTO KJaccay.

O ¢BA3W MeXNY HMIBIOTCHTHOCTHIO B KOJbONAX H Ipylmax
eIe pas HAIIOMHOHAET

16.1.4. Yopaxaenme. I[lycts A — accommarupHoe
KOJbIO ¢ equAHNe#, B — ero mogkouabio, B”™ — noakoabio,
HOopoMKAeHHOe mpoussegeHAaMu b; ... b, b; & B. Ecanm
nonkoapno B EmasmoredTHO, T. 6. B" = ( mpm mekotopoMm n,
t0 MHOMectBa G = {1 + x |x & B'} saBagorca rpyn-
IaMd OTHOCHTeJAbHO yMHO;KeHHs B A, mpmiem [GO, GV)]
< G+, B wacTHOCTH, BC6 OHM HHEJIBHOOTEHTHH CTYIEHH < I.
9T0 BHOBb MOKA3bIBACT HILIBHOTEHTHOCTh HEKOTOPHIX TPyl
npamepa 16.1.2, mo y:xe 0Ge3 ommcamma LEHTPANBHEIX MaT-
pémex.

16.1.5. Yopaxaenanme. B nwofof HAIBIOTOHTHOM
rpynne 6e3 KpydeHHs eJIHHWNA — eAUHCTBEHHLIH 3JIEMEHT,
COUpPs/KeHARHA ¢O CBOMM OODATHEHIM.
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16.1.6. Yopaxuaenne. Illepuogaaeckme KOHEIHO
HOPOKJACHHNE® HHJIBOOTEHTHHI® IPYHIOLE KOHETHEHI.

Y Ka3aHme: BOCIONB30BATHCA yrnpakHenneM 14.3.2.

16.2. OGmne cpoitcTBa, CaMo ompegenerme HAABIIOTEHT-
HBIX IPYII DOMCKA3bIBAET SICHHA W 00bITHO GE30TKA3HEIA OYTh
AX H3Y49eHAA — MHIYKI(AI IO CTYOeHH HWJIBIOTEHTHOCTH.
IIposoms wAgyKmUIO, 9ame Bcero paboTaioT ¢ meHTpaJaMu
A T'UIePIeATPaMdA, HO WHOTHA HCOOJb3YIOT H JPyTHe HOArpyn-
Ooel. B aT0# ¢Bsizm moseana

16.21. Jlemma. Ilyemv G — Huavnomewmuas 2pynna
cmynenu s > 2. Jdwbas ee nodepynna, nopoycleHHas KOMMY-
MAaHMoM U OOHUM dAeMEHTOM, UMeem CMYneHb HULbnomewm-
HOCIU MeHblie .

Horxasareansctso. Illyetb a=G, H=(a, G, G)).
Tax kak

G, Gl < (8s-46) [ H < L H,

o rpynna H/{, ;A murkangeckas. [lockoapky gaxrop-rpymnna
0 NEeATPY He MOoKeT OHTH UKJIMYECKOH, OTIWIHOHA OoT 1, TO
{s-1 H = H, 910 m tpebGopalocs.

CpoiicTBa HANBIIOTEHTHHX I'PYIN, KOTOPHE ME YCTAHOBAM
B 3TOM IYHKTE, OTHOCATCA B OCHOBHOM K IOATPYUIIaM.

16.2.2. Teopema. Jwbas nodzpynna Hurbnomewm-
ROl epynny cyOoHopmaadvha. Bosee mouno, ecau G — Huawno-
menmHuas zpynna cmynenu 8, mo Oas awboii ee nodepynnw H
pad nocaedosamesvHbix Hopmaausamopos docmuzaem G He
nosxce yeMm uepea s wazoe.

IloxasarTeabcTBo Dpegem obosmagenus

Z; = UG, Ho= H, Hj,y = Ng (H)).

Hocratoaso mposeputs, uT0 Z; <L H;. Ana i = 0 ar0 oyge-
pagHo. Ilepeitmem ot i k i + 1. Tak Kax

G, Z,,1 < Z; < H;,
TO

HE < H, [H;, 7] < H,.

JTo o3Ha4aeT, 4TO Z;;, Hopmaamayet H;, 1. e. Z;4; < H;y.
Teopema nokasana.

16.2.3. Teo pema. B Huavbnomenmmnoll zpynne abas
HEMPUBUAAbHAR HOPMAABHAA NOJ2DYNNRA uMeem HEmpusuasib-
HOe nepeceierHue ¢ YeHmpoM.
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HNorkaszaTeAbeTBO NPOBOGUTCA WHYKIHEA IIo
CTyIeHH HUabmoTeHTHOCTH. llycrs G — HEJABOOTEHTHAA
rpyunna, H <1UG, H #£ 1, Z;, = {;G. Ecnn H < Z;, T0 yTBep*K-
pnenne tpupHaabHO. IIyery H < Z,. Torga no WEIYKTUBHOMY
OpefIoNOKeHn0, OpUMeHeHHoMYy K G/Z;, uepecedenne
HZ, (| Z, comep:RAT HeKOTOPHH snemeHT a & Z;. Tark Kak

a=hz, h& H, z = Z,,

0 h=H () Zy, h & Z,. Ilycrs anement g = G TaKkoB, 9TO
[k, gl %~ e. Torpa

[, gl = H [ [Z,, Gl < H [ Zy,

T. . nepecedenne H;(| Z, serpAsRanbHO. Teopema JokasaHa.
16.2.4. Yopaxamenune. DB munbnoTreATHOH rpynme
a106asg HOpMAAbHAA NOATPYINA KIPOCTOr0 LOPANKA JEHHT
B OeHTpe. '
16.2.5. Teo pewma. lHycmbv G — Husvhomenmuas zpyn-
na. Ecau A — ee nodzpynna ¢ ycaosuem A (G, G} = G, mo
A4 = G. B wacmnocmu,

G, Gl < D (G). (7)
HoraszareanbcTBo. Ilyers, manporms, A = G.
IMomosxum A; = A-;G,i = 0,1, 2,... Ouesmgro, 4; <

JA4;+. lyers A, <G, Apy = G. Tax xax cexmas
Amii/Ay abexesa, to (G, Gl < 4,,, oTKyna

AlG, Gl 4, <G.

Ipormsopeunme. YrBep:xnerue o moarpynne @OparTHHH BH-
TeKaeT W3 €€ ONHCAHWA KAK MHOKeCTBAa HeIOPOKIAMUAX
9J1eMeHTOB (TeopeMa 2.2.6). TeopeMa MI0Ka3aHa.

[Orkpoem 3gxech opmy Ttadmy. Ilpusoms upumepsr mop-
rpynd @parrmam B 2.2.7, ME YCTAHOBHIH BHIIOYEHHE
@ (UT\(Z ) < UT;(Z) m coobmumim (ocTaBmB ROKa3a-
TeJABCTBO YATaTeNI0l), 9T0 BepHO I o6parHOe BKIK4eHHe. IIpn
9TOM MBI HMeIW B BHALY Kak pas teopemy 16.2.5.]

16.2.6. Teo pema. B auwoboli nusbnomenmroii zpynne G
awbas makcumasvhas abesesa HopmasvHas nodzpynna A
cosnadaem co ceoum yenmpaausamopom. B uvacmruocmu, A —
Makcumarvnas abeaesa nodzpynna u G/A usomopdro ekaa-

Ovleaemca 6 Aut A.
ILouasaTeJIbc'rBo O6ozmaamm  H = Cg (4),

Z; = §;G. Ilycrs yme goxasamo, uro H (| Z; <{ 4, m nycrh
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re H () Z;, Jas seakoro g =G nmeem [z, gl &= H N
(1 Z; < A, mosromy rp (x, A) — abesesa mopMalbHAS IIOJ-
rpyona m3 (G, comepmaman A. Bsuny MaxkcmmaapaOCTEH A
nMeeM ¥ = A, 1. e. H ) Z;; < A. Takkaxk Z, = G opr
HEKOTOPOM n, 10 H = A, 4t0o u Tpeb0oBaloCh IOKA3aTh.

JIeMeHTH KOHEYHBIX IOPAAKOB 6yneM KOPOTKO HA3HBATh
nepuoduMecKUMU daeMeHmamu.

16.2.7. Teopema. B aw6oli Hurbnomenmuoli 2pynne
G cosorynnocms 1G nepuoduneckux snemenmos ecmov nodzpynna
(repuoduueckas uacmo zpynnu ().

JlokxazaTeapbrcTBO UPOBONATCA HHAVKIHEA L0
CTYLIGHM HHJBINOTEHTHOCTH ¢ HMCIOAb3oBaHmeM JeMMu 16.2.1.
Ilycts a, b — mepmogmaeckme snementh rpynns G, Ilomoxam

A= (a6 G), B=(0IlG Gl).

IIo mEayKTEBHOMY Ipefuono;kenmio TA, TB — moarpyunns
B A, B coorBercTtBenHo. Tak Kak tA 3mmoMopdHO HOomycTEMA
B A, a A HOpMaJabHA B G, T0 T4 HOpManbHA B (. Ilo Toi e
npmarEe T8 HOopManpHa B G. Tak kKak aw0060H sioeMeHT H3
TA-tvB npm Bo3BeqeHMA B NOAXOOAILYI0 CTEHEHb IONALaeT
cHagakxa B 1B, a sareM B 1, To rpynna tA4-18 nepmogudecka.
B wacTtHOCTH, 3JeMeHTH ab, a ' mepmommIecKme, 9TO ¥ Tpe-
00BaJIOCh MOKA3aTh.

16.2.8. T e o p e M a. B 41060l Huavnomenmuoii epynne G
6e3 KpyueHUs U36AeueHUe KopHel — 00HO3Ha¥Has oOnepayus
(xomsa u ne o6asameavHo 6ciody onpedesenHas), m. e. U3
a™ = b", n %0, caedyem a = b.

IloKkaszaTeabCcTB O NPOBONUTCA WHIYKNHEHA IO
¢ryneanm HmabmotenTHOCTH. Tak kKaxk 1A abeideBmx rpynn
TeopeMa OUYeBHIHA, TO OymeM cumrarh, uro G Heabeaesa. Pac-
cMorpaM mourpyuny (a, [@, Gl). Ona mopMansaa B G B mMeer
MEHbIOYI0 CTyHeHb HuiabmoTeHTHocTH (nmemma 16.2.1). Tax
Kak a, a’ & (a, [G, G]) m, ouesmmHo, (a")"*= o™, TO MmO
WHIYKTHBHOMY HDeAUOIOKEHHI0 a’ = a. 3HAYHT, 3IeMeHTH
a m b nepecranopounn, orkyaa (ab-')" = e, Tak kak G Ge3s
Kpy49eHms, to a — b. Teopema noxasana.

16.2.9. Yupaxuaeanme. B naoGoi HEmabnoTreETHOH
rpynme 6Ges kpyuemma z™y" =y "z (m, n % 0) = xy = yz.

Yragzamuae (Jay )" =z2"=y"zy =z mw 1. 1.

16.2.10. YopaxkHenme. B HRIbIOTeHTHHX IpyI-
nax 6e3 Kpy4eHns Bce PAKTOPHI BePXHEro IeHTPATIBHOrO pAaa
To;ke 0e3 KpyueHHs.
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16.2.11. Yopax Ee nme. ABajor Iisa HAKHErO I[CH-
TPAJbHOTO PAJA HEeBEPeH: HANIPAMED, eCJH

1 nZ Z 1 0 nZ
G:(O 1 z), TO [G,G]=(0 10 ),
00 1, 00 1
orkyna G/IG, Gl =7 @ 7 D 7Z..

PaccMoTpuM Temeph HHJIBHOTeHTHBHE HOPMAJbHEE IOJ-
rpyniobs B IOPOE3BOALHHX Ipynmax.

16.2.12. Teo pem a (Ourrunr). Bo ecakoli epynne npo-
u3gedenue 08Yyxr HOPMAALHHL HUABNOMEHMHVE nodspynn cmy-
newnetl s, t ecmb HOPMALLHAR HUALNOMEHMHAA nodzpynna cmy-
nenu < s - t.

IlokxaszaTedasbcTBso. Ilyere A <JG, B <G,
?s-HA = 1, ?i+1-B = 1. TOI‘I[a

Ya(AB)=[4B,.... AB)=l1,, ..., H,),  ®

n

rae Kaxsnoe H; copomamaer smbo ¢ A, mm6o ¢ B (em. 3.2.6).

e
Tar rar v;4 <l 4 <1 G, o v;A <] G B, 38a9UT,
[v:4, Bl < y;4 nns scex i.

TaxmMm oGpasoM, ecam i wnemos u3s H,, ..., H, cosmapaior
c A, a ocTaxbHbe n — i COBOAXANT ¢ B, TO

(Hy, . . oy Hy) < piA N amiB. (9)

BossmeM n =s -+ -4+ 4. Torma nmb6o i >s -+ 1, aubo
n—i_>t-1,orryna seugy (8), (9) v, (AB) =1. Teopema
JIORa3ana.

16.2.43. Yupamuaenue. Ilycts kiracc § cocromr
A3 Bcex rpynn G ¢ ycloBEeM

VoG =[] v:G =1.
n=1

ITpomsBenenre nBYX HOPMAJNILHHX MNOATPYNN, NPHHAJIEKA-
mux &£, He o0f3amo npuHAIEKATH & — OPOTHBOPEYAIINM
IPUMEPOM CJIIY3KHT

SLn (Z) =T, (2) -y (3)

16.3. Haapnorenruoie rpynmns apromMopdusmon. Hak 6wiI0
orMedeno B upuMmepe 16.1.2, nwobaa rpynna yHETpEyroJabHHIX
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MaTpHEN HHIBOOTEHTHA. ko Begb MaTpHOH — 3TO aBTOMOP-
¢U3ME BEKTOPHOr0 NPOCTPAHCTBA C (PHKCHPOBaHHOU 6a3oi,
a YHUTPEYIroJbHEE MAaTPUNE — 3T0 B TOYHOCTH Te ABTOMOP-
¢H3MbI, KOTODHI€ OCTABJIAKNT HA MeCTe MAaTpPEmKy HoaIpo-
CTPAaHCTB, HATAHYTHX HA YyOHBAawImue KOHEYHEE OTDPE3KH
0assl, B EHCTBYIOT TOMKAECTBEHHO B CEKIAAX 5TOH MAaTPBMIKH.
OKa3kBaeTcsa, 2T0 CBOWCTBO H €CTh NOMJIEHHAM NPAYAHA HUIb-
HOTEHTHOCTH.

16.31. Jlemm a. ITyemv ¢ 2pynne G 3adana (r - 1)-
YACHHAS HOPMAALHAA MAMPEWRQ

G=Go>G1>.-->Gr=1 (1.0)

u O — zpynna ecex asmomopguamos zpynnet G, ocmasasioyur
yaennt mampéwry (10) unsapuanmusimu u delicmeyrowur moxc-
decmeento ¢ cexyusz G;/G;yy (crabmnusarop mampéwru (10)).
Byoen paccmampusamv G, ® Erax nodepynnsr zosomopga
Hol G. I'pynnu @ u [G, @] nusvnomenmnuw cmynenu <<r.

Horxasarearcrro. a) I'pymma @ HEIBOOTEHTHA
crynenm << r. JleficTBHTeNIbHO, IO YCIOBHIO

G = Gy, [G;, D] < G4,y nin Beex i. (11)

Ilycte @; — menTpanmsatop B @ cexmmit G;/Gpyy i =
=0, 1, 2, ... Oderngno,

(D=(D1_>(D2>-..>(Dr=1.,

A HaM JI0CTATOYHO /{0Ka3aTh, YTO HTO MEHTPAJbHAS MaTpPEMIKA
D, T e.
[@;, D] < D;,4 n1a Beex
WIH
[Gz" [(Dja (D]] < Gi+,f+1 IJIA BCeX i, f

Ho sT0 ciaexyeT u3 cooTHoIeHMi

[(D.fa [(D’ Gl]] < [(Dh Gi+1] \< Gi+.f+11
[(D! [Gi’ (Dj]] \< [(Ds Gi-l-j] < Gi+!+1

BBEAY JIEMMH 0 TpeX KOMMyTaHTax 3.2.3.
6) I'pynna [G, @] auabnoTenrra crymenm << r. JlelicTBr-

TEABHO,
(G, (D, G;I] <IG, Gi,1] < Gy,
[(D.a [Giz G]] < [(D: Gz] < Gi+11
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IIO9TOMY, CHOBA BBHAY JIeMMH 0 TpeX KOMMYTaHTaX,
G;, [G, DY < G;,; nna Beex .

JT0 o3HaYaeT, YTO CONPAKEHHA 3jeMentamu u3 [G, @] pei-
CTBYIOT TOKAGCTBCHHO B CEKIHUAX MaTpémrum G, > G, > ...
«. == G, = 1, Ilo y:xe foKasaHEOMY YTBEeD:KACHHIO a) rpynna
S9THX CONPAKEHUH, T. €.

(G, Dl/Cc, @) (Gy),

grabnorertHa crynepn << r — 1. Ho [G, @] < G,, nosromy
Cic, o) (Gy) nexur B mentpe [G, @]. Orciona ncreayer 6). Jlem-
Ma JOKa3aHa.

Temepp ecTeCTBeHHO HOUTH [alJblie B COPOCHTH cebd:
He 6yner JM HAJIBNOTEHTHHM CTAOMIA3aTOp NPOM3BOJBLHOK
MATPEIIKA HOATpPynn, He o0AsaTesibHO HOPMaIbHOU? 3mech
nox crtabmausaropoM Marpémku (10) mommMaercas MaxcH-
Maiapnasa moprpynma P m3 Aut G ¢ yciaosmem (11). Oxasm-
BAeTCH, OTBET H B DTOM clIy4ae Gymer yTBepAUTeJIbHHN, XOTH
JOKAa3aTelIbCTBO YCJIOKHACTCA, & OMEHKa CTYNeHH HUJbIO-
TEHTHOCTH YXYNIIAeTCA:

16.3.2. Teopema (®. Xonxn). Cmabuauaamop 6ol
(r 4+ 1)-uzennoii mampéwru nodzpynn ecmv HUALROMEHMHASN

epynna cmynenu < (g ) .

JloxaszaTeabcTBO NIDOBOXNUTCA MHOYKOUWEH mo 7.
IIyere @ — craGunmsarop Marpémem (10). Ilyers eme ¥ =
= Co (G,). Tak rar @ crabmIUsEpyeT r-1IEHAYI0O MAaTPEMIKY

G, > Gy > . . ., To 0 AHAYKTHUBHOMY IPE[IOJIOKeHHIO TPy -
r—1
na O/¥ HEAIbNOTEHTHA CTYHNEHH < ( 5 ) , T. €.
? L, OV
1+ (77)
O6osnaurM

¥, =¥, IPi+1 = [¥;, D]

Tagr kax ¥ J O, To ¥ =Y, > ¥, > ... Ham gocrarouno
norasarb, garo [G, ¥,] = 1. Jlna sroro MH mpoBephEM, UTO
G, ¥,] < G; nna scex i. asa i = 1 sro ovesugno. Ilepei-
peM ot i k i + 1. Ilyers g &= G, Y;,, & Vi, Hamo mora-
sath, 410 [V;,1, gl € Gy, Ho ¥,,, — croBO 0T KomMyTaTo-
poB BHjA

[, 972, =Y, g 0.
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DaeMeRT Y5, — TO ;Ke caMoe CIOBO OT MPOE3BENeHmi

[$i, @71% = [, 971 [Py, @7, gl (12)
3aMeTuM, 9ITO
[1]?;', (P-l’ g] = Gi+1
sruay toxpectsa @. Xoana (em. 3.2.3) m cooTHOmEHHUIH
[o, g"1 Pl = [0, G, V] <G, Y] =
g, 0, @l =[G, ¥;, Dl L IG;, DI K G,+1.

Takum o6pasoM, B mpomssefennu (12) JMeBHE MBOKHETe]b
npunagae;xur ¥, a mpasmii G,,y. Ho Y memrpanmsyer
Gy > Gy, TOBTOMY 1]’%1 & Pialia-  Otcioma [y, gl =
& G;,; B BCE TOKa3aHO.

BoT Kak pamexko nmpuses Hac mpumep 16.1.2)

§ 17. Baskneiimme nopkaacenr

17.1. Koneunrsre nuannorentabie rpynmbl. [pyrum Bax-
HHM BCTOYHHKOM HUJIbIOTGHTHHX I'PYNI ABIAETCA CICNYIO-
I

1741, Illpumep. Jlwbaa xomeunaa p-rpymma G
HAJABOOTGHTHA. J[lecTBHTEAbHO, Tpynna (G #WMeeT HETPUBH-
albHHY menTp. A moxasaTesnCTBA 3aMETHM, 9TO 3JIEMEHT
TOTA M TOJBKO TOINA ABJAETCA IMEHTPAJbHBIM, KOrJa OH CO-
cTaBJgeT DOJHHIMA KJIACC CONPSIKEeHHHX JJIeMEHTOB. TaK Kak

|a% | =[G : Ng (a) |,
TO MOIIHOCTH C; KJACCOB COUPAKEHHBX 3JIeMeHTOB rpynnH &

ABISAIOTCA CTeneHAMH IHCHA p. TaK KAK eIHHHUIA COCTABJ AT
NOJHHH KJIAcC CONPAKEHHHX DJIEMEHTOB, TO IO KpaiiHe#

Mepe opHO M3 umceX ¢; pasHo 1. Ho ux cymma D¢; = | G |
NeJNICH Ha p, MOITOMY eme HECKONBKO YHCed ¢; NOIKHH
pasaarsceAa 1. Taxnm o6pasom, G MeeT HeTPUBHAILHHIA EHTD
Z,. Ilo Toit ;e npwauHe G/Z, mMeeT HEeTPUBHAJILHEIA HEHTD
Z,/Z; u T. n. Mu BuUgUM, 9T0 gmocTaTovHO GOJBMOH rHmep-
meHTP rpynne G cosmagaer ¢ G. 3aaunr, G HUJIBIOTEHTHA.

171.2. YopaxHeHHUe. HYGTB p — TPOCTOe IHCJIO.
CylecTBYIOT TOJbKO ABe HeM30MOpP(HEE IPYNIOH NOPAAKA p:
Zp 1 7p X Zp. I'pynn mopsagka p® uMeerca nmATh — TPH
abeneBHIX:

‘Zup's Zp’ X Zps Zp X Zp Pl Zp
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7 fBe HeabeleBHX: npu p = 2 9T0 Tpynma AUAPA
rp (a, bllat =1, b* =1, bab = a™)
A IPynna KBaTePHHOHOB
rp (a, b|a* =1, b* = a®, b7lab = a™),

a opu p > 2 — rpynnH
rp (a, b[a* =1, b =1, blab = a'*?),
rp (a, b,clar=1, ¥ =1, P=1,
la, ] = ¢, [a, c]l = [b, c] = 1).

Becroneunre p-rpynne MoryT He OHTE HUJNBIOTCHTHBI-
MH,— HAOPEMEp, OpAMoe CIJieTeHHe Ji060i1 HeTPHBHUAJbHOH
p-rpynns ¢ OeCKoHewHOM p-rpynnoi ecTs p-rpynma 6Ges
meETpa (cM. ympaykaeRme 6.2.3). Homkpermmi# mnpumep:
Cpm ¢ C . JIpyroit xopommnit cmocod AMmMUTH rpynmy nemnt-

pPa — DOCTOAHHO CMENIATh €ro B CBA3SH C YKPYIOHEHHEM:

1743. Yonpaxaernme. Ilycte K — mone nmojo:xu-
TeJIBH\)ﬁ xapaxkrepucturu p, UT , (K) — rpynna Gecxomed-
HEX Marpun Hag K, ¥ KOTOPHX CTPOKH H CTOJOIH 3aHyMepo-
BaHL HATYpaJdbHHIMU YHCIAMH, O JMATOHAJIHE CTOHT 1, mox
HeH — HYJH, a HAJ [ANaroHajbl0 JUIMb KOHETHOE THCJO
sIeMeHToB omingHo 0T wyaa. I'pymma UT, (K) asnsaerca
p-rpyunoi 6e3 mearpa (cm. dopmyay (2) mz 3.1.1).

OxassiBaeTcd, OPAMKEME NPOH3BEIGHAAMA KOHETHOIO IHC-
Ja KOHCUHHIX p-TPyII HMCYEPHOHBAIOTCSA BCe KOHCUYHHE HMJIb-
noTeHTHEIE Ipynnk., Bojee Toro, cnpaseninsa

174.4. Teopema (bBeprmcaiimx — Banamn). Ilycme
G — xoneunasn epynna. Caedywujue yYcaosus pPAGHOCUALHYBL:

a) G Huavnhomenmua,

0) awbas nodzpynna uz G cybnopmaivha,

B) (G — npamoe npouseedenue caoUx CULOBCKUT D-nodzpynn,

r) G, G] < © (6).

JloxaszaTeXbCcTBO UpOBeNEM N0 CJeAyOmei
cxeMe:
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a) = 6). CMm. teopemy 16.2.2.

6) = B). Ilycrs P — cunoBckag p-moarpynma u3 G.
Taxk rak Ng(P) coBmagaer co cBOAM HopMalu3aTopoM B (&
(vuopakmenue 11.1.4), a BBuay 6) HOpMAIuM3aTOp BCAKOM
cobcTBeHHOM moarpynnH Gosgbme ee camoi, To Ng (P) = G.
TakuM 06pasoM, CHIOBCKHe p-HmOATPYONH HOpMajibHH B (.
Orcropa y:xe JIerKo moJiydaercs B).

B) => a). Cm. mpmmep 17.1.1.

a) = r). CM. Teopemy 16.2.5.

r) = B). OmaTh AOCTATOYHO NPOBEPHTH, 4TO JNI06aA CE-
JoBckaA p-noarpynoa P us G HopMmanbHa B G. Ilycth, Hampo-
taB, Ng (P) — co6ecreennasa noprpynna B G m H — cogep-
KaIaa ee MakcAManbaadg moarpynna m3 G. Tar raxk

G, Gl < @ (G) < H,

ro H mopmaabrEa B G. C gpyroii croporn, H copep:xur Ng (P),
a NoTOMy [OJIKHA COBOAjaTh CO CBOMM HOPMAJIH3ATOPOM
B G (ynpamuenue 11.1.4). ITEM npoTEBOpevYHeM 3aKAHIMBAELT-
Cf ROKA3aTENBCTBO TEOPEMHEI.

U3 teopemu bBeprcaiina — Bunamna menmocpencresenno
caeayer, 9YTo CIUIeTeHHe KOHEYHOW p-rpynnH, oTAudHOH oT 1,
¢ KOHEYHOH ¢-rpymunoit, oTIWIHO# 0T 1, Torma ® TOJIBLKO TOrJA
HHJIBIOTEHTHO, KOTHA P = ¢.

17415. Yonpaxeesme. Haxkoa cTynmems HHIBIO-
TeHTHOCTH CIVIETeHHEA 7, m2 7Y

UcgepnnBalomuli oTBeT HA BONPOC, Korja OGHBAIOT HHEJIb-
NMOTCHTHRIME CIJIETEHHA, COREPKHUTCA B CJHONYIONIEM YIIPaK-
HEHHH.

1716. Yopamaeane. Ilycts A, B — HRIbHOTEHT-
Hee HeeqwHEWYHHE rpynmu. Hasxmoe us cmierenmit A 2 B,
A2zB Torma H TOJBKO TOrAa HWIBNMOTEHTHO, Korma A, B
ABIAITCA p-rpynOaMy, npwdeM A HMeeT KOHEIHHH NIepHoxn,
a B xomeuna.

YKasaHHZe: BOCHOJIb30BAThCA yHpaskHeEmaAME 6.2.1
u 6.2.3 u ecrecTBeHEEM roMomopdusmMoM 7 27, 7142 Lop.

OTMeTuM B 3aKJI09eHHE 5TOT0 MYHBKTA (AaKT, OTHOCAIHMACSA
K OpOU3BOJHHHM KOHEYHHM rpPYIIAM.

174.7. Teopema (@parrman). Hodepynna Ppammu-
HU KOHEWHOIL 2pynnyl HUAbNOMEHMHKA.

HowrasaTeasctso. Ilyete G — KoHeYHAA TPyD-
na, A — ee noarpynna @Oparrmau. Bamny teopemm 17.1.4
0CTATOYHO MPOBEPHTH, 4TO J06ad CHIOBRCKAA p-NOArpynOa
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P rpynnu A BHopMaiabBa B A WM, 9TO PaBHOCHWIbHO, B G
(cM. ynpaxmenue 5.2.6), T. e. Ng(P) =G. Ho sro pasHo-
CHUJIBHO COOTHOINEHHIO

G = A-Ng (P),

TAK KaK MHOKeCTBO A KOHEYHO M COCTOHMT M3 HEIOPO;KIAIo-
X sigeMeBRTOB rpynnn G (teopema 2.2.6). Ilociegnee coor-
HOIIEHWEe MH M JOKAIKEM.

ITycts g — npousBoabEHE sixeMmeRT B3 G. Conmpsmxenue G
nocpeAcTeoM g otobpasaer A B ceba, mosroMy Pé — cHoBa
CHJIOBCKAA p—nonrpynna n3 A. Ilo teopeme Cmmosa 11.1.1
nogrpynnkl P m P2 compsykeHH HEKOTOPHM  HJEMEHTOM
a=A4,r. e. PP=DP% Orcioga ga = Ng(P), g A-Ng(P).
Teopema NOKAa3aHa.

OTrMeTuM, YTO MONMYTHO HAMH JOKa3aHa

174.8. lemma @parruen Ilyemv A — Hop-
MaavHas nodepynna KomeuHol zpynnvt G, P — ee cunosckas
p-nodzpynna. Toz0a G = A-Ng (P).

174.9. Yopamxusennme. Ilyetb A — HopmasbHaA
noarpynma rpynos G m B — Tarkag mogrpynma m3 A, 4To
B, B’ <A conps:xeHnl B A TOr7a B TOJBKO TOTHA, KOTHA BTH
noarpynns coupsmxeHs B . Torma G = A -Ng (B). (0606-
eHHan JeMma (DpaTTHHH.)

17.2. Koneuyno nopokieHHbleé HAJIBOOTEHTHHIE TPyMIbI.
Ouernpnnit mpumep tarux rpyna — U T, (7). Ora3usaercs,
NONTPYINAMH YHHETPEYTLOJbHHX rpynn Haj 7/, BMCYeprbiBaIOT-
¢S BoOOINE BCe KOHEYHO TIOPO;KIEHHBE HUILIOTCHTHHE TPYI-
ne 683 KpydeHHA, a NPOM3BOJIbHBHE KOHOTHO IOPOKICHHEIS
HAJBNOTEHTHHEe TPYINOH ABIAKTCA X KOHEYHHIMH paciif-
penuAMH H, B YaCTHOCTH, BKJIaanBawTCA B rpynuut S L, (7).
Mui ycTaHOBUM 37(eCh Ba DTH (PAKTa, OCHOBHHE B TEOPHH KO-
HEYHO NOPOKICHHHX HMJIBIOTeHTHHX IPYIII.

17.24. Jlemma. Ilyemv G — npoussoivhas epynna.
Ecau G nopoxcdaemcs muoxcecmeom M, mo yenmpar v;G
nopoxcoaemea caedywwurm yewmpaior v;+;G 1 npocmuimu
rommymamopamu eeca i om aremenmog us M.

I[onaaaTe.nLcTBo. Nna i =1 »r0o o4eBEHEHO.
Ilepeitmem or i k i + 1. Ilo onpenenennio y;.,G moposkraerTca
ssemerTamu [z, yl, z = v;G y & G. Tlo BERYKTUBHOMY TIpEJi-
MOJIOKEHEI X = Iy ... Z;m™Z, T/l KAKI0e x; — OPOCTOMH KOM-

MyTaTOp Beca i OT sneMeHTOB 3 M, z & v;.4G, ¢; = + 1.
Hamee, y — ciaopo or anemenroB m3 M | ) M. Ucnoxnaya
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KOMMyTaTOpHHE cooTHOmeRNA (3) m3 m. 3.2, MH BAZUM, ITO
[z, y] — croBO OT 9lIeMeHTOB BHAA

[z}, al® = [x;, al [z}, a, gl, [z, alé,
a=M, g = 6.

Tak xax [z;, a, gl, [z, al npuragnemxar y;.,G, T0 BCé norasamno.

Mu 6ymeM roBopuUTH, 9T0 epynna noumu WIH NoumMU 6C3
obaadaem HEKOMOPLIM CEOUCMEOM, €CIHX OHA COHNEP:KHT HOP-
MaJbHYI0 DOATPYONY KOHEIHOI'0 HHJEKCA, 00JJaJaoIy0 5THM
CBOMCTBOM.

17.22. T eo pewma. Jwbas koneuno nopoxwcdeHHAS HUAL-
nomenmuan epynna G obiadaem yenmpasvhoii mampéurkoii
C YURAUNECKUMU CeRyUAMU U noumu éca 6e3 kpyuenus. Ecau G
6ca Ge3 xpyuenus, mo ona obaadaem yeHmparvHOU mampéui-
KOl ¢ GeCKOHEUHBIMU YUKAUYECKUMY CeRYUAMU.

JlokaszaTtedbcTBo. a) llyerb G KoHeIHO WODPOK-
JeHa ¥ HEJhNOTeHTHA. HaKnaa ceKmua ee HMKHOH MEHTPAJb-
HOH MaTPEmKH — KOHEYHO Nopo;KmeHHAA abeieBa rpynma
(cm. 17.2.1) m, 3mavur, ob6namaeT MAaTPEMKON ¢ MEKINICCKIMEA
ceknmuAME. IloCKONBKY YNJIOTHeHHe NEHTPAJbHOM MAaTDPEMI-
KU — CHOBAa IEHTpajJbHag Marpémka, To G obmagaer nenT-
paibHO# MarpémKoR ¢ NEKIWIeCKHME ceKnuaAMu. HMHNyK-
mHeit mo IUCIY WICHOB MAaTPEMKY AoKa:KeM, ¥ro G mo4TH BCA
6e3s kpyuenusa. Ilycts H — MakcHMaJbHHH 9AeH MATPEMKH,
oTIVYHKA oT G, a — sdeMeHT, mopokpanmuit G (mod H).
ITo mapyrTEBHOMY Ipegmosio:kenmio H mouru Ge3 KpydeHHA,
NO3TOMY HPH HekoropoM m moprpymma H™ = (h™| h = H)
6e3 xpyuenma. Beugy 16.1.6 |H: H" |<< oo. Ecanm
|G : H | << oo, T0o H" — mckoMasa moarpynuna 6e3 KpyueHHAA
B G. Illyets |G : H | = oo. Torga (a) H™ copep:KAT ACKOMYIO
NOATPYIIY, TAK KaKk oHa 6e3 KPydeHud m

|G: (@) A" |=|H:H (@ H" | |H: H®| < oo.

6).Ilycte G — HEIbOOTeHTHAA rpynma 6e3 KpydeHHA.
ITo pokasaHHOMY OHa NOJHIHKJINYECKAaA, MOITOMY CEKIHH
ce BepXHell IMEeHTPaJbHOE MATPEIIKNU — TOe MOJUIURJInIe-
ckue (yopaxaeHme 4.4.3). Tak Kak oHHM — rpynnu 6e3 Kpy-
verua (yumpaxkmenme 16.2.10), To BepxmAA mneHTpadbHAA
MaTpémka ymJIOTHAETCA O MAaTPEMKM ¢ 6ECKOHETHHMH I[HK-
JIUYCCKUMH ceKnuaMu. TeopeMa moKasaHa.

17.23. YnpaxuaeHune. Jinbaga monumurimdecKas
TPyNna NOoYTH BCA He AMeeT KPYIeHHH.
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Yxaszanmme: cM. goxasateabcTso 17.2.2.

17.2.4. Yopaxaenne. B mo6oli KoEeYHO TOPOK-
AEHHON HUJIBNOTEHTHON TpyNne nepHogmiIecKas TacTh Ko-
HeuHa. bosee 06mo, B M0G0l rpymnmne mouTn 6e3 KPyIeHUS Me-
puOAMYeCKHe MOATPYHIH KOHETHH,

Teopema 17.2.2 mossoisAer B KOHETHO MOPOKIEHHYIO HHJIb-
HOTeHTHYIO rpynny G 6e3 KpydYeHHSA BHECTH I[@JOIUCIEHHES
KOOPJAMHATE CHEMEANBHOr0 BHAAa M C MX NOMOINbLIO TEPExCTa-
BUTE (G neNIOYACHeHHHMY VHATPEYroJLHEMHE MATPHIAMH.
Bonee toumo, muycrs G — MHOkecTBo. HaGop ¢yHRIjmiA
fieG—>7, i=1,..., s, Ha3HBaeTCA K0OpOUHAMHBM, E€CIH
orobpaskenue x — (f, (z), . . ., [ (2)) ABAAETCA B3aMMHO O HO-
3HAYHHM oTo0CpaskeHmeM MHO;kecTBa (G B MHOKECTBO 7,
BCeX IeJOoYHCIeHHHX $-0K. Ilycte G < 7°. OtoGpaskennme
¢: G — 7 Ha3KBaeTCHA NOAUHOMUAALHLIM, €CIIH CYI[ECTBYIOT

TaK#ue MHOTOWIEHH fy, . . ., f, OT § MepeMeHHNX ¢ Ko3dumu-
eHTaMu ®3 moiaa ), 4ro

z® = (fy (z), . . ., [r (2)) p1a z = G.
Ecam f,, . . ., f; — MBOTOWIEHH TIePBOA CTeNeHH, TO (¢ HA3H-

BaeTcA aunelinvim, I1ycTh Tenepsh G — KOHEYHO MOPO;K/(eHHAA
HUJbOOTeHTHAA rpynna 6Ges Kpydenmsa. PaccMorpum B Hell
MEHTpaJbHYI0 MATpEmKy

G=G>6>...>064=1

¢ fecKOHEYHHMHA MUKIWICCKUMHA CEeKOUAMY B BO3BMEM 3jle-
MEHTH ay, . . ., @, ¢ ycaosueM G; = rp(a;, G;+,). OdeBupmnO,
KaKIEM DJIeMeET £ 3 G OfHO3HAYHO 3AaMHCHIBAGTCA B BHIC

{ i
x —_— ali(x) LI | asS(x), ti ($) E Z,
TaK 9T0 HaGOp PyHKIMH Iy, . . ., {, ABIACTCA KOOPIUHATHEIM.
YuopAno9eHAYI0 CHCTEMY @y, . . ., G, HA30BOM MAIbLEECKOL
6asoli rpynou G, a wncana t,; (x), . . ., £, () — xoopdunamanu

pJieMeHTa x B 9T0d Gase.

17.2.5. Teopema. Ilyemv G — KoHeuHo nopodcder-
Haf HUALNOMEHMHAR 2pynna 6e3 KpyieHus ¢ omMeieHHHUMY Ha
Heli MaabyeeCKuMu koopdunamamu ty, . . ., t,. Cywyecmsyom
rnamypaadroe wucio n = n(G) u maroe usomopgroe 6aodice-
Hue ¢: G - UT, (7), wmo omobGpaxerue ¢ NoAUHOMUALLHO
Ha G, a o6pamnoe K Hemy omobpaxcenue @ ' auneiino na GP
(6 Mmampuunwix Koopdunamaz, umewowuzca na UT, (7))
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B uacmnocmu, ymuoxcenue u sossedenue ¢ cmenend ¢ epynne G
3QNUCHLBANMC MHOZONACHAMU € MOALYEECKUL KoopOUHAMAX.
Boaee mouno, ecav z, y=a, me 7, 1 <i s, mo

; (xy) = muozouaen nad @

om {lo(z), ta () lo<<i} + & (@) + 6@, 1)
t; (") = muozousen nad @
om m u {fz (z) | & << i} + mit; (x). (2)

HoxasaTeabcTBo. a) BuBegeM cEadata yTBOpK-
nemme «B wactHocTm». [{na moboir marpunm a us UT, (7)
H x1060ro m u3 7/, MH UMeeM

n—1

am=2(?)(a—e)", roe (?)zm(m——i).:l. (m —i+1) ,
=0

=1 ©

T. €. KOQPHOUEHETH MATPHIH @ ABIAITCA MHOTOWIEHAMH
OoT m u Ko3(pPHUNHEeHTOB MATPHNH &. B Cuily OCHOBHOTO YT-
BeP:KIEHAA TeopeMu KoopnuvaTh [; (zy), f; (™) nuneiino
BHIPA)KAOTCA dYepe3d Kospdunmuentn wmarpmnm (zy)®, (M),
KOTOPbie MOJHNOMHAAJILHO BHPAKAOTCA depe3 KoadPumuenTs
matpur 2%, y® u aucio m. CHOBa 10 OCHOBHOMY YTBED;KACHHIO
TeopeMul KO3(pPumueHTH Marpmnm z%, ¥® TOJMHOMHAJIBHO BH-
PAKAIOTCA depe3 KoopauHaTH [y (z), iy (¥), 1MOSTOMYy MAaJjib-
NEBCKHE KOODPJAHMHATH INPOM3BEJCHHA XY W CTENEeHH z AB-
AAIOTCA MHOTOWICHAMH OT MallbI[EBCKUX KOOPHHHAT 5HJI¢MeH-
TOB &, y ¥ aucia m. To, 4To atm MEOrowieHH umewT Bux (1),
(2), cpasy BEITEKaeT B3 ONPeHeJeHNA NEeHTPAJIbHOR MATPEMK K.

Teneps 3aMeTEM, 94TO BMECTO BJIOJKEHHA ¢ JOCTATOYHO
yKa3aTh HOJEAOMHalbHoe Bio;keHwe VP: G —GL, (7), o6-
paTHOE K KoTtopomy P! Jaumelino ma GV, mpmaem GV cocromt
M3 YHHUIOTEHTHHX MATpun (MaTpuma a Ha3HBaeTCA YHURO-
menmHoii, eClIN OHA HMeeT eJIMHCTBCHHHHN XapaKkTepuCTHYe-
CKkuit Kopenb 1 mam, 9YTo paBHOCHABHO, (a — e)® = (). [leii-
cTRuTeNbHO, rpynny H = GV nyreMm conpsixerna B G L, (Q)
moykuro oroGpasmre B UM, (7). Mu pokamem cHa4ajga, 970
H conpmmena ¢ moxrpymnoii uz UT, (Q)). Bynem paccmat-
puBatk G L, ()) kak rpynny asTOMOPQU3MOB 7-MEDPHOTO
BEKTOPHOro mpocTpaHEcTBa V Haj moiem () B Bo3bMeM Heyn-
aoraaeMyo Martpémky V=V, >V, > ... >V, ,=0
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MOAIPOCTPAHCTB, WHBAPMAHTHHIX oTHOCHUTeJbHO . B 6aze,
OTHECEHHO! K 3TO# MaTpénike, aBroMop@uaMsl u3 H sanuch-
BAIOTCA KJIETOYHO-TPEYTOJbHKIMA MATPANAMH, XUATOHAJIbHEIE
KIeTKH KOTOpHIX w300paskar [eicree H B CeKOUAX
V; V41, TO3TOMY JOCTATOYHO JOKA3aTh, YTO KarKAasm TaKas
cexknusa U nmeer pasmepuocts 1. Tak xax xommyranr {H, H]
IMeeT MeHBIIYK CTyOeHb HHJIBHOTEHTHOCTH, TO MOJKHO CIH-
Tarb, 9r0 [H, H] npuBogurcs K YHATPEYTOJIbHOMY BUNTY.
Tor;[a CYIMEeCTBYeT HeHYJIeROil BeKTop u & U, HenoZBMWKHKR
orHOCHUTeAbHO apromopdusmor us [H, H]. Ilycrs U’ — mog-
IpOCTPAHCTEO BCEX TaKHMX BeKxTopop. OHO MHBAPWAHTHO OTHO-
carexsno H, tak Kax gisg h &< H, b’ < [H, H] nMeem

(uh) b = u (hh'h™Y)h = uh.

Tax xrak cexnua U He cogepsKuT COOCTBEHHHKX IIOIPOCT-
pPaHCTB, WHBAPMAHTHHX otHocuredsHo H, 1o U’ = U,
Orcioma [H, H] =1 uwa U, 1. e. H uugynupyer abeiery
rpynay asromMopgusmop ceknuma . Ho xioboe MHOKecTBO
e pecTaHOBOYHKX JNHeHBHX npeo0pasoBadmit mMeer oOmImil
coOCTBEHHH BEKTOp HAJ PACIIAPEHWEM OCHOBHOTO IIOJS C IIO-
MOIIBI0 XapaKTePHCTHYECKHAX KOPHeH 5THX mpeolpasoBaHmit.
Tax kak rpynna A yEMOOTeHTHa, TO oHa mMeeT oOmmit cober-
peHHH BeKTop B U. Tak kKak mognpoCTPaHCTBO, HATAHYTOE
Ha 3TOT BEKTQD, HHBAPUAHTHO OTHOCHTeIBHO H u U He copep-
JKAT COOCTBEHHHX WHBAPHMAHTHHIX INoJupocrpaHcrs, to U
ogHOMepHO. JtEM goRazaHo, dro H* L UT, () npm mop-
xogAameM a & G L, (()). Bossmem Temeps B H* KouedHoe
9UCJIO0 MOPOKAAIOMHEX MaTpHIl, BO3bMeM 00muil 3HamMeHarelb
N ux Ko3(UOUEHTOB M PACCMOTPHM MATpPHUIY

b = diag (1, N, N3, ..., N" ).

Jlerxo supers, uro H*®* L UT, (7).

B) Octaercs pmorasath cymecrsosanue . Mu cpemaeM
5TO0 WHIYKOWeHX mo [imHe ManubneBckoit 6asu. llyers pius
rpynn ¢ MaJbIeBcKolt Gazoit gnmHE << s Tpedyemoe Marpud-
HOE Ipe[cTaBlieHAe YK€ HalijeH0, a BMeCTe¢ ¢ HUM JOKa3zaHa
u BcAa Teopema (cMm. a), 0)). Ilycrs rpynna G umeeT MalbieB-
ckywo 0asy ai, ..., a; ATuAE S. B kadecTBe IOZTOTOBKM
K IDOCTPOEHHIO ) ME YCTAaHOBMM B 9TOM HyHKTe dopmyry (1)
mia rpynoe G, OGosHaumm JiasA KparkoctdE f; (2) =
t; (y) = n;. OdgenupHo,

Ei+my T _~-1_M -1 Mi\_tg. M2 ns
ry = ;"™ (aT"az @)% . . . (a7 ey a)ta™ . . . ax

i
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-N_-1 | -1

aa;'al = la}, a;lai’.
ITo vAAYKTUBHOMY INpPeIUmOJOKeHHI0 ¥ BBHAY a), 6) dopmy-
at (1), (2) copasemumpn mIA rpynm ¢ MajlbmescKoil Gasoif
IVITHH << 8, TI03TOMY AOCTATOYHO IPOBEPUTH, 9T0 KOOPAUHATH

anemenToB [a}, a;] B Manpnesckoit 6aze a,, . . ., a; — MHOrO-
wiedH ot 1. OdesugHo,

M ;-1
[a}, a;] = a1 (a7 a1a;)"

i}
-1 C:, i+1 Cis
a; a1a; = a1 v Qs 4 Cyy & Z
ITpmmensas Kk rp (a,, a;41, - » ., @s) MHAYKTHBHOE N PEAIIOJNIO-
JKeHne, MEL 3aKJI09aeM, Y9TO
-1 n L, i+1 Cis
(a;i a,a)" = ayaiyy ... as ,
;. . C.
roe {;; — mmEorowrens or 1. Orcioxa [af, a;] = ai; o as

m ¢opmyna (1) moxkasana pus rpynnH G.

r) Ilocrpoerne 1. Ilyers @ [¢] — Koxpmo MHOTrOWIEHOB
mag @) or ¢ymrnmuit £, . . ., {,. Onpemenmm Ha HeM geiicTBHE
rpynnu (, noxaras nifa a u3 G

ffle)=Ff@ f€Qll z=6

(«wreswtit cagpur apryMenTta»). HemocpeacTeseHHO mpoBepsercs,
q9ro omeparop Op (a), 3amaBacMEld 5Toif popmysoN, ABIsAETCH
asToMopduaMom Koasma (@ [f], a mpasmio a — op (a) on-
pemensier maomoppuam G — Aut (Q [z]).

Ilponspepenne suga M (f) = 1" . . . £;'5 HasoBeM 00HO-
YAEHOM OT 1y, . . . , t5. BBUAY (1)
t? = t‘i + Z Cij (a) IWJ (t), ([I)
J

rue ¢;; (@) — mEorowren Hag ) OT MAJBIEBCKAX KOODAHHAT
aJIeMeHTa @, a omHodYneHH M ; (f), BXoAAmMe ¢ HeHYJEeBHMH

KospuIEeHTaM B BHPa’KeHHe IIA f;, HE COXepKaT Iepe-
MEeHHHX ¢;, ..., t;. Orcoga BugHO, 9ro op (a) — op (e)
oTOOpaskaeT NpPoN3BOABHNA omHOLIed M (¢) amGo B 0, nubo
B NUHEHHAVI KOMOMHAIIMI0O MEHBIIHX OJXHOWIEHOB, €CJIH CYH-
TaTh OMHOWICHH YIOPAJOYeHHLIMHA IO MOCIETHIM Pa3iEIHHM
nokasarensaM. JHAYAT, OpH nogxoxAmeMm m = m (a, M)
npeoGpaszosarane (op () — op (e))™ ammyampyer M (i).
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Ilyers H — apmguTtHBHAA HOATPyONa, ODODOKIeHHASA Op-
6mToil MHOKecTBa KoopmuHaTHHX Qymkmmi {¢,, ..., f,} OT-
HOCHTEJBHO omepaTopos op (x), z & G. Beupy (4) H aexar

B UOArpyumme, HOpokAeHHoW ¢yHKmuama {i;, %Mj ()}

DA HeXOTOpOM HaTypainbuHoM N, a moToMy KOHEYHO IIOPOIK-
nesa. Ilycrs ky, . .., h, — Gasa csoGofnHo# abenesoll rpyu-
oul . llyers eme

hy = ; Vrr (2) Ay ()

T. 8. (Yy; (2)) — marpuna cysxkenns op (z) ma H BGaseh,,. ..

.y h,. Tark Kax H cCcoOHep;KHT KOOPAWHATHHIEC (YHKIMH
tys + - -5 tg, TO mpaBmao x — (Py; (z)) ompenmensser maoMop-
¢usm P: G - GL, (7), npandeM G® cCOCTOUT H3 YHNTIOTEHTHHX
marpun. Orofpamenne YP~! mamHeitHo’ Ha GV¥, Tak KaK MHO-
kecrBo {{;} nmHeliHO BEIpasKkaeTcA depes {h;}, a BRYUHCIAA
¢yuxmua (5) B TouKe e, Mbl BEAUM, 9TO {h)} JTMHEHHO BHIPA-
xmaercsa gepes {{;}. Camo P moaIMAOMHANBHO, T. €. QYHKIHUH
Py; ABIAIOTCA CYKeHHAMN Ha G HeKOTOPHX MHOTOWIEHOB HaJ
Q. HeiictBrrenpno, nycth £ & G. Tak kak Kaxkmgoe hy; —

THHeitHaA KOMOHHAIEA Hag 7, OT HeKOTOpHX &, g &= G, TO
BBHY (4) hi — TaXasa sKe KoMOHHAIUA OT

1 =1 + ; cij (gz) M; (t).

Orciona
k= g Py (z) M; (1), (6)
rae P,; — muorowred Hax {); B 9acTHOCTH,
hkzz,ij (8) Mj (t). (7)
J

Tax xak mHOKecTBO {h;} JNUHEN{HO He3apHcEMO Ham (), ToO
TaKoBbl M cTpoku Marpansl (Py; (e)). llogcrasaas (6), (7) B
(5) m monm3ysach JmMHelHOM HesasucuMocTbio {M; ()}, moxy-
auM JIA Py, (X) cECTeMy JIWHEHHHX ypaBHEBHH

Ppj(x) = ; Ve (2) Pyj (),

OTKYZJa M BHAHO, 9TO0 (YHKOHUH V), DOITMHOMHAABHH Hax ().
TeopemMa ZoxasaHa.
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B cpA3m ¢ npuBeeHALIM T0Ka3aTeIbCTBOM YMECTHO OTMe-
TATH 37ech oO0muit memod pacujenssemur KoopouHam
(Mepaansaxos 0. I.— AnreGpa m goruxa, 1968, 7, Ne 3,
¢c. 63—104), nospoxsAiommi ycTaHABIHBATL H3OMOPPHYIO
IpeACcTaBIMOCTh I'pynn Marpumama. WsnoskedAwe 3T0Or0 Me-
Toma MOKHO Haitta B [20].

17.2.6. Yopaxuaernune. Illycts p — npocroe gncio.
Jli06aa KoHeYHO HmOpO’KIeHHAS HEJABLIOTeHTHAA rpynma Oes
KpYYeHHA alOpOKCHMHEDPYETCHd KOHEIHHMH pD-TPYIIaMH,

YKasaHEe: cM. JA0KasaTeJbCcTBo Teopembl 14.2.2.

B mavame nydakra MH oTMerwsaM, 9To u3 Teopem 17.2.2
n 17.2.5 cregyer BIOKHUMOCTH NPOHM3BOJBLHON KOHEYHO IIO-
POKIeHHON HUJIBNOTEeHTHOH rpynnst G B rpynay SL, (7)
IpH HEKOTOPOM n. fIcHO, UTO HOCTATOYHO YKA3aTh BJIOKemue

29
¢: G— GL,, (7), Tak Kax ToIa BIOKeEHE X — (0 x?p) Oymer

tpebyeMuM. OcTaercsa BOCHIOJB30BATHCA CIEAYIOIMEM 00mMUM
samedanueM. Ilycrs H — moprpymma KOHeYHOrO HHAEK-
ca m B npom3BoabHoil rpyume G. llycrs a,, . . ., a, — npa-
BHe npeAcrasurenu G no H. Ecau ¢ — rounoe mpepAcrasie-
HEe rpynou [/ MarpumaMu cremeHH 1, TO opMyia

g~ | (a:ga;")
3agaeT TOYHOe HpefcTaBieHne rpynnsl G MaTPAMaMH CTeneHH
mn (3gecb—eauraerca z° = 0 npu z & H). OgesupgHo, 3TO
He 9T0 MHOe, KaK npefcTaBicHNe rPynnsl &, HHAYyOAPOBAHHO
npefcrasiaeHEEeM ¢ (cm. m. 12.2),

17.2.7. Yo pammoenue I'pynoa, modra BeA mpescra-
BEMAA MATPHIAME HAJ KOJBIOM C OJUHHIEH, BCA MpeacTa-
BAMa MATPHLAMU HAJ 9THM KOJBIOM.

17.28. Yopaxxkaeunne Jlobag KoHeTHO NOpPOIK-
OeHHAA HIJIBOOTEHTHAA Ipynna QUHUTHO anmpoKCEMHApYyeMa.

17.2.9. Yopamxmaernune. CymecTByor  KOHEIHO
NOPOsKIeHHbe HUJIbNOTeHTHEE TPpynnk 6e3 xkpydeunmsa A, B,
n30MOp(HO BIOKEMEIE 0OJHA B APYI'VIO, HO He m3oMopdHLe,—
TAKOBH, HampuMep,

122\ 1 nZ Z
A=|01Z | B={00Z | gpu n0,1.
001 001

17.210. Ynpamuenmne. HoHeudo moposkmedAmasn
HHJBIOTEHTHASA TPYNHa ¢ KOHEYHHM IMeHTPOM caMa KOHeTHa.
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17.3. Hunsnorenrame rpymbl 0e3 xpyuemma., B srom
KJIacce rpynn HauGoJlee HATePeCHA M COHepsKaTeIbHA TeOpUA
N3BIeUYeHHA KOpHeH, KoTopasa ¥ OymeT ceildac W3N0KeHA,
Ee ncxogasm nynkToM caykuT teopema 16.2.8 npepsprymero
naparpada, corJacHo KoTopoil B aw060d HUJIBIOTEHTHOH
rpynne G Ge3 KpydeHHs W3BJIeUYeHNEe KOPHEH eCTh JaCTHIHASA
onepanuA, T. €. OHO O HO3HATHO, XOTA H He 06A3aTEIHHO
BCIOOY onpeferedo. OxasHsaerca, rpynny G Bcerga MOKHO
BIOKHATH B MONHYI0 HAJIBIOTEHTHYIO rpynny (rme uspjIedeHne
KOpHe# BCIOLY ompeflelieHO), mpAdYeM JO6He JBa «MHHUMAJb-
HbHIX» HAJBOOTEHTHHX MOUOJHeHNA rpynnul G W30MOpHH
ApYyT APYTY ¥ HCYEPOBIBAIOTCA KODHAMH W3 BIEMEHTOB IpyII-
nnl G.

HamomummMm, d9ro mpowspolbHasaA rpynma (¢ HasbBaercsa
noarol, ecan OIS JO0OT0 ee ajIeMeHTa g W JOG0Oro HATY-
paipHOro m B G cymiecTsyer pemieHHWe ypaBHeHHA Z'= == g.
ITpamepom nonHoit rpymum sapasercs rpynna UT, (K) Ban
moneM K wuynepoil xapakrepacTurH. [lelcTBHTeNBHO, IJIA
mobux a ={UT, (K), p & K nolo)xuM Do ompeeieHsio,
o6obman dopmyny (3):

m—1
al — (l:' ) (a — E)i,
=0

rae

(u)= pip—1).. . (u—i+41) , (3)2-1.

i i}
HenocpemcTBeHHO 1poBepseTcA, 9TO

awtv — auav, awwy — (a“)".
1
Orcioma, B 9aCTHOCTH, CJeJyeT, 9To 4 ™ — KOpeHb m-U cTe-
neum #3 aq, T, e. rpynna UT, (K) nouHa.

[TonHasA HAJIBNOTEHTHas rpynma G Ges KPyUeHHA Ha3H-
BaercA (HUAbNOMEHMHBIM) RONOAHeHUeM TPYyNNH (r, ecad oHA
cofep:kNT G U He COAepPsKUT COOCTBEHHHX HOJTHHX HMOATPYHIN,
cofepramux G.

17.31. Teopema. ITyemv H — nodepynna noanou

nuavnomenmtolé epynnvt G 6es kpyuenus. MHnoxcecmeo VH
gcex aaemenmos us G, nonadawwur e nekomopol cmenenu 6 H
(ropeHB us nodzpynne H e apynne G), ssanemcs nodapynnoii i,
anauum, nonoanenuem H e G. TI'unepyenwmpw nodzpynn H
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u Vl—f ceA3anb caedyrwyum obpasom:
LVH=VuH, LH=HNOVGH.
JHorxasarteascTBo. a) HoxakeM cmagana, d9To

V' H — moarpynna, T. e. 2y &= Vﬁ, eCIH I & ]/E, ye

eV H. Oyers A = (z,y), B=A (| H, A; = v:A. Jo-
CTaTO9HO NPOBepuTh, 49T0 Bce | BA;:BA;, | << oo, rax
kak rorga 6yger | A : B | < co. Pag

BA,>BA,> ...

CYOHODMAJNBHHI ¢ aGeJIeBHIMU CeKNAAMA, TaK KaK BBHIY KOM=
MYTaTOPHHX ToMxAecTs (3) m3 m. 3.2

[BA,, BA)<[B, Bl* [4;, Bl [4;, A;} < BA;,1.

Ilyers 2™, y"' & B u yxe mokasamo, 9To ceKnua BA, ,/BA;
KoHegyHa K HMeeT mepuonx mi-!. JloKaskeM, UYT0 CeXRIHA
BA;/BA;,, xoHedno moposkfena u umeer mepuox m'. Ileproe
BHTeKaeT U3 moammuiiandHocTe A (reopema 17.2.2). Jaiee,
[A4;-,, A, A]l=1 (mod A,,,), mostomy ¢yuxnus [u, v]
(mod 4;,4), u &= 4;,, v = A, romomopdHa mo oboum ap-
ryMeHTaM (cHOBa KoMMyTaTropHHe TOMHecrral). Orciona

mi mi mi-1 m “
Ai = [Ai—h A] < [Ai—l ) A ] Ai+1-
Taxk rak

§—
AT (B Ai) Ay, A" BA,,

T0, NPHEMEHSAA eme pa3 KOMMYTAaTOPHHE TOKAECTBA, HOXY-
JaeM _
AT < BAy,,
9T0 M TpeGOBaAOCE.
6) Ilna mokasarenrncrBa (OPMYJ T 0 THHmEpPHeHTpax 06o-
snauuM H,; = {;H m nepeitnem ot i K i -+ 1, IIpemxme scero,

Ciia Vl—f_ < VHHI, Tak Kak miA ao6oro z m3 §;,, ) H nme-
eM 2" & H npu nopxoupAnieM m H
=" HI< HN VH; = I,

OTKYJa _.:Em = H;,, & ]/H,-H. O6parHo, ]/1'1Ti+1 <
<C¢+1'|/H, T. €. ODOArpynunH VH, Vﬁm M03JeMeHTHO
nepecranosousn mo moxpymio VY H,. JleficteHTensHO, IYCTH




§ 17] BAHEWIIINE IOTOAKJIACCHI 169

teVH,ys V]T:m . e, " =M, y"=H; , upu uoa-
xogamux m, n. Tarxar [H, H,,] < H; < ]/ﬁi, 0 2"'Y" =
= y"2™ (mod } H;). Taxk kax V H/Y H, — rpyuna 6e3 Kpy-
venus (yupamuerme 16.2.10), To zy = yz (mod } H;) (yn-
paxnenne 16.2.9), aro m TpeGoBaNOCH.

Haxomen, H (| Y Hy,; = H;,,. JlokaxeM TOIbKO He-
tpuBranbHoe  BRuwwenne H () VYV Hy,, < H;,,. Iycrs

t=HNVH;,, " cH,, Torza 2™ unepecranoBouno
¢ mo0uM sxemeHTOM u3 H mo Mopyaw H;, a, 3Ha9AT, TAKOBO
n r (yopakmenmsa 16.2.9 m 16.2.10). Orxcoma =z = H,;,;.
Teopema oKazaHa.

17.3.2. Teopema (A. . Mansnen). Jwbas nuabno-
menmuan epynna G 6e3 EpyieHus obaadaem HUALROMEHTTHBIM
nonoaHeHueM moll e cmyneHu Huabnomenmuocmu. Jwbue
(6@ HUABNOMEHMHBE NOnoAHeHus zpynnvi G usomopfiru;
6osee mozo, dan awbozo0 asmomopgusma ¢ epynny G cywye-
cmsyem Uu3omMopPuam mexcly Huml, npodoasdcarouuii .

HoxasareascTBo.a) EqfmAECTBEeHHOCT b,
ITycrs G,, G, — rpynnu, maomopdunie G, ¢ — U30MOPPU3M

G, na G,, V' G, — HmibnoTeHTHOE mONoJIHEHHe rpymus Gy.

Bossmem npamoe npomspesierme P = ' G, X V' G,, B Hem

noarpynny D = {zz% | z &= G,} ® paccMOTPpEM ee KODeHb
D B stom npomssenennn. [Iposepum, gro

P=VD VG, VDNVG=1umpmi=12 (8

Neitcreurensno, ecie 2 <= ) D [V G;, 10 2" D ) G,
opr noxxomsameM m. Orcrooma xr = 41, m Bropaa m3 ¢opmyna
(8) morazama. U3 mee ciemyer, IT0 CYKelHC IPOEKTHPOBAHNSA

nt: P — /G, ma rpynny } D ectb m30MopHH3M, CleTOBATENb-

HO, Vﬁn = V/ D=. Jlauee, cyxenne n na } G, — Toxe u30-

Mopdu3M, IOITOMY ]/E'T = VG’f. Ho D™ = G}, mosromy
—n — 71

]/D = ]/Gi. Bosspamaacs kK mosHHM npoofpaszaM OTHO-

CHTEJBHO 7T, moaydaeM nepeyw B3 dopmyn (8) miua i = 2.

Ilo cumMerpum oHa BepHa B g4 [ = 1
GQopmynm (8) moxaspBawT, YTo JIOGOA 2JIEeMEHT I, M3

G, sABIseTCA mpoeKmuell TOYHO OFHOTO diaeMenTa z u3 J D
Ha MHOXETENL ) G,. CONOCTAaBIAA 3IeMeHTY I, TPOEKIHIO
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pJIeMeHTAa T Ha MHOKUTENb ) Gy, MBI HOXYIMM M30MOPHHU3M
V G, na V G,, npomommanomuit .

0) CymecrpoBagnume. KEcim rpynma G KoHeIHO
MOpO’KIeHa, TO OHA BKJIAJBBAETCA B NOJIHYI HWJIBIOTEHT-
vy rpynny U7, () opz HexoropoMm n (teopema 17.2.5).
Kopeubr VG u3 monrpymuu G 3 rpymme UT, (Q) 6ymer
HIJIbOOTEHTHHM HomoiHenneM rpynnu G. Jlus g us Gu Hary-

pPaJILHOTO m_9603Ha‘II/IM 71?/“5 pellleHre ypapHeHHA 1" = g
B rpynme J G. OgeBupso,

m,— m’ —7 ‘

Ve=1Vgeg=¢m (9)

mpuueM BBHUAY a) Tabimma YMHOMKCHHUA B ]/G HOJHOCTBIO
ompenexsnerca Tabnumeir ymHoxkenusa 8 G. Or6pocuM Temeps
npenioiosKeHue, 9ro G KOHEIHO MOpOKAeHa, M PacCMOTPHM

T =
MHOKecTBO JOPMAIPHKX CAMBOJIOB V £, g = G, m =1, 2,...
OnpegeanM Ha TOM MHOMKecTBe (opmynoRt (9) oTHomenue

PaBCHCTBA H 0003HaAIAM qepes v G NOoJYIUBIICECHA MOOMECTBO
m =—
KJIAaCCOB PAaBHHIX B3JIeMEeHTOB. Yciaopumesn YMHOMATD ]/g,

m ~—
]/g’ KaK 3JIeMeHTH HWJIBIOTCHTHOI'0 IOMOJHEHHUA TPYINH

rp (g, g’). Torma ]/G CTAHOBUTCH TCPYONoOH, Comep:Kamei
poarpynny G. Ecaum rpymma ¢ HMJIBNOTEHTHA CTYIEHH S,
TO TONOJNHEHHA ee KOHEIYHO IOPOMICHHHX NOTPYNO HMEIT

crymenu < s (teopema 17.3.1), moatomy }/ G ymomireTBopieT

roxmectsy [z, ..., 24,) = 1. 3Buawur, VG — uumasmo-,
TeHTHOE MOMmoJIHeHHe rpyunsl G ¢ ToH ke caMO#M CTYIeHBIO
HUIBIOTEeHTHOCTH., TeopeMa moXaszaHa. '

HunsomorentHas rpynma, coiep:XKamad NepUOHICCKHE
9JIeMEHTHl, y)Ke He Bcerfa BRIAILIBACTCA B NOJHYIO HUAIb-
HOTeHTHYIO TPynmy, TaXk KaK HepHogudecKasd 9acTh MOJHOMH
HUJIBOOTEHTHOU rpymusl G o6A3aHa JiexkaTh B meHTpe. [lei-
CTBUTEJBHO, 0 HHIYKTABHHKM COOODaKeHUAM MOMKHO CYH-
TaTb, 4TO JI000H MepUOANMYEeCKUA 3JIeMeHT g U3 (7 JeKUT BO
sTopoM rumepuenrpe. Ecam g™ =1, m % 0, 1o [g, 2™] =
=g, z]" = [g™, 2] =1 pua npoussoasuoro z us G. Beugy
HOJIHOTH (r dJeMeHT Z& 1mpoberaer BCI TPYINy, IOITOMY
3JIEMEHT g IIeHTPAJbHBLA.
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§ 18. OGoOiennA HAABNOTEHTHOCTH

N3 mporouwciieHHHX 00OOM[EHAN HMJIBLIOTEHTHOCTH MBI
PacCMOTPUM TOJIBKO TPH: JIOKATbHYI0 HIIBIOTEHTHOCTD, HOP-
MaJIH3aTOPHOE YCIOBWE U BHTEJeBOCTh.

18.1. Jlokansrasm manepmoredTHOCTH. ['OBOPAT, 9TO rpym-
& A0KAAbHO HUALNOMERMHA, €CIH BCE ee KOHCTHO IO POJKIIeH -
HHe NOATPYNns HUJIpOoTeHTHH. Ilpm srom cama rpynna
MOKeT He OHITh HHMJIBIOTEHTHOH, KakK IOKasHBaeT IIpHMep
OPAMOI0 NPOH3Be/leHMA HWJIBNOTEHTHHX TIPynl HeOrpaHW-
9eHHO pacTymux cryneseid mian npumep rpymnuw U7, (K)
n3 ynpaxkdenuss 17.1.3. Bomee ofmo, ecim ¢ — cBoHCTBO
rpynn, KoTopoe MePeHOCHTCA Ha NOATPYLON, TO TOBOPAT,
970 Ipynna,G 4okaabio 00NagaeT CBOMCTBOM ©, €CIH BCE
KOHEYHO NODPOIeHHbe HOATPynuH u3 G obGramaloT cBOii-
CTBOM O (ompeneleHHe A MPOM3BOJILHOIO O CM. B CJIEAyIO-
meil riaase).

1811. Ynpamuenue. llogrpynmum m ¢darrop~
TPYNIH JIOKAJIHHO HHJIBIOTEHTHHIX TPYIN CaMH JOKAJIbHO
HEJIBOOTEHTHH. BecAKag 5AOKaIbHO HEJIBNOTEHTHAS IpyIIa
ABIAETCA JIOKAJbHO TOJJAIMKJINICCKOH.

18.1.2. Teopema. 1) Bo g¢cakoii 2pynne npoussede-
Hue 06Yxr HOPMOLLHBLL JOKAALHO NOLUYUKAUHECKUT nodzpynn
ecmb AOKAAbHO NOAUYUKAUYECKAS nodepynna.

2) (B. W. Ilnotkur) Bo ecakoii epynne npouseedenue deyz
HOPMAALHOL JAOKAALHO HUALNOMEHMHHL ROJZDYRN €cmb J10-
KQAbHO HUAbROmMeHmHaf nodzpynna.

Hoxasarteascrtso. 1) llycrs K, I — sOpMaIB-
HHe JOKAJIbHO MONHIAKIAYCCKEEe MOATPYMHIE MPOH3BOILHOMN
rpynns (. Hajgo mokasars, 910 mio0afg KOHEYHO TOPOMNACH-
HaAa poarpynma u3 KL nmonmnuramueckast. Bosbmem B K
TaKylo OOATPYINY W 3aUMIIeM ee NOPOKIAIOMHEE B BHe NpO-
mapefenuit ab, a= K, b= L. Ilyctp A — moxarpynna,
MOPOKAeHITasA JIEBEIMA MHOKUTeNAMHE, B — npasuwmi. Ilo yc-
noBuio, rpynnsl A, B nomumukandeckue. OgeBUmHO, mocTa-
TOYHO YyOGegdaTnhes, 4ro0 HX mopoxgedue H = rp (A, B) —
HOJUIMKINIecKad rpymaa. Bocnoxpsyemca jgemmoint 3.2.2,
onucuBaomeit crpoenue f (orMermM, 9TO B HAmeM Clydae
mHOKecTBa I, J, C Kowednst). BBany 2TOH JeMMH H yHpasK-
HeHuA 4.4.3 OOCTATOYHO HPOBEPHTH NOJANMKINIHOCTD I'PyI-
nt 4 {4, B].
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Tax xax K, L mopmansau 8 G, 10 [K, L1 < K L.
Tax rak A, rp (C) KoHeYHO MOPOKAEHH H JIeKaT B JOKAIHHO
nomanEKIdgeckoii rpynme K, ro rp (4, C) monmrmukiugec-
KaA. J3Hadmr, Jekamasa B Hed moarpymma rtp (C4) raxke
nonanquKknageckasn, G gpyroi cropods, oHa JIexkuT B L, mo-
aroMy rp(rp(C4), B) — KoHeYHO NOpOKIeHHAS IOATPYIIA
n3 L 1, 3HagnT, TosKe noinmniindeckan. Ilo memme 3.2.2 B Held
comepmurca [A, Bl, mosromy [A, B] — morunukindecKas
rpyuna. Taxk kax A u [4, B] o6e neskar 8 K B KoHeuHO 110-
POMK/eHH, TO HX IPOW3BeleHAe — IOJANUKIAYECKAA FPyIua.

2) JlokaswBaeTcsa mo TOH ke cxeMe.

Teneps cHOBa, Kak # nmocae teopemil (DHTTHHTA, MONIE3HO
o6paTThCA K ynpaskdenmio 16.2.13.

He Bce cpoiicrBa HuIbmoreHTHHX rpynnm u3 § 16 mMeioT
MeCTO [JJIA JOKAJHHO HMJIBIOTEHTHHX TPYHI -« TAK, B NpH-
Mepe 18.2.2 caexyiomero nyHKTa Mbl YBHJHM, 9TO HONTPYILILI
JIOKAJIPHO HEJIBIOTEHTHHX TIPYIH He BCerjga Cy6GHOpPMaibHEL
Yro ke ocraercs or Teopemu 16.2.2 B caydae JOKaJIBHO
HUIBbNOTEeHTHHX rpynn? CnopaBemnnpa, HanpEMep, Takaf

18.1.3. Teopema (Maxneitn). Jwbars marcumaso-
nas nodepynna H aokaavro rnuabnomenwmuod zpynnw G
HODMAALHA.

Jloxaszareascrtso. Ilyers, Hanpores, H He HOP-
mansEa B G. Torma cymecreyer z & [G, Gl, z &£ H. Bruny
Makcumainbsaocta I rp (H, z) = G. Ilycrs

I = [yla ZI] ..o [ym znla Yi, 2 & G.

Ilyers y;, 2; BHpamalOTCA KaK CI0BA OT T K Ay, . . ., B, U3
H, n
H*¥* =r1rp (hy,. . ;s hpn)y G* =1p (By, . . ., Bpm, 2).

IIo ycaopuio rpymma G* mmasnmotenTHa. OdueBHpHO, T =
= [G*, G*], z £ H*, nosromy H* — coGcreeHHas noA-
rpynna B G*. Ilo teopeme 16.2.2 Mmoo BRI0OIMTH H * B cy6-
HOPMAJIBHYI0 MAaTpémry rpynmk G*, Kortopas mo Teopeme
17.2.2 ynnorasercA A0 NOTAOUKIMIECKON MATPENTKE

1<.<H*<H, <...<H, <G*, (1)

Tak xak cexmua G*/ H, xommyratusHa, 1o [G¥, G*] < H,
n, sHaumr, £ & H,. Ho Torga G* < H,, 9T0 mpoTEBOPEINAT
crporaM BraovesmaMm (1), Teopema poxasama.
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18.1.4. Ynpamueununme, DBo BCAKOH JOKanbHo
HAJBIOTEHTHOH rpymne G mepumojmIecKde 3JAeMEHTH COCTaB-
AAT NOONTpynny (HA3LIBaeMYI0O nNepuoduneckoll uacmuio
rpynos G

Ykasamme: cM. 16.2.7.

18.1.5. Yopax e nue. Bceakaanepmonmueckas Jjio-
KalbHO HUJBIOTeHTHAA TPyIIa pasiaraercss B OpAMOe OpO-
H3BeJieHNe CHJIOBCKUX MOArPYII.

Yxasanume: yaureiBaa 16.1.6 m 17.1.4, noxasarts
eMHCTBeHHOCTh CHJNOBCKOM p-MOATPYINH AAA KaKHOT0 Opo-
CTOTO 9Mcia p.

18.2. Hopmaausaropuoe yciaosme. Hak mokxasanm Xaiine-
kex 1 Moxawmen (Heineken H., Mohamed 1. J.— J. Algebra,
1968, 10, p. 368—376), ob6paruts Teopemy 16.2.2, BoOOmE
rOBOp#A, HEIb3dA, T. €. CYMECTBYIOT HEHHJIBHOTEHTHRIE I'PYII-
OB, ¥ KOTOphHIX BCe moArpynns cybEopmanpHb. OTMmeTHM,
OJHAKO, YTO JJ BCAKOTO HATYPaJdbHOIL0 YHACJA I CYmeCTBYIOT
TaKHe HaTypaJdbHEE Ydcaa r {(n) u s (r), YTO BCAKaA rpynnoa,
Yy KOTOpPOH BCAKaA moarpynna ¢ r (n) HoposKGaliomuMHA BKIIO-
9aeTca B cyOHOpMaAbHHIH pAN ANMHBL < 7, ABAAETCA HHJbL-
moTeHTHo# rpymmoit crymes: < s (n) (Roseblade J. E.—
J. Algebra, 1965, 2, No 4, p. 402—412).

Bosnee cnma6eiM ycinoBHeM II0 CpaBHEHHIO ¢ CyOHOPMAalb-
HOCTBHI0 BCEX WOATPYNI ABIAETCH CleAyOmee HOpMaIu3a-
mopHoe Yycaosue: Kakmas co0CTBeHHAA MOArpynOa OTIMYHA
OT CBOero HOpPMaJaW3aTopa.

18.2.1. Teopema (b. H. HJIOTKIIH) Bearaa epynna
G ¢ HOpMAAUBAMODHBM YCAOGUEM AOKAAbHO HUAbNOMEHMHQA.

HNoxasarteasctno. Ilo nemme llopua Beakuii
pJeMeHT U3 (G JeKAT B HeKOTOPO# MaKCHMaJBbHOM! JOKAJIBHO
HUALNOTeHTHOM moxrpymme fI. locTaTodnmo mOKa3aTh, 4TO
H nopmanrHa B G (rorga G GyfaeT DOKPHIBATLCH JOKAALHO
HAJLOOTEeHTHHIMA HOPMaJdbHEIMA NOATPyOINAaMM, a IOTOMY
no teopeme 18.1.2 cama Gymer NoKanbHO HHAJILIOTEHTHOIH).
OGozpauum N = Ng (H). Ecnmm N4 = N, 10 H%, H mBop-
ManpEs B N. Ilo Teopeme 18.1.2 mx npousseperue HéH no-
KaJbpHO HUJILOOTEHTHO. BBHAY MakcHMalbHOCTH H wmmeeMm
HéH = H, otkyna HE® = H, ge= N. Taxum obGpasom,
N coBsmapaer co ¢cBoMM HOpManM3aTopoM. BBEYy HOpManm3a-
TopHOTO ycaosEs N = G, 4910 m TpeboBalloch NOKA3ATh.

O6pamende 5TOH TeopeMH HEBEpHO, KaK IOKasbHIBaeT
clefyoOmMuii OpEAMEp, pelIalmui 4 Apyrae BOIPOCH.
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18.2.2. lpumep (M. WM. HKapramonos). Onpemenum
VI KaXKIOro TPaHCQWHATHOTO YAcha o rpynny G, I oJarad

C, 2Gy-, 1pu HempejeJbHOM C,
Go=0Cp, Ga= |J G upm mpeneaLHOM a.
B<a
W3 nmocTpoeEdsa BHAHO, 9TO Kaxnpoe G, ABAAETCA p-IpYyUNoO,
OpATIeM BCE ee KOHETHO HOpPOKHEHHEIE HOATPYyHNOH KOHETHEL
1 |Gy | > |al. B sacraoctn, Bce rpymns G, JI0KaJbHO
HHAJBIOTEHTHHI.

Ilycts y — mepBoe HecueTHOEe TpaHCPUMHATHOE THCIO.
HAcno, 910 BCe G, mpu a < Y CUeTHH, a rpynna G, HecueTHA.
IToxaxeM, 4910 G, He Y/IOBIETBOPAET HOPMAaJH3aTOPHOMY
ycaosuio. JleficTBATeILHO, B IPOTABHOM clydae B G, cyiie-
CTBOBajsa OB HIOCAEeROBATENBHOCTHL HOArpynm f1;, 3amyme-
POBAHHHIX TPaHCPAHATHBEIMH 9ACAAMH A < Vv, C YCIOBHAMH:

a) Hy =1, Hy<d Hyyy, Hy = %HM OpHA HpefelbHOM A,

13

Hv = Gy,

6) Bce daxTopu Hyyy/H, KOMMYTaTHBHHI.

(Takyio moclnefoBaTeNbHOCTL MOMKHO OHJIO OH IOCTPOHTH,
HanpuMep, OepAa mepByio M TpeThlo (OPMYJH H3 a) 3a ompe-
nenenme M, a B KatectBe H ., Oepa mopoxaenue H , | Jio-
6oro anementa u3 NV (H,), ne:xxamero BHe H,.) M mokaskem
ceifyac, uro rpynnma (., B [eHCTBHTENHHOCTH HE COREPIKAT
HOATPYOI ¢ YCJAOBHAMH a), 0).

Ilycts, mampords, Takme H), CYIecTBYIOT. ¥ OJOTHHUB,
eCAHd HYIKHO, IOCIeJ0BATENBHOCTh JTHX HOATPYIN, MOMKHO
cuATarh, 4T0 BCe (akTopm H,.,/H, wEramveckme. Torma
BCe H, ¢ HaTypaJdbHBIMA HOMEpaMI n CYeTHL, a HOTOMY H HX
o6benuaerne H, cuetHo. 3amyMmepyeM dJeMeHTH u3 H,:
hy, By, . .. OdeBHpnoO, hyy & Gp  upH HEKOTOPOM P < 7.

OGbepmuenne Bcex Gp  ecTh HekoTopoe Gp, mpumieMm P < v,

HOCKOJBKY Gg cueTHO, a rpymnna (, HecuerHa. MK moayudm
OpoTHBOpedYde, €CJH YCTaHOBWM, 4T0 (g comepxuT Bce H,
opu o << A < v. CupenaeM sto mugykumeir mo A. aa npe-
HeNbHBIX A YTBep:KAeHAE OYEBUAHO, MOITOMY OYCTh A —
HenpepnenbEoe 1HcRo. Ilycrs yke mokasamo, 9to Hj—;, <
< Gg, HO cymectByer h = Hj, h ¢£ Gg. llycTs a TaxoBo,
aro k< Ga, h & Go-y. OueBmpmo, P < a — 1, mostomy
Hj—, < Gg-y. Tlo ompepesncHHO coyieTeHms,

h = bf., b= Go:-li fe fun (Ga-ls Cp)?
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npuaueM f 5= 1. JIna Bcex x & H)_; uMeeM
[2°, f] = 2" & Gony ) fun (Gam, Cp) =1,

T. €. Hi_l neaTpanasyer f. Takmm obpasoMm, aneMent f =
= bfb"' 5= 1 mmeer B Gg-; GecKOHEUYHHH IEHTPaNH3aTOP.
C npyroif CTOpOHEL, BTOT MEeHTpalwWsaTop, MedcTBysa Ha Gy,
OpaBHMH CABHTaMH, 0J:KeH HepeBoguTh supp (f') B cebd.
3HauAT, OH H30MOpdeH Tpynme NOACTAHOBOK KOHEYHOTO
MHOQKecTBa supp (f') @ moToMy He MOKeT GHITH GECKOHEUHEIM,

18.23. Yopamxmueenue. [I'pyoma G, mmeer TpHBH-
aJbHBIA I[EHTP.

l'pynonm ¢ HOpMalIH3aTOPHHEIM YCJIOBAEM CTONL OJH3KHA
K rpynmaM ¢ OeHTpPaldbHRIMH MaTpémkamu (BooOIe roBops,
0eCKOHEIHBIMH), ITO JOJT0 HAKTO He 3HAJ, CYNECTBYIOT JH
FPYOOE ¢ HOPMAaJA3aTOPHHM yClIoBHEeM H (e3 TeHTpa. ITOT
CTapHil BOIPOC GBI MOJQKHTENBHO pelnleH XaHHEeKeHOM M
MoxamenoMm (cM. cTaThlo, IATAPOBAHHYIO B Hadaje IIyYHKTA).

Opnaxo mo-mpe:kumemy nemaBecTHO ([13], BOmpoc 2.80),
aMeeT ¥ NPOH3BOJLHAHA TpynOma ¢ HOPMalHM3aTOPHBIM YCJIO-
BAeM OTJHMYHYIO 0T eJUHHIH afelleBy HOPMaJbHYI0 IIOJ-
rpynmy.

18.3. Amrenepoctn. VlcTounmkoM 3T0T0 0600IeEAST HHAM -
OOTEHTHOCTH CJAYKUT KOMMYTATOPHOE€ TOMEeCTBO

[xO’ Lpy o o oy xn] =1, (2)

ompefeNdOmee, Kak MH 3HAaeM, HHUJBLIOTEHTHHC TPYIIH
cryneEd < n. CTpemileHMe HMETL BO3MOMKHO MEHbIIe Imepe-
MeHHBIX INPUBOMHT HAaC K TOMIOEeCTBY

[m,y,...,ylzi (3)

e r——
n

(oTcyTcTBHEe BHYTPEHHHX CKOOOK 03HavaeT, KOHEYHO, «Opa-
BHIBHYW» uMx paccramosky: [[lz, yl, yl, ..., y]). I'pynna
¢ TORIeCTBOM (3) HA3HIBAETCA 02PAHUMEHHO IH2eAe80l epYnnoll
CTYHOEHH <_ & — B 9€CTh JHTeJd, 3aJ0KMBIIET0 BMecTe ¢ Jlm
OCHOBHI TeOopHMHA rpynm H anrebp JIu, ynomMunaBIIelcs B Ha-
gayne raapel. O4eBHIHO, B MHOT006pas3uy OTrpaHMYeHHO SHTe-
JeBHX TPYON CTYHOEHH <_ n COAEPKHUTCA MHOroo0pasue Bcex
HAJBIOTEHTHHX IPYIOO CTYHeHH < 7. JTH MHOT000pasus He
COBOANAlOT, Kak IMOKAa3nBaeT
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183.1. I pumep (¥acrom). IIycts M — MHOMeCTBO
BAaTYpaJbHEX UHCe], pasjaraiom@xcsi B IPOH3BeJcHHe pas-
JHIHBEIX OPOCTHIX YHCEJ], T. €. HE eIAIAXCA Ha KBagpaTsl.
Raxpomy m e M comocraBuM IHKIAYECKYH T'PYNINY BTO-
POro MmMOpAAKa ¢ HOPOKAAIONUM a,,  0603HauMM Yepes A
OpAMOe MPOM3BeAeHNe Bcex (a,,). HammoMmy mpocromy qmeay
P COHNOCTaBUM aBTOMOPQH3M ¢, Ipynmel A, 3afaBaeMblil Ha
OOPOKAAINEX caefyomuM o00pasoM:

O Gplm/p TPH p|m,
™ 0, B OCTAIBLHHEX CJAyYasX.

Ouenmpmo, ¢p = 1 u PpPq = PgPp, TaKk urTo rpymma @,
IOPOKIeHHAA BCEMH ¢,, KOMMYTaTHBHa mepmopa 2. Ilycts
G — pacmupernme A mocpencrBomM @ (cm. m. 6.1). Uz ompe-
feJleHAS BOANHO, 9TO OPH ¢, HE AEJAMeM m,

A == [amq’ (pq]'

Orciona (G, G] = A, |G, Al = A m, smauuT, rpynna G He
HEALNOTeHTHA. G [pyrof CTOPOHH, OHA YHOBJAETBOPAET TOK-
nectsy [z, y, y, yl = 1. leitictearensno, ecam a, o’ = A4,
¢, ¢ &= @D, To mMeeM mocaegoBaTeaArHoO: la, a’'gl = [a, cp]
BBHAY TOkIecTBa [z, yzl = [z, zl [z, yI* 1 xoMmmyTaTHBHOCTH
rpymus A, la, ¢, ¢l =1 BBUAY rtOmmectBa 2.} Y, 2] =

= [y, z] [z, zl [z, yz] m coorrOmennsg [a, q)]2 = 1, HaKoHeI,
[ag, @'¢’, a'¢, 2’9l = lag, a'¢’, ¢, '] = 1 B cay mpexs-
RYIIero. OTMBTHM eme TOT OYeBHAHHEIHA ¢(aKT, 9TO0 rpynma
¥YacToHA HMeeT mepuoy 4.

I'pynna HaswBaeTCSa aHzeaesoil, ecliM IIA JIOLIX ee 3lle-
MEHTOB Z, J BHIOOJHAETCA COOTHOmMeHHe (3) mpa HEKOTOPOM n,
3aBUCAOEM, BOOOIE TOBOpA, 0T 9THX 3jaeMenToB. OUueBHIHO,
KJacC SHTEJEBHX TpPYHO COJEPRKAT KIacC BCeX JNOKAJLHO
HHJbOOTEHTHHIX TPyOO. JTH KJIACCH PasiHYHb, KaK O0Ka3H-
BaeT TaKOH

18.3.2. Ipamep (E.C. I'onon). Iaa nwGoro d > 2
CYmEeCTBYeT HeHHJABIOTEHTHANA Ipynna ( ¢ d MOpORAAIIAMHA,
y KoTopoi niofas noarpynna ¢ d — 1 mopoXgalondMHA HAJL-
notenTHA. Takas rpynma CTpoOMTCH € MOMOMBIO AHAJOIHIHOTO
opuMepa Aas anre0p, a HMEHHO ¢ IOMOMMbI0 HEHHJIBIOTCHT-
Hoi (OecKOHeUYHOMepHOH) anreGpel A ¢ d mOpoKAAIOmMUMH,
y KoTopoi giob6aa moganrebpa ¢ d — 1 moporkaanmUEMA HAIb-
OOTeHTHA. Y Ka3aHHafd KOHCTPYKIHS, MeTAJbLHO H3J0MeHHasd
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B § 26 Jlomonmennsda, maer A B supe F'/I, rqe F’ — mopaa-
rebpa «MHEOro41eHoB 0e3 cBoOOXHOTO 4leHay CBOGOXHONE ac-
COIMATMBHOU anreOpul F ¢ mopoKmamMuMA Iy, . . ., £y HaJ
KakaM-Ea0yns moaem k, I — ommoponumblit wmpmean B F'.
Ilycts p — mpocroe wmeno, & = GF (p). Bossmem B F/I
MHOKECTBO

1+A4A={1+alac A4}
Ougesmpro, (1 +a)(1 +0) =1+ a-t+b+ab, (1 + a)yl=
=1—ata?—...4+ (1)1, ecam a" = 0, nos.
toMy 1 + A — rpynma. [anee, masa BeAkoro a &= A4 cy.

m
INeCTBYET Takoe m, 4To a? = 0, oTKyxa
m

P my
(1 - a)pm-:—‘Z(pi )0,1::1,
1=0

NMOCKOJIBKY Bce OHMHOMMaJbHEE KO3QQUIHEHTH, KpoMe mep-
BOT'O H HoCJIeNHero, neasdArcs Ha p. 3Hauur, 1 + A asasercs
p-rpynnoi. Ilyers G — moparpynma, nopokaeEHas B Heil
anementamu 1 -+ z,, ..., 1+ z4, roe z; = z; + I. fcno,
4TO0 NOATPYOOma, HDOpokKneHHas B3jdemeATaMH 1 -+ a,, ...
ol 4+ a4y, a; = A, nexnr B 1 -+ A%, tne A* — nog-
anredpa, DOpOXKJeHHAs 9dJAeMeHTaMH a;, ..., dg.4. IlO
ycaoBuio anrebpa A* HHJIBOOTeHTHA, HO3TOMY ¥ rpynma
1 -+ A* mmapoorenTHa (ympaskendme 16.1.4). Taxmm oGpa-
30M, Bce moxarpynmbl ¢ d — 1 mopokpalomumm 13 G HAIBOO-
TeaTHH. OpgHako camMa rpynma G HeHHJBHOTCHTHa. B caMom
mese, B 1poTHBHOM ciaydae Beuny 16.1.6 oma Onna 66 KoHEY-
noit. Ho torma m rpynmoBoe koanmo k [G] m ero ecrecTpen-
EHA roMoMoppuHE of6pas F/I = k@ A Omam O KoHed-
HBEIMH, 9T0 OPOTABOpPEeIAT GECKOHETHOCTH aaredpHl A.

IToxa memsBecTHO, GyAeT AU TPYIHOa JOKaJIbHO HHJIBIO-
TeHTHOH®, €CHH Jas JIOOEX e€ 3JAEMEHTOB Z, J BHIOJHACTCH
cootTnomenue (3) mpu #, 3aBHCAMEM TOJABKO oT y. Hemapecr-
HO TaK:Ke, OymeT JM B OpOM3BOJABHON I'pynme IMPOA3BeJlCHHE
HOPMaJABHEIX BHIeJeBBHIX HOOATPYOO CHORA 3JHTeJeBOM IOJ-
rPYHOIo.
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PA3PEIIUMBIE I'PYHIIBI

§ 19. O6mue cpoiicTBa W NpUMEps

19.1. Onpepenenna. Hak Opu1o ckasano B Hadale mpe-
OHyHIed raaBbH, paspemHBMble Ipynns — 3T0 TIpynOs, Ko-
TOpHle MO}KHO COOPATh MOCJEN0BATEABHEIMA paCOIApPEHN AMA
u3 abenephlx rpynno. BosMoKHEL W [pyrue pPaBHOCHIBHEIE
OmpefeieHEdA pPaspeldMOCTH.

19.1.1. Teop e m a. Jaa npoussosrvroll epynne G pas-
HOCUALHBL caedyouue ymeeprcleHus:

a) epynna G obaadaem cybHOpMasbHOU Mampéulkol ¢ abe-
AesHMU CEKYUAMU,

6) epynna G obaadaem HOPMAALHOU Mampéwrol ¢ abeae-
GIMU CERYUAMU,

B) pad kommymawmos G>G > ...>G™ > ..,
epynnut G uepe3 KOHeuHOe LUCLO Wazoé obpweaemca Ha edu-
Huye, m. e. asasemces (Koneunoll) mampéurkoil,

r) epynna G ydoeremeopsaem 00HOMY U3  moxsdecms

&, (x4, .. ., xzn)zi, n=20,1, 2, ...,

363 60 (.’L‘) = T, 6n+1 (.'L'l, s e ey x2n+1) = [Gn (.‘L‘l, o o oy xzn),
Op (Tynyy + + o Z 1)l
NoxkasaTeaxbcTBO. B) = 0)=>a). Ouenanuo.

a) = B). Ilycrs rpymma G o6aagaer cyOHOpMaldbHOH
MaTpémKo# ¢ aGelleBHIMH CeKIHMAMM:

1=H<H,<...<H; =A@G.
Tak xak d¢aktop-rpymna G/H, , abenema, 10 G' < H,_,.
IIpenamono:xkuM, 9TO yKe YCTAHOBJACHO BKJIKUeHHAe G <
< Hyy, 1<<k<s. BpEay KOMMYTaTHBHOCTH CeKIIHH
H _/H -y xomMmyTanT (GH) = G&+D copepatea B H _y_1.
Orcopa G® = 1. CrenoBaTenbHO, I0Ka3aHa PaBHOCHIBHOCTD
NepPBHX TpeX YTBEep:KACHUM.

B) = r). Jonyctum, uTo s-i KomMyramT G® rpymmm G
paBen emmamie. Tak Kak (s — 1)-f KoMMyTaET TrpymnH
G/G¢-V paBeH eAMHHEIE, TO, UCOONb3YSd HHAYKTHBHHE CO06-
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pasKeHUs, MOKHO cuurtath, 410 &, (g, . . ., g,5-1) & GO,

rae O,y (81 - - -, g,5-+) — 3HAUeHMe caoBa O, ; Ha diemen-
tax g;. OTclofa B cHIy KOMMYTAaTHBHOCTH TpyHmbl G moiy-
qaem O, (gy, - . ., g,s) = 1 nas nobux g; < G.

r) = B). O6patmo, mycTsr ma rpynme G cOpaBelABO
TokAectBo O, = 1. OuweBmamo, moxrpynma H, moposkpennas
3HadYeHHAMA cihoBa §,.,, HOpMalbHa U KOoMMyTaTuBHa. Ha
paxtop-rpynoe G/l BeimmoaHsercsa ToOMkAECTBO O,y = 1 m
oo5TOMY MOKHO cumTaTth GV < H, wro mixever Go = 1.
Teopema poKasaHa.

I'pynma G maswiBaeTcsA paadpewuMmoli, ecId NIA Hee BePHO
OHO U3 YTBepsKAeHHH a), 0), B), T). MaTpémka nyHKTOB a), 6)
TaKKe Has3hBawT padpewumnimi. Ecaa rpynna G paspenmmma,
TO HaMMeHBbIlee MOJOKATEeNbHOe TUCIO0 N, AIA KOTOPOoTo G =
— 1, Ha3HBAeGTCHA CMYNEHLI) PA3PEULUMOCMI HTON TPYIIH.

U3 poxasareannctBa Teopems 19.1.1 Bupgno, uTo Ha paspe-
IIAMBX Ipyonax CTYOeHH Pa3pemuMOCTH <_ % U TOABLKO Ha
HUX BeImoJHAeTcHA ToxAecTBO O, = 1. CiemoBarennno, Kaacc
paspelmMEX TPYOO CTYOEHHM pas3pemuMOCTH <_ I €CTh MHO-
roo6pasre. HemocpeaCTBeHHHM Cle[CTBEEM ITOTO 3aMeJaHHsd
ABJIAETCA 3aMKHYTOCTh KJ1acta pPa3pemIdMMAKX TIpynn OTHOCH-
TeJbHO B3ATUA HOATpyOO, TOMOMOPQHEX 00pasoB M KOHEU-
HEIX OpPAMBX OpOM3BeleHHN, a TaKKe JeKapTOBHX IpPOH3Be-
MeHAid MpH YCJOBHM OTPAHMICHHOCTH CTyIOeHeHd paspemmm-
MOCTH coMHOKHETedel. [Ipamoe (mexapToBo) NIpom3BejeHHE
IPOU3BOJBHHX paspelMMEX TI'PyOHN MOKeT He OHTL paspe-
IIAMOH TPYIIOH.

19.1.2. Yopaxumenune. Tpeyroarpable MaTpHIHLE
rpyoasl 7', (K) paspemmamul. Ix mpsAMOe IpOU3BeJeHHE IO
n =1, 2, ... He ABAAercA paspellIMOd TpyLNOii.

19.1.3. ¥ u pakuenH”e. Pacmmpenme paspemmmon
IPYIOH IOCPEACTBOM Pas3pelldMOHd rpynnsl caMo paspellzdMo.

1914, Yuopaxxumenune. B mpoussonapmoit rpynme
OpOH3Be/leHre ABYX PpaspeNnMMBEIX HOPMAaXbHEIX HOATPYNI
ABIAETCA Pa3pemuMol DOATpyNIoi.

19.1.5. Ynpamxuenne. B mpom3poipHOR KOHeYHOH
rpymme cyimecTByeT (efMHCTBeHHas) paspelmdMad HOpMalb-
Hafl HOArpynma, GakTOp-rpynma IO KOTOPOH HE COMePIRUT
OTIUYHHIX OT e[MHUNH abeseBHX HOPMAaNBHHIX HOATPYNI.

19.1.6. Yopamunenue HomeuHada paspemuMas
rpynma ofiamaeT cybmopMadbHOE MaTPEIIKOM C IMKIHYE-
CKUMH CeKNUAMHA DOPOCTHX DOPAAKOB,
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19.1.7. Yopaxaernne. MuauManrHasa HopMaNdb-
Hasl OOATpyONa KOHEYHOIl paspemmmoil rpynmsl sABiAeTCH
pIeMeHTapHO# abeneBoil, T. e. pasnaraeTcad B IpAMOE NOpoO-
n3BefieHUE IAKANYECKHX IPYOI OHHOTO M TOTO ’Ke IPOCTOTO
OOPANKA.

19.1.8. Yunpaxuenne. [lepuoguueckne KoHEYHO
NOpOKAeHHble paspelImMble Tpynns Kosegasl (cp. ¢ 16.1.6).

19.1.9. Yopaxuaenne. Ilycts p — mpocroe umcho,
I', — rpymma maTpdrn BUAa

1 * =

- % % ¥

Hax KoabnoM (Y, p-WIHEX ApoOeid ¢ MOJOKHATeABHHIMA JUa-
roHAALHBIMA dneMeHTamu. Jlokasath, 4rto 1) memtp Z (T,)
rpyunsl 7, COCTOHT M3 MaTpHI, ¢ eXMHCTBeHHOI 3BE3N0U-
Ko B mpaBOM BepXHEM yIJy H, CJleJoBaTeJbHO, M30MOpdeH
agmaTaBHON rpymune Qp; 2) rpymma T, mopoiaercsa xgEaro-
HAJLHEIME MaTpPHIAMHU

d, = diag (1, p, 1, 1), dy = diag (1,1, p, 1)

O TPAaHCBEKIMAMH ¢;; == e + e;;, i < j.. Hax nmokaszan AbGeasnc
(Abels H.— London Math. Soc. Lecture Note Ser., 1979,
36, p. 206—211), T, UmMeeT B 3THX DOPOKAAOIMUX KOHETHHI
TcHETHIeCKHHA KOJX

[dz, d3] = 1, [tij, tk;] == t?;(j' k),

8(i+1, )
th i dy = d;t},

. i+l ’

rae 6 (i, j) o6osHaYaeT eAUHAIYY IpPH i = j M HYAb OpH i £ §.
Taxmm o6pasoM, rpynnu I', MOCTaBASAOT NpEMep KOHEYHO
ompefedeHHNX paspeliAMHX TPYON, Y KOTOPHX IEeHTDP HO
KOHETHO IOPOKNEH H CYMEeCTBYOT GecKOHeYHEIe BO3paCTalo-
mue pAgk NV, << N, << ... HOpMaIbHHX (flake MeHTPaJbHEIX )
HOArpyIN.

Jlpyroit BaskHEI# mpuMep, BCKPHBAIOIMMIA y:Ke He CTPYK-
TYPHYIO, a aJTOPUTMHYECKYIO CJIOMHOCTH KOHEYHO ompefe-
JeHHHX paspelluMHX rpynn, ykasaxa vHepasmo O. I'. Xap-
nammosuq (Mass. AH CCCP: Cep. marem., 1981, 45, Ne 4,
c. 852—873) — oma mocrpomia 3-CTYHEHHO paspeiIaMylo
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TPYONY C KOHEYHEIM TeHeTHYeCKHM KO0M
G=rp(xy, ...,z v, =1,...,0p =1)

d HepaspemuMoil npodaemoii paBemctBa. llocaemmee osHa-
9aer, 9T0 A rpynnsl G He CYLIIECTBYET aJrOpUTMa, KOTOPHIHA
00 JIOOHIM ABYX €l0BaM B aixdaBure z,, . . ., £, paclo3HaBal
6H MX PaBEHCTBO HWJU HePaBeHCTBO KaK DJIEMEHTOB IpynmH G.

19.2. HoauwpmkmmuaocTs u crepxpaspemmmmocTb. Oue-
BUJHHIA OpHMep pa3pelIEMBIX TIpyOO — OOJHNHAKIAYECKUE
rpynnsl. BaskHHE HoAaknacce HDOMANUKINYECKMX TpYON Co-
CTaBAAT ceéeprpaspewsumble 2pynnsl — 310 Tpynme, objxa-
raiomue HOPMaJbHOH (a He mpocTo cyGHOpMaJbHOM) Marpéi-
KO ¢ IUKJIMICCKUMH CEKIAAMU. JHAKOMHH HaM IpAMep
CBepXpa3pelIIMHX TPyON [JalOT KOHEIHO NOPOM/eHHLE
HHAJBIOTEHTHHE T'PYIIIHL.

19.21. VYupamxuaenmue. Ilogrpyons m ¢axrop-
IPYIOE CBepXPAas3pemEMEIX TIpPYNI CBepXpaspemdME.

19.2.2, Teopewma. HKommymanm ceeprpaspewiumoil
2pyYynny HUJLLNOMEHMEK.

NMorxasareabcTBo. Ilyers B rpymme G 3sanana
HOpMaJbHAA MOJHIAKIATecKada MaTpémka 1 = Gy <{ Gy <. ..
...<G,=G, m nmyctp G — KomMmyTauT Tpynmn G.
ITo Teopeme 4.4.2 pan

1=H0<H1<...~<\;Hn=6”, rje fIiZGiﬂG’,

ABNACTCA HOPMAJLHOH HONHIMKIMYECKOH Marpémkoi B G'.
IToxaskeM, 9TO0 Ha caMoM jeje oHa meHTpaarHa B G, T. e.
G, Hinl < H;puaseex i =0,1,2,. . ., n — 1. Ouenup-
HO, CONPSKeHMA Tpynnsl G sremeHTaMu H3 G HHIYINUPYIOT
aproMoppmamul B cekumax H;,,/H;. Tak Kak rpymma asTo-
MopdpusMoB muKIMYecKo# rpynmu abereBa (cm. 9.1.1), To
KoMMmyTaeT G’ [JOKeH MHAYIIMPOBATL BO BCeX CEKIIAAX
H;../H; roxgecrsennoe npeobpasopannme. I1o aTo m osmataer
Hy:KHble HaM BKA09eHHsA. Teopema moKasaHa.

OTr™MeTrM OJHO CBOHMCTBO KOHEYHHIX CBEpPXPadpelIIMbIX
Tpyni.

as a

IIycts G — KoHe4yHass Tpynma ODOpAAKa n = Py . . . Pk
THe p; — OpoCTHE uHmeaa, p, > . .. > Pp. llopMansHas
MaTpémKa

\ =H, < H,< ...<Hy=G

HA3HBACTCHA CUL06CKOU Mam péwroll rpynns G, eClH CeKyus
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H,,/H;, i=0, 1, ... k—1, saBIdercA CHIOBCKOW
Pi-mogrpynmoit rpyunn G/H;. (Usorma B sToM ompepgene-
HAA He TpeOywT YOOPAJOYEHHOCTH Py > . . . > Pg.)

19.2.3. T e o pema. RHoneunas ceeprpaspewumasn 2pyn-
na obaadaem cua06CKOL MampEWLKol.

IloxasareasbcrtBo. Ilycrts p — Hamboapmuid
OpocToil pelWTeNh MOpPAAKA CBepXpadpemnMmoi rpyonsl G,
A nycth H — kaxag-mu0yfp ee HOpMaJbHadg Ooarpynnoa
npoctoro mopsaaka q. Maxrop-rpynna G/H cBepxpaspemmma
u |G/H | < |G |. llo uHAYKTABHEM cO00paKeHAAM MOKHO
cuuTaTh, 9T0 B QaxkrTop-rpynue GG/H cmIoOBCKas p-moarpymnma
P/H nopmansua. Ilpu p = ¢ moprpynna P 6yjeT CHIOBCKOMH
p-nourpyumoit B G m P <] G. Ecan p = ¢, 1o B G/H Hajigercs
HOpMaJbHas noxrpyuna H,/H nopapgka p. llo teopeme Com-
JI0Ba, KaK JerKo BHJeTh, CHJIOBCKasA p-noarpynoa H, rpynnel
H, eguuctBemEa m moroMy BBuAY coortHomenwsa H,<]QG
HopManbHEA B G. CHOBa mpumenss K G/H, MHKYKTHBHEE CO-
ofpakeHn, IOJYyYaeM HOPMAJILHOCThL CHJIOBCKOH p-IOj-
rpyoos rpyoosl G, Ha s1oM 1mo cymecrBy goxasareancTBo
3aKAaHYABAETCA.

§ 20. Komeunble pa3peminMbie TPYILI

3aMermM, OpeXAe BCero, IT0 KOHEYHHE pPa3peUIAMEIC
IPyOOBl — 3TO0 B TOYHOCTH KOHEUHbE IOJHIHKINICCKHO
TPYIIIN.

B mepBoM myHKTe 3TOro maparpada H3laraerca Teopms
XOJLIOBHIX H KAapTEPOBHX HOATPYOOD B KOHETYHOM paspemn-
MOH Tpynme, KOTOpadg HANOMHHAET TEOPHI0 CHJIOBCKHX
p-IOATPYNN B IPOM3BOJBHONH KoHewHO# rpymme. B rpernem
OyHKTe OymeT yKasam ofdI KPHTEPHIA CBepXPaspellrMOCTH
KOHeuHO# rpynnbl. BTopoll myHKT HOCHT HOATOTOBHTENBLHHIA
XapaKTep, OJNHAKO HM31araeMee B HeM TeopeMd Mamke n
Ilypa o npo#3BOJBHBIX KOHEYHHIX TpPYOIOAaX OYCHD BAKHE
camm mo cele.

20.1. XomroBol ® KaprepoBbl moarpymmsl. Ilo Teopeme
Cmiaosa 11.1.1 B npomsBonbHOI KOHEYHOH rpynme HopsaaKa

—= pP. . . ps® (p; — pasAMYHBIe IPOCTHE THCIA) BCETHA
CymecTByeT HOATPYNNa NOPAAKA p;+ u mobhe JBe TaKue
noqrpyOnH  conps:keHnl Mexgy coboir. @. Xomnr mamex
o6o6menne TeopeMbl CHIoOBa [AJIA KOHEYHHX pPa3pelIIMBIX
rpynn, a IMEHHO [0Ka3ald CyHmIeCTBOBAaHHE M CONPSKeHHOCThH
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HOATPYyON HOpAAKa kX B KOHeYHOH paspellEMO# TpyIllle IO-
n
3
JeJUTeJH 9YHCJAa 1 HAa3HBAOT X044086LMU, & BCAKYI0 HOJ-
rpyuny, OOPAZOK KOTOPOH pPaBeH HEKOTOPOMY XOJJMOBY
JeJUTeNI0 MOPAAKA IPYIOLI, HA3LIBAIOT X044080U nodepynnoi.
OrmeruM Ge3 JoKa3aTeAbCTBA, YTO U3 CYLIeCTBOBAHHA XO0J-
JOBHIX IOATPYOI KoOHeYHOW rpynnn (r o BCEBO3MOKHEM
XOJNOBEHM JEJHUTENAM HOpAfAKA rpynns G BHTEKAaeT paspe-
wuMoCTh G. JToT ¢axt ycramosieH D. Xoamom (Hall P.—
J. London Math. Soc., 1937, 12, p. 198—200) n C. A. YUysun-
xunbM (Use. HUNMM Tomcxoro ye-Ta, 1938, 2, ¢. 220—223).

201.14. Teopema (D. Xomx). ITyemv G — Konewnas
paspewumas 2pynna nopaoka n u k — zoanos Geaumend uwuc-
aa n. Tozda

1) & epyrne G cywecmsyem no kpalineii Mepe o0na nod-
epynrna nopadka k;

2) awbue dee nodzpynnv nopsdka k conpaxcenwv 6 G

3) awbas nodepynna nopadka k' | k codepacumcs ¢ nod-
epynne nopadka k.

JNoxaszaTeasncTso OyieM BeCTH HHIYKIUeH @m0 n.
HomycTrM, 9T0 BCe YTBeP:KAEHHASA TeopeMbl COpaBe[JiUBH JJif
OPOU3BOJBLHOM KOHEYHOH paspellUMOH TCpyOmbl, IOPAAOK
KoTopoii Mersme n. O6o3Ha4YuM yepe3 A MEHEMAJIBLHYI0 HOP-
MaJbHYI0 moprpymmy rpymnu G. CoriacHo ynpayKHEHHIO
19.1.7 moarpymma A pasiaraerci B IPAMoOe IPON3BeAeHHE
EKJIAYECKEX TOATPYIO LpocToro uopsaka p, |4 | = p™.

Ecau p | k, To BBAAY HHAYKTABHOT'O AOIYIIEHAA B PaKTOP-
rpymne G/A cymecrByer momrpyuna B/A umopapgka k/p™.
Torga mopsapoxk B paper k. Hpome Toro, iobne mogrpymnk
B, B, mopanka k copep:xar, odeBupgHO, moarpymny A. Ilo
HEAYKIEN OOArpynnsl B;/A m By/A coupmwesn B G/A.
CraepoBaredsHo, moarpynns B,, B, conps:keHs B G.

IIycrp Temeps p He menurt k. O603uagnM yepes D Hauboab-
Y0 HOPMAJABHYI0 HOATPynny rpyonsl (7, HOpAKOK KOTOPOHR
B3aUMHO IIPOCT C K, a wepes H/DD — MHHEMAaJgbHYI0 HODMaIb-
nyw moarpymny rpynmu G/D. Ilopsamor H/D wmveer BHA
T, q | k.

Ecan mopmanmsarop N () cmiosckoil g-moarpynnu ()
n3 H coBmagaer ¢ G, To Q <I G m pmoxasarexnCTBo mm. 1),
2) IPOBOUTCA TAK ke, KaK IPH NePBOHAYAJIBHOM AONYIEHHN

p|k.

pAAKA r Aad BCAKOro k£ ¢ yciaoBueM k| n, (k, = 1. Taxue
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Ilyctsy N (Q)=G. MUs pasenctBa G = N (QQH =
= N (Q) D (cM. nemmy Opartuan 17.1.8) caexyer, uro mops-
nok N (Q) mesimrca Ha k. OTCiOfa BBEIY MHAYKTHBHEIX Opef-
HOJOKeHHN BHITEKaeT cyllecTBoBanue B N ((), a sHaunr, u
B rpynme G, mogIpyInH mopajka k

BoasbmeMm gBe moprpynnm B,, B, nopsagka k. Ilepecedenns
B, [ H, B, (] H aBasaoT1ca B H CHI0BCKEMH ¢-mOAIpYyI-
IaMH, I03TOMY, BBHAY HX COIPH;KEeHHOCTH, MOKHO CYH-
Tath, 9t0 B; (| H = By (| H = Q. Ilogrpymma (, oue-
BIJHO, HOpMaJIbHa B moarpyunme (B;, B,). Ha ocroBanmm
HHAYKInE DoArpynnk B;/Q u B,/Q conpsxenn 8 (B, B,)/0Q.
Orcropa cregyer CONPAMKEHHOCTH nmoxrpyunm B, B,.

Urax, yreepxpennd 1), 2) noxasann. [loxakem 3).

Ilyers B’ — moprpynna mopagka k'. Ilpm p | k mopamok
poarpynnsl AB’, oweBngno, gennt k. B cmay MHAY KTHBHOTO
ponymenna nmoarpymma AB'/A COZIeP;KUTCA B HEKOTOPOH
moarpymue mopapka k/p™. Torma AB’ conep;ﬂmca B IOJ-
rpynne nopsagka k. Ilycrs Teneps p ve geant k. Ha ocroBannn
HHIYKTUBHHX NIpefAnojo:keHmid moprpymma AB’'/A copmep-
skurea B moarpynne C/A mopsagka k. Ha ToM ke ocHoBaHHH
MoykHO cunTaTth, 9T0 C = G. Ilo goxasammomy m. 1) B G
cymecrByer moarpynna B mopaaxa k. OgeBupno, mpomsBe-
genge AB cosmagaer ¢ G u notomy AB'B = G. W3 gopmyxn

| AB"| - | B

1¢l=Taz 757

|G|==p™k, | AB'| = p"™k', | B| = k

moJydaeM, 910 mopsagoxk D = AB’ () B pasex k'. Ilo moxa-
3aHHOMY O. 2) noAarpyous B’ u D coupsixesn B AB' : B'=
= D¥ Qrcopa caegyer, uTo B’ comepskATCA B IOATpyIIe
Bf nopapgka k. Teopema mokasaHa.

2042, Yupasxueune. MNHEIEKC DTPpoN3BoIbHOA Ma-
KCIMaJdbHOM HOAIPYNNE KOHEeYHOH paspemmMol rpymmu G
eCTh CTeleHb ONPOCTOro umciaa. s BCAKQOIO IPOCTOTO Aeian-
Telld P MOpAAKA IPynnH G CYmecTBYyeT MaKcmMalbHaA B G
OOArpyIna, MHAEKC KOTOPOH eCTh CTelens p.

2013. Yopaxuernne. Ilycte A — xonmoBa mop-
rpynona KoHeuHO# paspemmMoit rpynnn G, H — I[OJII‘ple]Ia,
cofep:xamas Hopmaamsarop Ng (4). Torp;a Ng (H) =

. X041 BBeJl HOHATHE CAAOBCKOI 0asn » 000bmma 013010
TEOpeMy B 3THX TEPMHHAX, YTO IMOCAYKMIO0 TOIYKOM K Jaib-
HedmuaM ee 0000meHNAM B pasjHYHEIX HAOpPaBIEHHUAX.
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Cooxynuocts Gy, Gp,y . . . CHIOBCKAX p;-IOATPYID
rpyunsl G HasuBaerca (roanoll) cusosckoll 6asoii, ecanm

1) G = rp (Gp,, Gpsy - - ),

2) GpGyp; = GpGp, AR Beex i, .

Wnorpa B onmpemeieHMH CHIOBCKOM Oa3kl BMeCTO 2) Tpe-
Oy10T BHIIIOJTHEHNE YCIOBHSA

2') MHOKeCTBO TpPOCTHIX JeimTeNiell DOPAXKOB BJEeMeH-
TOB MOATPYINH TP (Gph, e Gpis) coBIATAEeT C {pil, .o

* s ay pis} HJIH Bcex il, e o a9 iso
OO0xraHO 3TH OIpefeleHNA 0KAIHBAIOTCS PaBHOCHILHEIME.
HBe cunosckue Gaswr {Gp,}, {Gp,} HABHIBAIOTCA COnpANCeH~

HBLMU, eCIM CYIIeCTBYer TaKoil oaement g, uto Gp, = Gj,

RJaA BCex I.
06006menve, nonydenHoe XoaI0M, COCTOHNT B CAERYIONEM

(Hall P. — Proc. London Math. Soc., 1937, 43, p. 316—323).
ITpomaBonbHas KoHeuHas paspemmmas rpymoa G o0jamaer
cunoBcknMy Gasamm m M00ble [Be 6a3nl CONPAKEHH B Hel.
Jliobasa cmiaoBCKaa 6asa MOATPYIIN OPOJOJKAaeTcaA A0 CH-
JoBCKOK 0Oasw rpymnw G.

ITorsaTHe cHIOBCKOA 0asH HMMeeT CMBEICH [JIA IPOH3BOJb-
HHX TIepHOJWYEeCKHX I'pPynll, HO3TOMY eCTECTBEHHO IHITATHCH
pacmpoCTPAaHUTh TEOPEMY 0 CYHIECTBOBAHMH CHJOBCKHX Oas
Ha IepHOJHYeCKHe paspellMMbie rpynmel. Takme pacmpocTpa-
HeHNs HOJYdYeHH Jiis pARa KIacCoB OeCKOHEYHHX TIpYII,
OBHAKO IPOM3BOJBHAA IepHOXWYEeCKasds pas3pelluMas [pyIIa
He o0sasama ofdagars cmiaoBckmmu Gasamm  (Hapramo-
aop M. U.— JJAH CCCP, 1959, 127, N\e 6, c. 1164—1166;
AareGpa m mormka, 1963, 2, Ne 5, ¢. 19—28).

IMoparpynna H rpynone G HaswBaercsa KApmeposoli, eCin
H pnnpnoTeHTHA H COBIAfaeT CO CBOMM HOPMAJH3aTOPOM B G,

20.1.4. Teopema (Haprep). Koneunas paspewumasn
epynna G obaadaem no kKpatiHell Mepe 00HOU Kapmeposol
rodepynnoti u awbvie dée Kapmeposv. nodzpynnwl zpynnu. G
conpaxcenvl. meacdy coboil.

JloxaszaTeasrcTBo OymeM BeCcTH HEAYKOWeW I@o
mopAZKY rpynnoH G.

Ilycre A — MuHEManbHAsA HopMajibHad HOATPYOIA IpyI-
o G n | A [ = p™. B cuay MHEYKTMBHOIO HPEANOJiOKeHNA
¢akTop-rpynna G/A oOmagaeT KapTepoBo#d HOArpymmoi,
ckayreM, K'/A. Tlycrs Q — xoanosa p’-moArpynnma rpynnkl
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K,r.e.puegernt |Q |mn [K' | =]0Q |p'. ITokaskeMm, uTo
K = Ng- (Q) 6yner KaprepoBoil moarpyunmnoi B G.

HeficreaTensno, Do o6obmernoit memme PparrmHn
17.1.9 nmeem K’ = Nk (Q)- QA = KA. Ilogrpynna K pas-
Jaraercs B IpAMoOe NPOH3BefeHNe HAIABOOTEHTHHX IOAIPYUI
Q u K|) P, rge P — cmnoBcKag p-goArpynma TIpPYLIEI
K’. Ioasromy moprpynma K munbnoTentHa. Jlamee, mycrs
K& = K. Tak xaxk A <IG u K' = KA, 10 K'¢ = K’ n,
ciegoparenpuo, g < K’'. Hopmaamsarop xounoBoit mof-
ITPynnoel COBOARAeT Co cBomM HopmanmsaTopom (cm. 20.1.3),
I0PTOMY DIEeMeHT g cojep:KuTcA B K, 4ro ¥ TpeboBaaocs 0-
KasaTh.

IIycrs remeps K,, Ky — KaprepoBH IOATPYIOH Ipynusl G.
HoKakeM HX COnpAKeHHOCTH B G,

Cuagana pmoraskeM, 4ro K;A/A, i =1, 2, asaserca, Kap-
TepoBo# moArpymmoii rpynon G/A. HmapnorenTHOCTH TOM-
rpyonst K;A/A ouesngra. Ecnm (K;A)¢ = K;A, g & KA,
o0 | K;A | < |G | B, 3HaunT, B CHJAY MHAYKTHBHOTO Opej-
OOJOKEHNA, NOPNMEHEHHOT0 K KAaprepoBHM NoArpynmam

n3 K;A, cymecTByeT takoit siaeMeHT a & K;A, uro K§f =

= K? wan K9 = K;. Ho pogrpymma K; cosmapmaer co
CBOMM HOpMAaJam3aTopoMm, mosromy ga™! e K;, dro mnpo-
THBOPEUYNT gounymeHnio g & K;A.

Jlerko moHATH, uYro XxoJIoBa p’-moprpymnma @Q; m3 K;
ABIAeTCA XONNI0BoH p -moarpynmoir rpymnel K;A. Hpowme
Toro, Hopmaamsarop N (Q;) moarpynnn Q; B K;A Huxpno-
TeHTeH m cofepkmr K;. CaenosareanHo, K; coBuamaer
¢ N (Q;). Ilo nmHAYKTHBHOMY /JOOyMEHHI0 KapTepoBH HOJ-
rpyonsl K,4/A, K,A/A conpsaxern Mesxny coboit. IosTomy
MOKHO cuntarb, uro K,4A = K,A. Hax Owio ormeueHo,
noarpynna K; cosmanaer ¢ HopmaamsaTopom N (Q;) B K,A.
Ho xonaoBul p’-moparpymom Q,, Q, rpynn K,, K,, ABAs0-
mrecss XOJJOBHME p’-moarpynmamm rpymos K,A, comps-
skeHsl Meskny coboit, IlosToMy MOMKHBL OBITH CONPAKEHHEIMHU
11X HOPpMaam3aTopH, T. e. K, m K,. Teopema foxasana.

20.2. O momsol MpUBOAMMOCTH NpeacTaBjicHUil. 31eCh MH
COellaeM OTCTYIJIeHME B TEOPHI0O MaTpPHYHBIX OPEACTABICHMI,
OcHoBHAA medb 5TOT0 NOYHKTA — M3JNOMHATH KIACCHYECKYIO
TeopeMy Mamke o Doanoit DpMBOAMMOCTH OpefCTaBieHHU
KoHeuHHX rpynn. OHa moHaMoOBTCA HaM B CIefyHDIeM OYyHK-
te. [lomytrHo OYAYT HM3M0KeHHI W [ApPYTHE CBEIeHHS O IOJ-
HO#l NPHBOTAMOCTH.
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IIycts V — nuHedHOe mpocrpancrBo Hag moaeMm K, G —
rpynna AmEedHHX OpeoOpasoBamHmil mpocrpaHcrBa V. Ecam
B V cymecrByer CoOCTBeHHOE HOAOPOCTPAHCTBO, MOIYCTUMOE
OTHOCHUTEeJBbHO G, TO rpyuny G HaswBAWT npueodumoii. B mpo-
THBHOM Cayuae rpynny (G Ha3wBalT Herpusodumol NiIn
nenpusodumo Odelicmeyoweli Ha mpocrpancrse V. I'pynma G
Ha3KIBACTCHA @ROAHE NPUSOOUMOL, eCAN AJiS BCAKOTO TOIYCTH-
Moro mopmpocrpaHCTBA U < V cymecrByeT gomycTmMmoe KO-
ooJHeHHAEe, T.e. TaKoe JIOIMYCTEMOe IOAIPOCTPAaHCTBO W,
aro V=U @D W.

IIponssonsHEE roMoMopdmaM ¢ abCTpakTHOH IpPynmH G
B [PYINY JNHeAHHX Npeoc6pa3soBaHMil n-MepHOI0 BEKTOPHOTO
OpOCTPAHCTBA Hapy moieM K HAasbnlBaercs JAUHEUHBM nped-
cmagaenuem rpynom G. Ecam rpynma nmHeiHHX mnpeolOpa-
30BaHUA G® HenpHBojMMA (IPMBOAMMA, BIOJHE MPHBOTHMA),
IpejCTaBieHne (¢ TAKMKe HABHBACTCH Hehpusodumblm (COOT-
BeTCTBEHHO RPUGOOUMBM NINM enoAHe hpusodumvim). llpoms-
BOJILHHI roMomMopduam P rpynns G B rpyuny Mmarpun G L, (K)
Ha3LIBAETCA Mampuuhblm npedcmaeaseruem. llpegcraBieHnA
¢ 71 TeCHO CBABaHH Mexpy coboil. Tak, muHeiiHOMY Ipej-
CTABJACGHNI0 (¢ OpH ¢mKCmpoBaHHol 0a3de X mpocrpaHcTBa V

CONOCTaBIAGTCA MATPHYHOE IpefCTaBIeHHE ¢z, I7e g'Pz —
Marpuna JamHefiEoro mpeobpasoBamma g% B Oaze 2. Ilpm
BeIfope fpyroi Gasm X’ moaydyaercs HOBOe MATPHYHOE Ipef-
CTaBJeHHNE 3, 3KBABAJEHTHOE ¢z, T. €. CBA3AHHOE C Qg

oz L 9% _,
CooTHomeHueM g =~ = {g "1"", rpe { — Marpuna nepexoja

or 2 K X', g E6G.

20.24. Il pame p. [Iycrs G — KoEHeunaa rpynma, A4 —
ee HOpMaJipHAA HNOATpyINa, pasjarapomascAa B IPAMoE IPo-
n3BejleHHe 7 MUKANIeCKNX Ipynn nopajpka p. Ha muokecTBe
A BBejgeM Cio)KeHHMe W YMHOMKEHNe Ha 9JI€MEHTHI NoJiA
GF (p) n3 p sneMeHTOB, Iojarad Io OnpefelieHA) a | b =
— ab, aaa = a%, rge mokasarenb o & GF (p) ecrecTBeHHHM
00pasoM OTOMKIECTBIAETCA ¢ HEKOTOPHIM I[€JBIM YHCJIOM.
Herpynuo BHjeTs, uTO IpH BBeleHHHIX omepammaXx A cramo-
BHTCA JAUHeHHEM IpocTpaHcTBoM Haj nodem GF (p). Haxee,
npeoGpasoparme §: 2+ 1%, g = G, x & A4, Gyfer IMHeHHKM
npeofpasoBanmeM IpocTpaHcTBa A, a oroGpaskeHHe ~ TIOMO-
MOpGnaMoM G B rpylny nuHeARHX npeobpasosanmi 4. TaxuM
o6pasoM, moayueHo ImMHeiHOoe mIpefcraBjieHme Ipynns G,

npmYeM, v4eBHIHO, G ~ G/Cq (4).
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20.2.2, Tecopema Mamre). Hyemo ¢ — npedcmas-
AeHUe Koneunoli zpynnil G aAunelnuiMi npeobpasosaHusmu
AuHnelino20 npocmpauncmea V nad nosem K. Ecau nopsadok
G ne deaumces Ha xapakmepucmurky noas K, mo npedcmasaerue
(¢ 6noare nNPUBOGUMO.

HoxaszaTeasncTBo. Bygem cunrars, uro G pei-
cTByer Ha V B cmany npefcrasierna ¢. llyers U — pgomycra-
Moe OTHocHTedAbHO G momgmpocrpaHcrBo w3 V. OOGosmaunm
qepe3 W Kakoe-HEOygh momoJiHeHWMEe HoxmpocrpaHctBa U,
V=U®PW. [lanee, 0603uaguM dgepe3 Ty IOPOECKTHPOBAHIE
V Ha mopnpocTparcTBo W H modo:KuM

rge m — mopAfok rpynne G. OtofpasxkeHme { sABIsgercd
IdHeAHEM mpeobpasoBammeM mpocrpancrBa V. Ilpm ¢pmkcm-
poOBaHHOM h & G 3neMeHT gh BMecTe ¢ g mpoberaer BCe
sieMenTH rpynns G. [loaToMy cupaBegiinBe paBeHCTBA

W) h=—Y" vh-klg lwgh = (vh)t,
g

73 KOTOPHX cleyeT LoOyCTIMOCTE JIMHENHOI0 NOgnpoCTpaH-
ctBa W, = V¢ otrHOCHTENBHO G.

Ocraercsa ycraHoBmTh pasiaoxkerune V = U @B W,. Ipo-
W3BOJBHHIN 3JeMeHT v €& V mpeacTraBEM B BHAE CYMME
v=(v—uvt) +vt, vt W, IlepBoe caaraemoe v — vt
PABHO

1 g on g —m -1 -1
V——) Vg ﬂwg——WZ(vg — vg 'nw) g.
g g
Tak kak vg™! —vglnw & U n U pgonycreMo, 10 vV — v
npurajaexnt U. Orciopa caexyer pasercrBo V = U 4 W,
[Ipepnonoskum, HakoHer, 4To v & U [} Wy, Tak kar v = U,

U pgomycrumo oTHocHTedbHO G W gaa jawowbGoro sjeMeHTa
u & U npoeknmus unw paBua 0, To

vt = 0. (1)

C mpyron CTOPOHBI, DIEMEHT U IPHHA[IEMHUT Wy, moaTOMY
CYINECTBYeT TaKou 3jeMeHT v & V, uro

v't = v. (2)
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Ho torma vt = v't?. Kak O6sl10 oT™MedeHO Boime, v’ — vt U
n, spaunr, vt —v'i? = 0. Orcoga vt = v’t, 970 BMecTe ¢ pa-
peHcTBaMH (1), (2) Bueger v = 0. Teopema pokasama.

20.2.3. Tprmep. Ilycrs G, A nMeOT TOT Ke CMEIC,
yro u B mpmMepe 20.2.1. OueBmmuo, moprpymma B < 4
HOpMaJbHA B rpynne (G TOTAa B TOJIBKO TOTa, Korja JnHelHoe
IOXIPOCTPAHCTBO B mpocrpaHcTBa A JoIyCTHMO OTHOCHTENb-

HO TPYHOH JARHeHHHX mpeoOpasopanmit G. Ipenmono:xmm,
470 p He AeJAT mopAxoK rpyunn G/Cg (A) m B — Hekoropas
HOpMajdbHad MNojrpynma rpyunsl G, cofmep:kamasaca B A4.

Tark kak mopaAfoxk Trpynnk npeoOpa3opaHmd (G HE NEAATCA

Ha p, TO o TeopeMe MamKe rpynma G BuoliHe IPHBOIAMA
W, 3HAYAT, DOANPOCTPaHCTBO B o6lagaer KoOIyCTHMEM TOHOJI-
weameM C. MuoxecrBo C OGymeT HopManbHOH HOArpyImoi
rpyontl G m A = B X C.

20.24. YVopakaernne (06o6merne Teopemu Mam-
ke). Ilycts G — KoHewHasa rpynna JdWHEAHHX mpeobpasoBa-
HEA#A AMHEAHOTO MPOCTPAHCTBA V HAN mOJEM XapaKTepPHCTHKH
p >0, P — cnnoBckaa p-mogrpynna rpynnon G. Ecan
G-monyctaMoe monnpocTpaHcTBo U o6aamaer P-ZonyCTUMEIM
nomoxueHmreM, To U/ obmafaer Tak:ke G-HOOYCTHMBIM [OHOJI-
HEHHEM.

Pemenune. Mlyctre V=U@W, tne W ecrs P-pmo-
oycTuMoe moxnpocrpaHcrBo. O603EaunM depesd Ty IPOEKTH-
poBaEme V Ha HopmpocTpaHCTBO W B moloKuM

=LY g, v,
ges

rme m = |G : P | u S — HeKoropoe MHOKECTBO 3JeMeHTOB,
BHIOPAHHEIX II0 OJHOMY B Ka)KIOM IPABOM CMEXHOM KJIacce
rpyons G mo mogrpynme P. OueBupiHO, IPOEKTHPOBaHNE Ny
HepecTaHOBOYHO C KaKAKM sjaeMenToM monrpymmel P. Ilo-
3TOMY JHHeliHoe TpeoGpasoBaHme ! He 3aBMCHT OT BhOoOpa
mHO:KecrBa S. JloxkasareibcTBO G-HONyCTHMOCTH TORTPO-
crpasctBa W, = Vi @ cuopaBejigBocTH pas3doskeRua V =
= U @ W, nocioBEO mOBTOpSAET COOTBETCTBYIOIHE pac-
CYKOeHNSA M3 JIOKasaTeJbCTBa Teopemn Mamike.

20.2.5. Yopawaernnme. IIyctb A = B X C — abe-
JeBa HOpMaibHaA moxrpynma rpyonu Gu ([A], |G : A)=1.
Ecim B =HopmaasEa B G, TO CymecTByeT TaKad HOp-
maasHaA B G mogrpymna D, 9to A = B X D.
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Teopemy Mamke yno6H0O HCIOAB30BATH ANIA OKA3aTelh-
¢cTBa CJHEAYIOmMero BaiKHOTO HPeIoKeHNs:

20.2.6. Teopewma (Ilyp). ITycmv koneunasn epynna G
nopsadka n codepicum maryl HOPMaAAbHYI hodzpynny A no-
padka k, wumo (k, ) =1, Il =n/k. Tozda A obaadaem no
Kpalineti mepe oOHuM JonoaHenuem, m. e. nodepynnoii B
¢ yeaoguasmu G = A-B, A [} B = 1.

HorxaszarexscTBo. a) Ilycrs cumawana A4 abGe-
AeBa @ mMeerT mpocroir mepmog p. Ilo Teopeme Dpobenmy-
ca 6.2.8 MoxHo cumTary G moprpymnmoil cmietemma W =
—=A 2B, B = G/A, upuuem

W=G-4A, GN A=A, rne 4 = Fun (B, A)

(cm. ympaskuerme 6.2.9). Tax Kak |G : A | me nenmrcs Ha
puAd<qW, 1o BBy teopemil Mamre 20.2.2 cymecrByer
Takagd HopMaiapHada B W monrpymma C, wtro A = A X C.
W3 coormomennit W/C = A/C-BC/C, A | BC = C wu ecre-
cTBeHHOTO MaoMoppuama ¢: W/C — G caenyer, uro G = AD,
rne D — o6pas moprpyunsl BC/C otHOCHTENBHO (.

6) Temeps gokaskeM TeopeMy B OoOMHUX NMpeJUOONOKEeHHAX.
HoxasaTenbcrBo Oy/ieM BeCTH HHAYKIAeH 00 DOpANKY IPYIIOH.
HonycruM, 4To TeopeMa HeBepHa nid BHOpamHOA rpynnH G,
HO COpaBeqinmBa OJIA BCAKOH TPynnsl MeHbIIEero IOPAJKA.
OTMeruM, 9T0 CYIECTBOBaHHE MOMOJHEHHA K mofrpynoe A
PaBHOCHIBHO CYIIECTBOBAHMIO B (G monrpynnu mnopsjka [,
rak Kak (%, ) = 1.

Ifycte P — cunoBckass p-monrpymma u3 A m N (P) —
ee mopMaimzarop B . Tak xar G = A-N (P), 1o N (P) o6-
nafaer HopManbHOU moparpynmoi A (| N (P), mopsAmor RoToO-
poil B3amMuHO npoct ¢ uHmexcom [ =| N (P): A [V N (P)].
[Mosromy, ecam | N (P)|<rn, To 1m0 WHIYKTHBHOMY
mpeanonoskeHnm0 moarpymma N (P), a  caemoBareinpHO
i rpynoa G, obnamaer moarpymnoit mopsgka [, 4To HpOTH-
sopeunT BHIOOpPY (. 3HAUUT, BCAKAs CHJIOBCKas p-HOATPYIOA
a3 A mopmanbsHa B G, u nosromy wommytanr A’ < A. Tlycrs
A’ %= 1. Torpa rpynoa G/A’ ypmosierBopsier YCJIOBHAM Teo-
peMi m | G : A’ | << n. CaenoBarennHo, B G/A’ cymecrByer
toprpynma C/A’ mopanka [. IlpnMeHasa wmHAyKTHBHOE Ipefi-
10JI0keHENe K rpynne C, IpUXOAUM K CYI[eCTBOBAHMIO B Heil
moprpynnsl mopAfnxa l. Vs moaydyeEHOro npoTHBOpedYnsa C
BHOopoM (r BHTeKaeT KoMmMmyTarmBHocTh A. Ecam, panee,
p |k, A? 5= 1, 10, Gepa AP B ponm A, mosy4aeM aHAJIOTAS



§ 20] KOHEYHEIE PA3PEIIUMBIE T'PYITITHI 189

HOe IpOoTmBOpeume. JHa4mr, A abeaeBa mepuwopa p. Bemay
a) TeopeMa J0Ka3aHA.

CymecrBennnym fonoiHermeM k Teopeme Ilypa aBnserca
yTBeD:KAeHNEe 0 CONPsAKeHHoCTH B G Ji00HX ABYX HOArpynn
mopApgKa I. Iro yTeep:Kaenne 0o mokasano Jlaccemxaysom
Opy ycjaoBmu paspemmmoct? moarpynow A, a C. A. Uynn-
XWHBIM — TIPH YCJAOBHH pa3dpemmmoctu axrtop-rpynnd G/A.
Ho na ocHoBammm teopemn Daitta — Tommcona o paspemn-
MOCTH KOHEUHHIX IDYDH HEYeTHOTO MOPAJKA (cM. o mHeil
B HavaJe § 13) mo kpaitmeit Mepe ojgHa m3 rpynno A, G/A pas-
pemmMa, DOPTOMY CONPAKEHHOCTH MAOOOJHeHHHE B TeopeMe
Illypa mMeer MeCTO BCerfa.

IlpnBeeM B 3aKjA0YeHNe NYHKTA HECKOJABKO 00X 3aMe-
qaHAH O MOJHON OPMBOAMMOCTH H HeOpPHBOMIMMOCTH.

20.2.7. lem M a. I'pynna G auHelinnx npeobpasosaruli
AuHelinoz0 npocmparcmea V nad nosem K enoane npusoduma
mozda u moavko moeda, Kozda V paszaaeaemca 6 RPAMYI
cymMmYy OORYCMUMBL HenpUBOJUMBX NOORPOCMPAHCME.

HorxasareascrtTso., llycrs G BoorHe mpHBOIAMA.
O6o3Haunmm gepes U, rakoe-HEOYAb mMomycrmMoe HEIDHBOJH-
MoOe HOANPOCTPAHCTBO HM HPEeAno0KAM, 9T0 HOCTPOEHH TAKME
LOIy CTIMBIE HeupnBonuMme noanpocrparcrea U,, . . ., U,,
a0 U = (Uy,. . ., U))=U,P .. EBUS.HyCTLU;&V
Torma cymecrByer momycrmMmoe pmouojxHenme W, V = UP
@G W, B KOTOpOM MOIKHO BHOpPaTh AOOYCTHMOE HEeNPHBOJHEMOE
nonunpocrpancreo U,,,. Cymma U + U,,,, oaeBugHO, Oyner
OpAMOi, M cooOpaskeHMA WHAVKNHNN 3aKaH4YWBAKT JlOKasa-
TeabcTBo. O6parHo, mycrs V = U, P ...QU,, U,G U;,
U; — HempmBojHMOEe IOANPOCTpaHCTBO. BosbMeM Kakoe-
unbynas momycrmmoe noaupoctpaHcTBo /. O6Go3amauuM de-
pe3 I MakCmMajibHOEe NOIMHOKECTBO MHOKECTBA HMHJIEKCOB

{1,2,...,r}cycaosmemU ) Q) U;=0 n poramem, aro
1=
V=U® Z U;. JeftcTBATENbHO, B NPOTHBHOM CAydae Haii-

iel

nerca Takoe j, aro U; [ (U d D Ui) = 0. Ho rorpa
=
un(u;e 3 0,)=0

9T0 OPOTHBOpeudT BEHOOPY .
20.2.8. YoupakHenne., I'pyima JmHEeHHEX Ipe-
o6pas3oBaHEil mpocTpaHcTBa V BHOJHE NPUBORMMA TOIJa H
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 TOJNBKO TOTHA&, KOrJa JJA BCAKOT0 NONYCTHMOT0 HEePHBOIN-
MOT0 MOAIPOCTPAHCTBA CYIECTBYET AOMYCTHMOE AONOJHEHHE.

20.2.9. JTe m M a. Henpugodumoe npedcmassenue abe-
aeeoli epynnvt G Had aszebpautecku 3AMERYMUM nosem 00HO-
MEPHO.

HoxasaTtenscTso. Illycrs rpynma G Henmpmso-
IAMO JeCTByeT Ha mpocTpaHcrBe V Hag aarebpamdeckm
3aMKEYTHM modeM K. Ecim g & G, A — xapaxrepncrude-
CKOe 4YHCJI0 JMHeHHOro mpeoOpasoBaHma g m vg = Av, 0 5
+veV, o m3 (vf)g = (vg) f =X (vf), f< G, caenyer,
410 COBOKYHHOCTh U/ BCex cOOCTBEHHEIX BeKTOPOB Ipeolbpa-
30BAaHUA ¢, COOTBETCTBYIOMMNX YHCIY A, ABISAETCA MOLMYCTH-
MEIM IO/IIPOCTPAHCTBOM. BBUY HenpuBoguMOCTH G IOy daeM
V = U. Takmm o6pasoM, KaKJe#A HEHYJEBOHA BEKTOP HTPO-
crpanctBa V aABiasercsa COOCTBEHHHIM [IJA KaKmoro g < G.
Orcroga ¥ 3 HenpuBoAUMOCTH G ClegyeT OJHOMEPHOCTL V.

20.3. Kpurepmii cpepxpaspemmmocTi. 3nech Oyjer ycrTa-
HOBJICHA

20.3.1. Te o pewma (Xynnepr). Koneunasn 2pynna ceepx-
paspewuma moeada u moavko mozda, Koeda éce ee MaAKCUMAAL-
Hble nofzpynnul uMelom npocmule UHOeKCH.

NHNorkasaTeapcTBo. HeoOxoguMocCTEb.
MonyctM, uTo G — KOHegHas CBepXpaspellEMasA rpymnna,
A goxaykeM HHAYKnueil no | G | DpocToTy MHEEKCOB ee Mak-
CHMAJIBHEIX NOATPYII.

Beuny cBepxpaspemmMocTn B G CymecTByeT HOpPMaJbHAad
moarpynna N HeKoToporo mpocToro mopagka p. Ecinm teneps
M — makcEMaxbHaa moarpynuna rpyanu G, to M (1 N =1
uaa N << M. B nepBoM cayd<ae, oueBmaHO, HHAeKC M B G
pased p. Bo BTopoM ciydae moarpynma M /N MakcEMalbHA
B G/N m mo AHJYKTHBHOMY WPEIUOJOMKEHNIO AMeeT NpOoCToit
nuperc. Orcroma ciexyer mpocroTa mHgekca M B G.

HocratTouyHOCTSs  Ilycrs MaKCEMaJbHEHE @OI-
IPYGOH rpynOoe G AMEIOT OPOCTHIE HMHJEKCH, W OYCTh NOKa-
3aHO, YTO BCe IPYLOH C TAKHM YyCIOBUEeM, MMeIoIue MoPANKA
< | G |, cBepxpaspemuMil. [lokakeM CHagajia pa3pemInMOCTh
rpynon G. O6o3mayrM wepes p HanGonpmmil mpocTOHd penn-
Tesb mopARKa | G | u gepes M’ kakyio-uubyab MakcuMalb-
HYI0 IOATPYONY, COJEP/KAMYI0 CHIOBCKYI0 p-HOATPyOOy
rpyansl G. Torga |G : M’ | < p m coriacHo yupaKHOHHIO

41.3.6 nmepecewerne M” = [} M'é oTaIHYHO OT eMHMIH H,
g0
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KOHeYHO, HOpMaabHO B (. TakuM oOpasoM, HeKoropas MH-
HUMAJIBHAsA HopMaipHad noprpynna M rpynnoel G oTiwmdHa
or G. Bospmem cmioBckyo g-moparpynmy @ w3 M no mam-
OoJplleMy IIPOCTOMY RAedHTeJI0 g nmopsaxka | M | m mpepmo-
JOKUM, 9T0 ee Hopmaxmsarop N (Q) me paBenm G. Tak kaxk
N@QM=G (remma (I)paTTHHH 17.4.8), 10 pmus mpoms-
BOMIBbHON MaKCEMaJbHOH moarpynnst H > N (Q) rpymun G
reM Oonee BHIoAHsmeTCA paBencTBojHM = G, orryga
IG H|=|M:M (NOH |. llpocroi nugexc | M : M[H|=

= ¢'¢menur wucno | M : NM (Q) |, BsamMHO npocToe ¢ ¢,
b, clefoBarearHo, ¢ < q. CHoBa BBHUAY  yIpaKHeHHA
11.3.6 MmoxxHO yTBep:KAATh, 9T0 B M cymecTBYyeT coOCTBEHHAA
HopMalbpHad noArpymnna M, cofiep)kamada BCe ¢-2JIeMEHTH
n2 M. 3THM jKe CBOMCTBOM 00JIaJjaeT H BCAKAA MOArpymIa,
compaenHags ¢ M,. Ilosromy mepecedenme [\ M% ornmuno

g=G
or 1, M m HopmanpHo B G, 4T0 mpormBopeunr Bribopy M.

N3 noaydemmoro mpotuBopeums ciefyer, aro N (Q) =G
T. ¢. Q ]G u,{3Hagnr, Q = M. Taxum obpasom, B rpynne G
eCTh pa3pelluMas HopMajbHasg ODoArpynna M, ¢daxrop-rpyn-
Ia OO KOTOpPOH COrJIacHO HHAYKOHHU cBepxpaspemmma. Orcio-
fla moyydaercs paspelIEMocTh G.

Hax MH 3sHaeM, MEBEMQJIbHAA HOpMajdpmag mogrpynna M
paspemmnMoit rpynnn G abeieBa m pasjaraercs B IPAMOE
IpOU3BelcHHEe MWKJIHICCKMX TPYyII IPOCTOTO IMOPHAIAKA ¢
(yopaxnenue 19.1.7). Ocraerca fokasars, aro | M |= ¢, min
II0 KpaiiHedl Mepe CymiecTBOBaHHe B (r Kaxko#-imbo MAKIHIEC-
Kol HopMalsHOA noArpynns. PaceMorpuym iBe BO3MOKHOCTH.

1) Hamboasmuii mpocrofl RenuTeas p mopsiika rpynns G
Oonpme gq. B 3ToM caydae B G/M Haiperca HopMalNbHAA HOJ-
rpynna A/M nopapka p (reopema 19.2.6). Ilpa N (P) =G
rae P < A — moxrpynna nopsgka p, B rpyune G cylecrTByer
NAKJIAYeCKAA HOPMAJbHAA MNOATpyINa, 49TO BJeYeT CBepX-
paspemmmocts G. Ecau N (P) % &, 70 MakcEMaJgbHAA TOJ-
vpynna H > N (P) me copepyxmr M (uHaue Obuio OH G =
= N(PYA = HPM < H), otkyga G = HM wu nepece-
seane H () M mopmanpuo B G. Bemay mmamMansHocram M
3T0 IepecedeHUe PABHO eAWHMIE M, CJef[0BaTeJbHO, TAK KaK
ungexc |G : H | npocr, nopagoxk M paeeH ¢, 9T0 H Tpebo-
BaJoCh JOKA3aTh.

2) Unmcno g sBidercAa HamOOABIIAM OPOCTHM HAellATeNeM
nopafka rpynns (. B paEmo# curyanmm BBHAY CBepXpaspe-



192 PASPEIMHUMbLIE I'PYIINbLI (DI, 7

muMocTn rpymnst G/M u reopemnl 19.2.6 cmioBckas g-mof-
rpynna G, HopManbHa B G. M3 HopmaiabHoCTH Ilenrpa Z
noarpynnst G, B rpynne G u Z (1 M =1 (em. 16.2.3) caeny-
er M < Z.

Ecau M = G4, 1o B darrop-rpyute G/M naigerca HOp-
MajlbHAA noarpynna A/M mpocroro mopspaka p, OTIHIHOTO
or ¢q. Torga cBepxpaspemmmocTb G JOKABHBAETCA TAK IKe,
Kar B cayzae 1).

Ilycre Treneps M 5= G,. Obosaaumm vepes B/M nopMals-
Hyl0 noarpynny rpynnn G/M nopsaara q. OdeBmpHo, mof-
rpynna B abexera. Bce sieMmenTH rpynus B mMeloT NopaAoK
g — B OPoTHBHOM cjaydae B? Onia 6L HCKOMOH MOATpymmoi
NopAAKa ¢, HOpMaJbHO# B rpyune G.

ITpegmonoskmM cmadana, 4ro B He JeKHT B IeHTpe Z.
Pasymeercs, B npuHAAIEe:KUT BTOPOMY THIEPHEHTPY TpYIIH
G,. B cuny cBepxpaspemumocru rpynus G/B cymecrByer
Taxkasg MaTpémKa

1< B=By<B, <...<B,=0G,

uro B; <0G, | B;41: B; | = q. Haiigerca tarko#r HoMep £,
uro B < Z (By), #0 B <L Z (Bg+1)- Hyers B = (M, b),
By = (By, bgy). Torma COBOKYIHOCTD BCEeBO3MOKHBIX
pJeMeHToB BmAa b, zl, & By, Oyfer moarpynno# nopsa-
Ka ¢, HopMaJblo# B G. [leACTBHTENLHO, AJS MPOHA3BOJILHEIX

)
3IIEMEHTOB I = C1bki1, ¥ = Cobkir, €1, €3 & By, g & G, nmeeM:

[b, z] [b, y] = [b, b}zf-[-]_] [b, b}:ﬁll = [b, bk+1]Z+m’
[bibk+i]g:[bga g+1 =[ab"’, Cs b;+]]=[b1 bk+1]n+r, |

Ifie @, C3 — HEKOTOPHE DJIeMEeHTH CoOTBeTCTBeHHO H3 M H B,.

TaxkmM oOpasom, MoOKHO cUHATaTh, 4T0 B IpHHAMJIECKHT
nenrpy rpyons G,. [Hanee, rpynnmy B MoskHo paccMarpH-
BAaTh KaK JHHedHOoe LpPoCTpaHCTBO Hapj mDoleM GUF (g), a
rpynny £ aBTomopdmsMoB B, HHAYOMPOBAHHBEIX BHYTpPEH-
HUMH aBroMopdmaMaMH rpymnsl G, — Kak Tpynny JHHei-
HEIX @Opeo0pasoBaHWE 3JTOro IPOCTpaHCTBA (CM. npmMep
20.2.1). Tax vax B < Z, To nopsok rpyuns F, msoMopduoi
G/Cq (B), B3ammMHO mpocT ¢ q. lloaToMy Ha ocHOBaHME TeopeMH
Mamke 20.2.2 gonycrEMoe OTHOCHTENIBHO F MogOpoCTpaHCTBO
M mmeer B B ponycrumoe gonoinenne A pasmepunoctm 1. Ha
IPYyOnoOBOM fA3HKe BTO oO3Hadaer, 90 A ABIdercA IHKJIA-
9eCKOM HOPMaJIBHOR HNOATpynmoi rpynns (.
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Hrak, B m1000M ciyuae G obsagaer HOpMAIBLHOM IO pyYII-
nod npocroro nopAaka. Hax orMewanocs BHIme, 5To [{0Ka3H-
BaeT TeopeMy.

203.2. YnpamxHEe Hume. Houeunas rpynma caepx-
paspelmmMa TOIJAa M TOJBKO TOTAA, KOTJAAa CBepXpaspemmma
e¢ (paxTop-rpynna no noarpynne Dparrunm.

§ 21. Pagpemmumseie rpymnbl MaTpHIY

B mHavase riaBe MB OTMETHIM TPEeyTOJBbHHE MaTpHIHEHE
TPYONH KakK IpEMep paspemuEMHX Trpynn (yupaskHeHHe
19.1.2). HpyrumM mpmMepoM paspemEMbIX MaTPHYHBIX TPy
0 CyIlecTBY CIYKHT J00asg KoHeYHasd paspellmMad rpymma,
Tak Kak mo Teopeme Hanm 12.1.1 oma mpepmcraBuma mopcra-
HOBKAMH, a, 3HaunT, B Marpunama. O0beqnusas 3T npaMepH,
MEL MOKEM PacCMOTPETh KJIAacC PACIIHPEHHH TPEyToJbHMX Ma-
TPHYHHX TPYIN ODOCPEJCTBOM KOHEYHHX pPa3pPelmuMbIX CPyIIm:
cornacuo ynpakHenmio 17.2.7 Bce Takue pacmimpeHHs Ipef-
crapuMH MarpmmaMH. OxasmBaercs, 3TorT Kiacc Oymer co-
nep:kath N0y paspelmmMyI0 Ipynny Marpmn Haj ajirebpa-
MYECKH 3AMKHYTHIM II0JIeM, TAK KAk OHA IOYTH TPEyroJbHa
C TOYHOCTBIO JI0 CONpsKeHWA B oOmeld nmEeHHON Trpymme.
M=u yeranopmm sty Teopemy Honumna — Manenesa B nepeom
NyHKTe HacTosamero maparpada. Bo Bropom myHkre 6yayT
paccMoTpeHH paspemmMble moarpynnu us GL, (/) m Oyper
ycTanoBlieHo, 9ro BCe oHE moamnmkawmyHe. Haxomem, B
TpeTheM IYHKTe OyJZerT AOKa3amo, 4T0 ToJOMOP( NPOH3BOJL-
HOH DOJMIUKIAYECKOHA TIpylnk #n3MOpQHO BKJIAAHBAETCH
B G L, (7) npa mogxopgdaniemM n.

21.1. Ilourm TpHaHry;MpyeMoCTb. 1'0BOpAT, 4ro rpylma
matpun H < GL, (K) mpuaneysupyema, eCId OPpE HEKOTO-
poM g & GL, (K) rpymna H? rtpeyroasma. Ilpexpme gem
NMOKAa3HBAThH MOYTH TPHAHTYJANPYEMOCTh paspellNMEIX MATPHI-
HHX T'PYII, MH PaccMOTpHEM o0mpme CBOMCTBA HEIPHBOJUMEIX
M BIOJHe, HPHBORHMHX MATPUYHHX Tpynn (ompefelenusd
¥ HauajibHHe cBegeHma cM. B n. 20.2). Ilpm a1oM MH 06H9HO
OyaeM OTOMKIECTBIATH Ipynny Marpmn & ¢ Tpynnold ARHeHHEIX
npeo0pasoBaHHA HEKOTOPOrO IMPOCTPAHCTBA, MATPHIEL KOTO-

HX B QHKCHpoBaHHOH 0ase coBmajaioT ¢ 3leMeHTAMH H3 (.

2114, JlemMma (Kuuddopn). Hopmrarvras nodzpynna
H enoane npusodumoti zpynnu G AuHelinuT npeobpasoearuil
. @eKMOpH020 npocmpancmed V cama énoakwe npusoduma.
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HoxrxasateascrtBo. Ilyers U, — pgonycramoe He-
npuBogEMoe oTHocmTeabHO H mopampocrpancreo. Torpma cy-
mecTByeTr MHHHEMAJIbHOE MHOMKECTBO 3JIEMEHTOB g1, . . ., &
rpyonsl G Takoe, 9TO AONYyCTUMOE OTHOCHTENBbHO G 3aMBI-
Ranuwe U, mognpocrpancrsa U, moposkpaercs IOAIPOCTPAH-
crpama U; = U,g;, i =1, . . ., s. Jlerko Bupaers, uro U;
ponycrumbl orHocmtrensao H a U, = U, @ . . . @ U,. llpm
U, 5= V cymecrByer JonycTEMoe JomoJHeHme B, B Koropom
MOKHO BHOpaTh MOOYCTHMOe HENPHBOXHMOE OTHOCHTEIBHO
H npognpocrpancrBo U'. Ilo amamormm ¢ U, crgonM
U,=Ug1. D .. .0 Ux<B. Ouesupuo, U, @U,=
=U,@...0 U, Ilpogomxaa amaloTrHYsuie paccy:xje-
HOA, HOKa)KeM, 9T0 V pasiaraercd B IPAMYI0 CyMMY AONYCTH-
MHX HeNPHBOAHMHIX OTHOCHTeNbHO H nopmpocrpancrs. Bam-
Ay demMmu 20.2.7 910 3aKaHYHBAET OKA3ATEIHCTBO.

21.1.2. Jl e MM a. I[enmp Henpusodumoii zpynnw mam-
puy had aszebpauyeckl 3AMEHYMBM NOAeM COCMOUM U3 cKa-
AADHBT MAMPUY.

HNokxasarteascrtso. Ilyctb G HempmBogEMO peit-
CTBYeT Ha JHHEHHOM npocTrpaHcTBe V Haj anrebpamdecKHd
saMKHyTHM modiem. Ilo nemme Kanddopaa ee nenrp Z Boon-
He IPHBOJIAM, H M0O3ToMYy cymlecTByer 6asa vy, . . ., U, IpoO-
crpaHcTBa V, cocraBieHHasg W3 coOCTBEHHHX BEKTOPOB 3Je-
menToB m3 Z (cM. Jdemmy 20.2.9). Ilyers c € Z, vie = Ay,
d, HAOpHEMep, A; 7 Ay. O603HaunM wepe3 U mopnpocTpaHCcTBo,
IoPoKAeHHOE TeMHA U;, ANA KOoTopHX A; = A,. Ilogmpocrpas-
crBo U Oymer (cobcTBemHHM) AomycTuMEIM. [le#cTBHETENBHO,
AJiA OPOH3BOJIBHOTO g £= (G BEeKTop U;€ MOKHO HpPefCTABATH
B BHAge U,€ =a,U, + . . .+ a,v,. I3 HepaBencTs

v1(g¢) = b1 + . .« + o ALU;,
Uy (€g) = Ay (o + . . o auuy)

B cHiy gc = cg moaydaem o; = 0, ecam Ajs~= A, |, 3Ha9HT,
g & U. Brmouernue v;g & U cnpaBefinBo, KOHEYHO, IIA
Beakoro v; & U, Tem cammm pgorazama pgonycrmmocTs U,
4T0 NPOTHBOPEYUT HeOnpHBoAEMoCTH rpynoH G. M3 noayuen-
HOT'0 NPOTHBOPeIdA clefyeT, 910 Ay = Ay, j = 1,2, . . ., n.

Cnefyomas leMMa I0O3BOJAT HaM INPOBOAHTH HHAYKIIWIO
IO CTeleHH MATpPHL,

214.3. Jlemma. ITyemv ¢ HenpusoclOumoli epynne
mampuy G cmenenu n HAO anzebpaudecKu 3AMEHRYMHM ROLEM
cywecmeyem Heyernmpaavras abeseea HopMaabHas nodzpynna
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H. Toz0a ¢ G ecmv npusoduman HOPMAALHAA NOFzpynna Ko-
Heuro20 underca < (nl)!.

Hoxrasarenscrtso. [Io nemme Kauddopna 21.1.1
noarpynna H BnojnHe nmpuBopmMma. I[losTomMy BBHRY JeMM
20.2.7 m 20.2.9 Mo:xHO cumTaTh, 9To H muaromansma. Tak Kak
H me ne:xur B uentpe G, To CymecTByeT HeCKAJAPHAS MaTpPH-
na b & H. HQusa npoussoasnoro g & G sunement b® mpmuaf-
Je;KUT H m mMeer Te ke XapakTepuCTHYeCKHe YUCIa, 9T0 | b.
IToatomy | b6 | < nl. Orobpasienne G — 8 (b%) mo mpasuiny

X
e~ ()
b

OyneM romomopdusmMoM. Ero anpo A, oYeBHEHO, CONEPIKUATCA
BCo()u |G:A| < (n)l. B mearpe A comep:KATCA HECHa-
JAspHAs Marpuna b, mosroMy corsiacuo 21.1.2 rpynna 4 opu-
BOAEMA.

2114, JlemMma. Eeciu G umeem abesesy HOPMAALHYIO
nodepynny A underkca n, mo ¢ G cywecmeyem abeaeéa asmo-
mopgpro donycmumas nodzpynna KoHeun020 UHOeKca, He npe-
80CX008 €20 HEKOMOPO20 HUCAA, 3A8UCAWLE20 TMOALKO om N.

Horxasareascrtso. OueBmgHOo, CyIIeCcTBYHT Ta-
Kue aBTOMOP(HO compssReHEHe ¢ A moprpynnn A = A,,
Ay, . . ., A, s n,uro S =r1p (44, . . ., 4;) coBmajaer
C OOATPYIIOH, NOPOKAEHHONX BCeMH aBTOMOPQHO COIpPKeH-
HeiME ¢ A moarpynnamu. Ilogrpynnma S asroMopduo gonycru-
Ma. Ee nerrp Z comepsxur (| A;, B moatomy muaexc |G : Z |
He mpeBocxopgmr umciaa n". Iogrpynma Z Oymer HCKoMoi.

Teneps modrE Bce roToBO sl HOKABATENBCTBA TEOPEMH
Komumna — Mauasnesa. Ham nomagofETcs eme  TOJBKO
yopaskaende 27.3.2d3 [lonmosaenns, pemaeMoe MpsAMBIM OpH-
MeHeHHeM OfHOR JOKaJbHo# TeopeMul Jormkd. MH coBeryem
UUTATENI0 NPHHATH 3TO yIpakHeHHAe I0OKa HAa BEPY, OTIOKHUB
N3ydenue JIOKAINBHEIX TeopeM fo § 22, rme MH CHeualbHO
ux o6cyxgaeM. Moskao Hcnpo6oBaTs H ApYrod NyTh: PEHIHTH
YUpa)KHeHHe HeIoCpefCTBeHHO.

21.1.5. Teopewma (Komaua — A. 1. Mansues). Pas-
pewumas epynna G mampuy cmeneHu n Had aszebpautiecku
3AMERYMBLM noserm o0baadaem mpuanzysupyemoil nodzpyn-
nol KOHEYH020 UHOEKCA, He NPeeoCcTodAu ez0 HeKOmOopo2o wucaa,
3a8UCAUL20 MOALED Om N.

HoxasatenscTsBo. a) JonycruM cragana, 910
rpynna G HenpHBOAAMa M HHJLOOTEHTHA. BBHIY JeMME
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20.2.9 nocraToumo mokasath, 9To G o0iamaeT HopMaNbHOM
abeseBOHM MOATPYNIOH KOHEYHOTO HHAEKCA, He HPEBOCXOJsA-
mero HeKOToporo 4mcia < (n), 3aBACAMETr0 TOJBKO OT N.
M=l ciellaeM 3To HEAYKOHEH mo n.

Ecnu G HeabeneBa, To B Hell HauieTcA HeleHTpaJbHaA abe-
JeBa HoOpMajibHasg HoArpynma (TakoBa, HampHEMep, Jwoas
MaxcHMalbHaA afelleBa HOpMaJdbHafg NOArPynma — CM. Teo-
pemy 16.2.6). Torna sBEAY 21.1.3 B G coftep:xkmTCA npHBOXHE-
Mas HopMmalbHag moiarpymnna H KoHeuHoro HujieKca < (nl)l.
ITo nemme Kamddopma 21.1.1 rpynna H snonHe mpuBoguMa
B MOTOMY ABJIAETCA WOANPAMHM INpOH3BeJeHHEeM HEeNpPHBOU-
MBIX HEJIBIOTEHTHHX rpynn H ;, cTemeHH KOTOPHX MeHBIIE .
B cuny HHAYKTHBHOTO HpeANOJOKennA B Kaykfo# rpynnme H ;
CcymecTByeT HopMalbmad abelleBa NOATPYNNa KOHEIHOTO
mujexca, He mpeBocxopamero T (r — 1). Ho Torma B H cy-
mecTByeT a0ejgeBa wWopMmalpHad Doarpynnma A HHEJEKCa
<t(r—1)" Beaay |G:4 | < (m)l7Tv(r—1)" mnepe-
cedeHHe B moArpymm, conps:KeHHHX ¢ A4, HMeeT B (r HHJ[GKC,
He OPeBOCXONAMHAN HOKOTOPOTO THCIA, KOTOPOe MOJKHO B3ATH
B KauecTBe T (n).

6) OTRa)keMcsi OT HHJIBNOTEHTHOCTH rpynmu G, T. e. 6y-
leM CUHTarh, 4To G HempmBojgdMa U paspemmma. Mapykomeit
o0 n ODoKaskeM, 4To (G onATh oblafaeT HOPpMaIbHOR aleseBoit
HOATPYNNO#d KOHEYIHOTO HHAEKCA, He IPEeBOCXOAAMET0 HeKo-
TOpOTro 9Hciaa p (7), 3aBHCAIMMETO TOILKO OT M.

Ecam B G cymecTByeT x0T OB ofiHa HemeHTpaabHaA afe-
JeBa HOpMalpHAaA HOATPYIIA, TO MOKHO JOCAOBHO HOBTOPHTH
OKa3aTelbCcTBO a). JlomycTHM mo3TOMY, 9T0 Ka)kjgada HOP-
MallbHaA abGelesa moxarpynna rpynnk & nenrpanbaa. O603na-
unM Yepe3 R moArpynny, nmopoiJAeEHYI0O BCeMH HOPMAaJbHEI-
MH HHJIbOOTOHTHHIME NoArpymmamm rpymnu G. Beupy a)
A yopaxxueaus 27.3.2 na [lomonnesus B R cymecryet ale-
Jepa HOpMaJXbHAfA NOATpPYNIA KOHEYHOro HHJEKCA < To (n).
Cornacuo 21.1.4 B R cymecrByer afeneBa aBTOMOPOHO JI0-
mycTEMad noprpyona B kKomeuHoro HHmeKca < T, (n), rme
T, — HeKoTopad ¢ymkmua. OrmermM, dr0 R HHIBOOTEHTHa,
B copmepxurca B nentpe G. Omemmm wnnfexc |G : R .

Iyers 1 < B =By < B;<... < B, = R— meHTpanb-
Had MaTpémKa aBroMopdHO JONYCTEMEX HOATPYNO rpyuny A.
Ilycrs Z — menrpanmsaTop 3To# Marpémku B G, T. . Z =
= () Z;,- *Re . Z;1/B; — neaTpanmsatop cexkmum B;.,/B;
B. G/B;. Ouesanmo," R < Z. Ecax R <:Z u'A/R — Heenm-
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HEAYHAA abedeBa aBTOMOpPQHO monmycTHMas moAarpynna B Z/R,
OTANYHAA OT @AUHHUNB, TO A — HHJIBNOTEHTHAA HOPMAJIbHAA
noagrpynna B (, crporo cogepwxamaa R, 9To HeBO3MOIKHO.
gHaudT, Z = R. Tak Rak B Z (G) u |R: B | < ¥ (n),
0 |G: R| < 1, (n), rme t, — ¢pyaknma. TaxmaMm oGpasoMm,
MO3KHO B3ATh p (n) = T, (n) T, (r), ¥ B OyfeT ACKOMO# IOJ-
Ipynmom.

B) PaccmorpmM, Haromen, obmmit cnyzait. Ilyers V —

NPOCTPAHCTBO ¢ (UKCHpoBaHHON (asoh e,,. . ., €,, HAa KOTO-
poM peiicreyer G BosbMeM HeyNIOTHAeMYI0 MATPEIIKY
V=Vr>V>...>2Vu=0 (1)

G -fonycTAMBIX mopnpocrpaHcTB. I'pynna G ma Rakmoél Cek-
une V,/V 1 nefictsyer nenpuBoxumo. Beuny 6) B Heit cyme-
STBYIOT TaKHe HOPMAaJbHHE HMOATpymuH Gy, 9ro |G : G; |
L pin)r G)/A, aGenesa, rme 4; — AAPO MHAYIUPOBAHHOTO
8 Vy/V;i,1 npepcraBaenua rpymns G. [loaoxum Gy = () G;.

1
Torna Ha ocHosaHHH Jemmu 20.2.9 Marpémky (1) MoxHO yO-
JOTHATHL A0 Go-HomycTAMO# MaTp8mMKH

V=Vi>V>...>Vnoy =0

¢ OflHOMepHHME ceKnEAMA. MaTpHaohn JaAHeHRHX mpeobpaso-

Baunit B3 Gy B Gaze f,,. ..., f,, 1 E V; AN V}H, HM@IOT
Tpeyronbahid BUj. CirepfoBaTenbHOo, mDofrpynna (rp conmpsske-
HEEM ¢ DOMOMBIO MaTPHIH Tmepexofa oTi{f;} k {e;} mpuBoxET-
cA K TpeyroapaoMy suay. Maneke moarpynnu Gy, o9eBAAHO,
OrpaHHYeH HEKOTODHM YHCIOM, 3aBHCANUM TOJBKO OT M.
Teopema AorasaHa.

21.1.6. Yonpaxaernne. Crymesr paspemmmocTn
OpPOA3BOJBHOM paspelIMMoil TPYNIH MAaTpHL CTEIEeHH N
He IpeBOCXORHT HeKOTOPOTO 9YHCJjIa, 3aBACAMEro TOABKO OT N.
BripecTsm oTCIOfa, Y4TO eclIU B Tpynle MaTpHI] BCe KOHEYHO
NOpO)KNeHHEe HNOATrPYIOOH pa3pemdMbl, TO OHa CaMa paspe-
mHEMa.

211.7. Yopamuaensne., PaspemmnMad MarpuyHas
IpyInna cTemend n obnajaeT HOPMAJBHOH MOATPYIIOH, KOM-
MYTaHT KOTOPOH HHJIBOOTEHTeH, a HHIEKC He IPEBOCXOIHT
HeKOTOPOTo YHCJIA, 3aBHCAMETO0 TOIBKO OT N. JTOT Pe3yJb-
TaT OHBaer, B 9aCTHOCTH, IOJIG3HKM IPH JOKa3aTeJlbCTBe
HeOPeICTABEMOCTE MATPHIAMH TeX HJM HHEEX a0CTPaKTHLIX
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rpynon (eM., Hanpmmep, Cmmpmos J[. M.— Marem.c6., 1965,
67, N\e 3, ¢. 366—383).

21.2. MoanuukauvHOCTH paspemnMbix rpym ns G-I, (7).
IIycts Q — anrebpanmdeckoe zaMbiKaHHe nona § pamuo-
HaJbHHX UHMCeN. JJeMeNTH H3 () HA3HBAKTCA aszebpauuec-

KuMU Yuctamu. InemenT u3 () Ha3HBaeTCH yeapn anrelpan-
9eCKHM YHCJIOM, €C/IM OH ABJAETCA KOPHEOM MHOTOWIEHA C Tie-
JLIMA KoddpdunuentaMm W crapmuM koodduumentom 1.
Hycrs K — mone anre6pamdeckux 9UmCes, MMeIOMEe Ko-
HedHYyI0 creneHb Han mojieM (). Coraacmo § 28 Iomomnenms
MHO3KeCTBO % BCex menmx anrefpamuecKux umces moxs K
ABIAETCA KONBIOM, MpPHYEM AaNIATHBHAA M MYJIBTHILIHKA-
TABHAA IPYNOH KOJbIA & KOHEYHO MOpokAeHH. C noMompio
9TMX Pe3yJAbTATOB TeOPHH YHCeJ ceirdac 6ymeT moxaszaHa

21.21. Teopema (A. U. Mansnes). Bearas pas-
pewuras 2pynna YeAoUUCAEHHBE MAMPUY NOAUYUKAIULHA.

Hoxasarenscrno. Ilycrs G — paspemmmasn
rpynna nejoTRCIeHHEIX MAaTpHl, creneHH n. [To reopeme Ko-
unHa — Manenesa 21.1.5 cymectsyer Takas marpumma g =
= (g:5) B Takas noarpynna 4 < G KOHEUHOro EHpEKCa, UTO
B = A? mpunapgiemuT Ipymne TPeyroJbHEX matpug I, (K)
HaJ{ ajre0pamd9ecKEM pacmEpeHHeM

K=Q (g1, &i2r- - +» &nn)

nonsa (). dneMeHTH g;; MOKHO CYHTATH, O09eBH/IHO, TieJIBIMHA
sdciaaMu moas K. Orcioga nonydaeM, 9To BCAKHI siieMenT
NPOU3BONBHOR MaTPHIH M3 B mpencramisercs B BHMe npobH,
JACAUTeNb KOTOPOH €CTh HEKOTOpOe mesoe alrefpamdecKoe
9MCIO, a 3HAMeHATeNb paBeH ONPeJeTHTENI0 MATPHIH g.
ITycre & o6o3mawaeT KomBI[0 BCex NeJLIX anrebpanmvecKknx
qucen #3 K, k* — myapTEDNMKaTHBHAA rpynna Koaela k.
HuaronanbHsie oieMenTH Mmarpur u3 B YIOBIETBOPAIOT Xa-
PAKTOPHCTAYECKAM YPABHEHAAM MATPHI M3 A, CTapIINe Koad-
PUIACHTH KOTODHX paBHH 1, 3HAYWT, DTM JHATOHANIBLHEIE
9JeMeHTH MpHHajieKkar k*. Paccmorpmm romomopdmam B —
— k* X ... X k* (n pas), comocraBnsomumit Kaxkaon “MaT-
pane b & B ee gmaroraxs. Ilyers C — sgpo sToro TOMOMOP-
¢dmama. ITo Teopeme 28.1.12 u3 Momonuenms daKTop-rpymmna
B/C ronedno moposxnena. finpo C cocTonT W3 BCEBO3MOKHEIX
YUHTPeYTOABHEX Matpun rpynne B. OGosnaumm wepes C,
IoArpynny Bcex Martpun H3 C, WMeOIMAX | HYNEBHX
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nuaroHaJedl Bhime IiiaBHoid. OdeBHyHO, MaTpémmKa
C=Co>C,>...>Cy =1

OymeT HOpMalbHOM MaTpémkoidl rpyunw C. Jlerko moHsaTs,
yro Kakgas cexuusa C;/C;,; m3omopdHa moarpymme mpamMoi
CYMMH 1 — i — | 9K3eMIJIAPOB aANUTHBHOH TPYNOHE KOJb-
na k, koropas mo Teopeme 28.1.6 m3 [lononHenmsa HOHEIHO
nopoxxfeHa. Orciofla clefyer KomegHad mopo:kueHHOCTH C,
a sHaunT B rpynnH B. Tak xKak B = A muEjexc |G : A |
KOHeUeH, TO BCcA rpynna G xoHednmo moposknena. flcHo, 4TO
9TO TOKA3HBaeT TeopeMmy.

C noMomplo 3TO# TeOpeMH MOYKHO IOJYIHTH CHAeAYyIOmee
foJiee CHIBHOE YTBEPKJeHHE.

21.2.2. Teopema., Paspewumas zpynna asmomopgus-
M08 KOHEYHO nopodcdentoll abeaesoli epynnvl NOAUYUKAUNHA.

Hoxasareascrtso. llycte A — ronewno moposx-
NeHHasA abeleBa rpynmna, (D — HeKoTopas paspemEmas Ipyn-
na ee abproMopdusMon. ObGosnaaum gepes H mepHoAHIECKYIO
JacTs rpynnh A H paccMoTpEM TroMoMopdusm 1. @ —
— Aut (A/H), conocraBnsaomui npouspoasaoMy ¢ & @ ap-
ToMoppu3mM @ darrop-rpynnst A/, HEAYNEPOBAHHHH @,
T. e. (Ha)® = Ha%. [lo mpegnpymei Teopeme daxkTOp-rpymn-
na @®/¥, rpe V' = ker 7, koneano mopoxaena. [JoxakeM Ko-
Hegnocts ¥. le#icTsHTONBIO, €CIH a4, ..., G, — CACTEMA
Oopo;kfaomux rpyonsl 4, To pud npoussodsaoro P & ¥

HMeeM af = hia;, h; &= H. Beugy KoHedHOCTH mnepHoOAHYeC-
KO# gacTH H HMeeTcs JHIIb KOHEYIHOE TNCJIO BO3MOMKHOCTEH
A o0pa3oB mopokpalomux a4; npE orobpakenmsax us Y.
Orcioga cieflyer KoHeIHOCTh rpynnn ¥ W, 3HAYAT, KoHeYHAH
nopoxaegHocts (D. Temepp AcHO, aTo0 D — moaHmUKIHIEC-
Kasd rpymma, 970 H TpefoBajoCch OKa3aTh.

21.3. Bnoxenme roaoMop(oB NOIUMHEKAMYECKHX TIpynm
B GL, (7). Ilycts G — rpynna. Jlerko suaeTs, 9T0 MBI IOJIY-
unM peiicrHe roidomopda Hol G ma menmoumciennoM rpymn-
noBoM Konkne Z [Gl, ecnm nosoxum

Clog)® =dagfg, oy S Z, g = Aut G, g1, g = G. (2)

21.31. Temma. ITyemv G K GL,(7), N — yrumpe-
Y204abraa Hopmaivkas nodzpynna e G, a G/N konewHo nopox-
dena. Ecau @ — nodzpynna us Aut G, omobpaxcaiouas N
é ceba u delicmeyrouas moxcdecmeenko ¢ /N, mo cywecmeyem
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usomopgroe eroxcernue OG— GL, (7), yHumpeyzoavHoe
nHa N.

IlloxaszatTenbcTsBo. lIpogomxuM sagaHHoe BioO-
meane G < GL, (7) mo KoxbmeBoro romMoMopdmsMa p:
Z [Gl— M, (Z); nyers K — ero appo. Ilycrs I — mpean
konpna 7 [G], nopomaenani BCeBO3MOKHHIMHA PasHOCTAMEA
i1 — 2,z & N. Tak Kak rpymna N YHHTPEYTroJbHA, TO

(A—-z)...(1—=x,)° =0 opm z; E N,

otkyna I™ C K m, caepgoBaTtenabso, (I + K)*C K. Ilo Teope-
me 26.1.4 [lononmenua agmurmsHaa rpymma 7 [Gl/ (I +K)*
KoHeuno mopoxpera. Ilycrs T/ (I + K)® — ee mnepumo-
gA9ecKasd d9acTh. Tak Rak agmaruBHasa rpymma 7 (Gl/K
He HMeeT Kpydenusa, to I (C K. Ilo ycuosdio, And NIOOHX
pe=E D, g = G BMeeM g% = gz, z & N, moaToMy g% — g =
= g (¢ — 1) & 1. Orcoga BUAHO, 9TO afAMTHBHAA Ipymma
I+ K ®G-nonycrmma. CnenmoBartelpHo, feiictBue rpynnu QG
ga 7 [G] B cany (2) maaynupyer geiicrsae DG na KoHeIHO
nopomAeHHol ajnerasnoir rpymme 7, [Gl/T. Ono To0HOE,
tak Kak T C K. Ocraercs opoBepHThb, uT0 N AeHCTBYeT Ha
7, [Gl/T yaurpeyronsao. JIns sroro B3 coofpaskeHHH WHAYK-
N¥H JOCTaTOYHO yKaszaTh B 7 [G)/T N-HemoppE)KHNH 9ie-
MeHT, OTIMIHHE oT mynsa, Tak xar I™ CC T, To cymecTByeT
Takoe $ >0, uro I ¢ T, ' T (Ma cunmTaeM 37ecCh,
uro I° = 7 [G]). Bearui anemesT u3 I* \ 7' mo mopyawo T
OTIHYeH OT HYJA W /N-HenoiBH:keH. JleMMa JoKagaHa.
21.3.2, Teopema (I0. M. Mepanaros). Ilosomopgd
Hol G npoussoavroii nosuyusasudeckoii zpynnvt G u3omopgphno
exradnsaemcs 6 G L, (7) npu nodxodawem n.
lloxasarteascTBo. a) I'pyona G o61afaer aBTo-
MoppHO pomycTEMoir MaTrpémkod G > M > N > 1, rne
|G : M |<< oo, M — rpynna Ge3 kpyuenus, M/N — abeie-
Ba rpynna 0es KpydJeHEA, N — MaKcHMajnbHAsg HHUJIBIOTEHT-
HasA HOpMalbHaA moarpynna B M. B caMoM jene, Bo3sMeM B
G HOpMaNBHYI0 MATPEMRY G =Gy > G, > ... > G =1,
Kakfafa ceKIEA KOoTopo# Jubo MMeeT NMPOCTOH HmePHOF, JH00
He mMeeT KpydeHma. I'pymna G feficTByeT B 3THX CeKOHUAX
COUPAIKEeHNAIMA, 4TO ONpefeNsieT MATPHUHEE NPeJCTABJIeHH S
G — Aut (G;/G;41). Ilo Teopeme Homamnma — Manbnesa
21.1.5 ana Raxkporo i cymecTsyeT moarpynma 7'; KOHeYHOTO
nEfeKca B (, BH3HBAKIMaA B BEKTOPHOM IIPOCTPAHCTBO
G;/G;,y Tpeyronbnne apromMopdmsmu. llepecedenme T =
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= () T; Takme MMeeT KOHEYHLIA HHAEGKC B G H HelcTByer
TPEYTONBHO BO Bcex cekmusax. Besmay 17.2.3 MokHO cumTaTsh,
gt0 T He MMeer Kpyderusa. Tak kak koMMmyTtanT 7’ medcrayer
yHHTpEYroaLHO, T0 [G;, T',..., T'] < G;1. CaenoBatensHo,
G, T7,..., T'] =1, ecim wncii0 KOMMYTHPOBRHHEH HOCTa-
TOYHO BeJHKo. B wacrmoctm, rpynoma 7' mmapnoTenTHa. ME
3HaeM, 9YTO B KOHEYHO NOPOKACHHON Tpynme BCAKAA IOH-
rpynma KOHEYHOTO HHAEKca CONeP)KHT BeplaJbHYI MOf-
rpynny KoHeuHOTo HHAeHKca (ympaskmemme 15.2.3). Ilycrs
V — Ttakaa BepbGanbHaa moarpymma B G, wro V< T,
|G : V| << oo, m nyctsb N — MakCHMaJbHAsT HHUJIBOOTEHT-
nafa HopMaabHaA moarpynoa B V. Tak xak V! < T7' (1 V
< N, 10 rpyunna V/N aGeaneBa. Ilycts m — mepmop ee me-
puonaueckoit 2acta. Ilomoxxam M = V™N. fleno, uro rpyn-
ol M, N — HCKOMEIE.

6) IIycrs @ — rpynna Bcex aBromopdmsmoB rpynou M,
neitctsyromux B M/N rompecrBenno. IlokameM, uro cyme-
crByer maomopdHOEe MATpHIHOE ImpefcraBienme rpyaan OM
Haj 7, yErrpeyroasnoe Ha N. /loka)keM CHavana mpejcra-
BEMOCTE caMoil M mHEAYROHUei 1m0 cTemeHW r cBobogHOH abe-
xepoit rpynust M/N. Ecam r = 0, To 9T0 ciaepyer 3 Teope-
ma 17.2.5. Ilyers

M= ()M, (@ Mi=1, N MeaAM

n crenedbh Mo/N pasma r — 1. Ilo IERYKNAR MOKHO CIMTATS,
gto M, uMeer TpebyeMoe umpepcrasienne. Torga, BBEAY JeM-
mur 21.3.1, takoe unpencraBiaenme mMeer m M. IIpmmenms
21.3.1 eme pas, moayumM mpepcraBiaenne gas OM.

B) Foxomopd Hol M msomopdrO mpencraBEM MaTpHLaMHE
nman 7. B camoM pene, sBEAY 6) m 17.2.7 gocraTo9no yoeauaTh-
csa, aro | Aut M : @ | << co. 910 Mu 7 mposepuM. [Ipexnme
BCEro, M3 KOMMyTatuBHOCTH M/N B KOMMYTAaTOPHHX COOT-
pomermit (cM. 1. 3.2) caenyer, uro B Hol M

[MIN, al™ < [(M/N)™*, al < IM™, a] N/IN (3)

mia Beex a = AutM, m =1, 2,... Ilycts P & Aut M.
Taxk wax momrpymma ()M ms romomopda Hol M moxnm-
NUKIKYeCKasi, TO OHA CONEP/KAT HOpMaJbHYIO moprpynnoy 7
HeKOTOPOTO KOHEYHOTO HHJEKCA m, KOMMYTaHT KOTOpod 7
ErabnoTeHTeH (CM. a)). Tak kak N — MakcEMaJIbHAfl HAJIb-
OOTeHTHAA HOpPMalJbHAA moarpynma B M, 10

M7, T <T' N M<N.
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- Orcroga u m3 (3) caemyer, wro [M/N, B"]™ = 1. Tak rax
M/N 6es xpyuenus, to [M/N, "] =1, 1. e. " = ®. Ta-
kIM obpasom, rpynma (Aut M)/@ nepmogmuecxas. Ecuam
r — parr M/N, ro mmeeM oueBHpHOE Biosenme (Aut M)/ D —
> GL, (7). Tar rark GUL,(7) nourm Bca 6e3 KpydueHus
(yopaskmenme 19.3.4), 1o (Aut M)/® =xomeuna.

r) Fomomopd Hol G msomopdprO mpemcraBiM MarpHnamu
Hag 7. B camoMm geme, BocmoabzyeMcs TeM, 4TO AJIA OPOH3-
BOJILHOM rpynnsl X cYOECTBYeT BJIOKEHME

Hol X — Aut (X2 Z,). (4)

Yro6H moaydmTh 3TO BJIOKeHHe, 3aganuM peircrsme Hol X
Ha X ¢ 7,, nonaras

z 0\9g z% 0 0 x \vg 0 g12%

(Oy) —\0 ) (yO) BRAVA Z )
ona Bcex @<= Aut X, z, y, g = X. Bee mykaENe CBOHCTBa
6es Tpyna npoBepsaoTca. Ecan X — noaumukaInveckas rpym-
oa, To, o4eBEAHOo, rpynna X ¢ 7, Takad e, DOITOMY BMe-
cro Hol G gocraTouno mpencraputh Marpumamm Aut G. Jla-
1ee, myctb [' — rpyomma Bcex aBroMopdmaMoB rpynnh G,
neficCTBYIONUX TOKAECTBEHHO B (KOHeYHOH) cexnum G/M.
Tak xax |AutG:T | << oo, T0 poOCTaTOYHO mpEnCTa-
Buth I'. Ilyerh S — KoHewHOe mopoKmammee MHOMKECTBO

rpyooel G mo wMmomyaw M. PaccmorpmM  oroGpakenue
I' > Hol M X ... X Hol M no npasuay

P> HSNM - [y, 8] (6)

HenocpencTBeHHO mpoBepAeTcs, IT0 3T0 H30MOp(HOE BJIO-
skerme. Tak Kax Hol M msomopdrO npepcraBEMa MaTpURAMH
max 7 (cMm. B)), To m I' rakas se. TeopeMa morasama.

21.3.3. Yonpaxkuaernne. Ecm M — apromopdro
AOOYyCTHMAsA OOATPYINa KOHEYHOrO0 HHJEKCAa B HEKOTOPOi
rpynne G 1 Hol M nsomopduo nmpepcraBEMa MaTpHI[aMH, TO
n Hol G m3omopdHO mpefcraBuMa MaTpHIIaMH.

21.3.4. Yopaxueenne Toaomopd mpoumsponpmoi
DOJAOHKJINISCKO! I'DYNOH IIOYTH BECh HE MMeeT KPY4YeHHS
W [3XA BCAKOr0 MPOCTOTO 4YMCJIA P HOYTH Bech ANIPOKCHMA-
pPyeTCA KOHeYHHMM p-TpYHIIaMH,
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Yrasamnme. CM. pgoxazaTenbcTBO Teopemsl 14.2.2.

Pouasr teopemsr 21.3.2 cocTorT B TOM, 9YTO OH& OTKPHBAET
OyTh B TEOPHI0 HONANUKIXISCKAX TPyIO MeTojaM alrebpan-
9eCKOM reoMeTpHUHM, TEOPHHU YHCe] U p-afuYecKOro aHajam3a —
B 3aBHCHMOCTH OT BEI60DPA OCHOBHOTO KOJIblLa KO3)PHIMEHTOB,
B KOTOPOe MH morpy;kaeM 7Z,. Hampmmep, xax 3amerun Bep-
¢puL, BTA TEOpeMa MO3BOJMAET [OKa3aTh KOHEYHYIO OoIpefe-
JE€HHOCTh TPYHOH aBTOMODP(PH3IMOB HPOH3BOJBHOH HONHMUK-
ardeckoll rpynon ¢ (Auslander L.— Ann. Math., 1969, 89,
Ne 2, p. 314—-322) caenyromum oGpasom. Ecaz Hol G
L GL, (/) » G 3aMKEYyTa B MOJHHOMHAJIBHOH TOMOJOIHHA,
TO ee HOPMAaIW3arop H peHTpaamsarop B G L, (/) rarmxe
3aMKHYTH ¥, 3HAYAT, KOHEeYHO omnpefexedn (Borel A.—
Proc. Internat. Congress of Mathns, Stockholm, 1962, p.
10—22). Ilosromy rpymma Aut G ~ N, (G)/C, (G) xoHeaHO
oupesieneHa. Ecam G He 3aMKHYTa, TO pacCY)KAeHHA He-
CKOJNBKO yeaoxEanTesa. [logpo6rocT? B apyrre mHETEPECHEIE
KOMMeHTapu# K TteopeMe 21.3.2 Mokmo HaiiTm B JOKRIafe
Bepdpuna, npounrarrom 22 mioas 1973 roma Ha cEMOO3HyMe
B Jlompore [44].

B cBasm ¢ KoECTpYKIH@ei, BCTPETHBIIEHCA HaAM MHMO-
X0/I0M B KOHIe AOKasareabcrsa 21.3.2, orMeTEM cllefyOmuAR

21.3.5. Boompoc [13]. Ilycrs C — ¢urcmpoBamnan
HeemWANYHAsA rpynma (uampmmep, C = 7,,). UsBectro (An-
rebpa u aormka, 1970, 9, Ne 5, ¢. 539—558), aro gaa n0OHX
rpyon A, B Bce pacmeniisfeMue pacHIEpeHERsa rpynnst B 1o-
CpeficTBOM Tpynmi A BHKJIAAHBAITCA HEKOTOPHM ERHHHM
cmocoGoM B mpsimoe mpomsmemerme A X Aut (B 2 C). Rax
OHH B HEM PaCIOJIOKEHHI?

§ 22. OdoDieANA paspenInMOCTH

22.1. Knaccm KRypoma — YepmmkoBa. Mul 3HaeM, 1To
Pa3pelMMOCTE MOMKHO ONpefeUTh KaK HAJIW4de KOHeYHOM
cyOHOpMaNbHO MarpémKkd ¢ abeqeBHMHM CEeKOMAMH HIH KO-
HeYHoX HOPMAJNbHOE MATpémKm ¢ alejieBHMH CEeKIIUAMH,
a TakK;Ke Kak OoOpHB psAjia KOMMYTaHTOB HAa eJUHMIE, — BCe
9TH YCJIOBHA PAaBHOCHJIbHH. Bo3HMKaeT MHCIb DPacCMOTpeTh
OeckoHeuntie CyOHOPMAJbHRIE MATPEMKH PA3HBIX THIOB H
BHIACHUTH CBOMCTBA IOJIYYAIOMMXCA KJIACCOB H CBABH MEKIY
HEME (eCTeCTBeHHO OKHaTh, 4TO DPABHOCHILHHE YCIOBHA
mepecTanyT OHTH TAKOBHME B ofmeM caydwae). Takas Teopusa
«0600menno0 paspemmMHX» Tpynn OHJA CO3JaHA M OCHOBO-
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moJyaraomeit Tyt ssmiaack pabora A. I'. Kypoma u C. H, Yep-
arkoBa [15]. Mu 6ymem mHaswBaTh Kiaaccs 0600mMeHHO pas-
pemuMHX TCpyon, BOSHEHKAIHE B paMkKax 3Tod TeopHu,
Kaaccamu Hypowa — Yeprukosea, Xorsi HEKOTODHEe U3 HUX
paccMaTpuBanuch # o paGorn [15]. B macroamem mymxre
OynyT OpEBefeHH OoIpefesieHHA M 0603HAYCHHUA 3THX KJIACCOB.

OcHOBERIM moHsATHEM Teopuu wiaccoB Hypoma — Uepnm-
KOBa ABJIAETCA CAeAYIOMee NoEATHE CyOHOPMANbLHON MaTp&Mm-
KH, He 00fA3aTelIbHO KOHEUYHOH.

CmcreMa ./ DOATrpYyUI I'pynnk G HA3KIBAETCA CYOHOPMALL-
HOU Mmampéwkoil, ecad OHA:

1) copepsxmr 1 m G;

2) JMuHEeHHO yHOPAKOUEHA IO BJIOKEHHIO, T. €. IIl BCA-
Kux A, B m3 M n1noo A B, nabo B < A;

3) 3aMKHYTa OTHOCHTEIbHO 00beAWMHEHHMH WM HepecedeHui,
B WACTHOCTH, BMecTe ¢ KaXguIM A == G cojgep:RUT mepece-

genme A¥ Becex H = M ¢ yenosmem H > A 7 BMecTe ¢ ROK

oM B %= 1 cogepskur oO0beguHEHME Bb Bcex H & M ¢ ye-
sosueM H < B;

4) ypopiersopaeT yciaoBuio A QA# AjIa Bcex A& A,
A +£ G.

@artop-rpynnst A%/ A masmBanTcs ceryusmu cybrOP-
ManbHo# Marp8mikm 4. I'oBopsar, ato A enosre ynopadoue-

HaG no 603PACMAHUI0, €CIH A# # A pna Bcex A #% G, 1 gnoane

ynopsadouena no ybvieanuio, ecin Bb;& B nna Bcex B %< 1.
Cy6uopManbHaa MarTp8IMKa HABHBAGTCA HOPMAALHOU, €CIH
BCe ee WIeHH HOPMAaJbHH B rpynme. Eciam ogHa cy6HOpMAN®-
Hag MarpémKa cofgep:kar Ipyrylo, TO NepBad HA3HBAeTcA
ynaomnenuem Bropoir. O6obmas ompemenemme m3 m. 16.1,
HOPMAJABHYIO MaTpEéMIKY ./ HAa3HIBAIOT YeHMpPaabHol, €CIH BCe
ee¢ CeKNnHy NeHTpPAaJbLHH, T. €.

A¥ 1A Z (G A) pan Beex A= M, A =G,
AW, 9TO PABHOCHIBHO,

[4¥, 61 < A nam Bcex A= M, A+£G.
Haxonen, cy6HOpPMaNILHYIO MATPEIIKY HASHIBAIOT PA3PEULUMOL,
ecim BCe ee cexmmu abeJseBH,
Bosumkator cuaepyromue kaacce Hypowa — YepHurosa
(MBI coxpamfeM TpagHUUOHHEE 0003HAYCHMA, XOTA H HE CUu-
TaeéM HMX BIOJHEe yHAaTHEIMH):
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RN: rpynna o6aagaer paspemuMoit CyOHOPMalXbHOH Ma-
TpémKoi (He 00A3aTeIbHO KOHEOYHOE — 2Ta OrOBOPKA B Jab-
HeHIIeM He HOBTOpseTcA, HO Bcerja IpeamoJaraercs);

RN¥*: rpynona o6Guagaer paspemumoil cyOGHOpMAalapHOMN
MaTpEéDIKOM, BOOJHE YHOPALOYCHHOHA IO BO3PACTAHUIO;

RN: Bcakyio cyGHOpDMATBHYI MaTpEmIKy TpYOOH MOKHO
VILIOTHHTH [0 paspemuMoi CYOHOpMAaabHOH MaTpEmKu;

RI: rpynna ob6nagaer paspemuMoii HOpPMaJAbpHOR Marpdm-
KOMH;

RI*: rpynma ofmamaer paspemmMoili HOPMAJbpHOM MaT-
pémKoM, BHOJHE YHNOPAAOYEHHON II0 BO3PACTAHUIO;

RI. Bciakyow HOPMANbHYI0 MAarpEIOIKy TPYONBI MOMKHO
VINIOTHUTH [0 paspemmMold HOPMAJBHOM MATpEMKH,

Z: rpyunna o0gagaer LOeHTpAJbHOM MAaTpEIMKOM,

ZA: rpyuna obiagaer meHTPAABbHON MAaTpémKo#, BIOJ-
He YIOOPAAOYEHHOM [0 BO3PaACTaHHIO,

ZD: rpynna obiagaer meRTpadbHOM MaTpEIIKOM, BIOJHE
VOOPAKOYCHHOR 00 YORBAHHIO,

Z: BCAKYI0 HOPMAJIBHYI0 MATPEMIKY MOKHO YIJIOTHHTH [0
OEeHTPAJbHOM MATPEMKHE;

N: Bcarywo moarpynny MOMKHO BRJIKYHTH B CyGHOpPMAXb-
HYI0 MAaTpPEIKY;

N: BcARyw OOArpyumy MOKHO BRIIOWHTD B cyGHOpMaJIb-
HYI0 MAarTpémIKy, BHOJHe YUOOPAJOYEHHYI0 IO BO3PACTaHUIO.

Camm Marp8inkm, yHoMMHAeMEle B 3THX ONpPeNeJeHHAX,
yao0HO HAa3HIBaTHE CoOTBeTCTBEeRHO RN-mampéukamu, RN*-
mampéwkamu 1 T. A.

2241, Yopaxnunernune. Yciosme N paBHOCHIBLHO
HOpMalnd3aTopHOMy yciaoBmo ms m. 18.2.

221.2. Yopamuernne. /[JiA KoHeYHHX Ipyon yc-
nosuas RN, RN*, RN, RI, RI*, RI paBEOCUABHH paspems-
MocTH, a yeaosua Z, ZA, ZD,Z, N, N — HERIBIOTeHTHOCTH.

22413, Yopamuernnme. I'pyoma Torga # TOJBKO
Torga obaanaer csoitcrBoM RI (cooTBeTCTBEHHO Z), KOTRa BCe
ee romMoMopdHEEe ob6pass obGaagaroT csoiicrBoM RI (coorBer-
CTBEeHHO Z).

221.4. Yopaxuenune. CooiicreBa RN*, RI*, ZA,
RN, RI, Z, N, N nepenocarca Ha roMoMopdHEE o0oGpassl.

Muorue cBoiicrBa paspemMMHIX M HMJIBOOTEHTHHX TPYUI
6ea Tpydaa mepeHocAaTca (BMeCTe € JOKA3aTeNbCTBOM) HA HMX
obobnmennn:
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2215, Yonpamuaernne. CrabmimsaTop Ipom3Boib-
HO# HOPMAaJNbLHOU MATpEmKH 00Jamaer MEHTPAILHON MAarpéln-
kor. (Cp. ¢ 16.3.1.)

224.6. Ynpasxaenne. HommyTaaT BcaKoit rpynmns,
obJagalomell HOPMAJbHON MarpémMKOH ¢ HUKJIHIECKHMH CeK-
nuAME, oGmagaer menrpansHoil marpémkoi. (Cp. ¢ 19.2.2))

224.7. YopamueHue Bo Bcakoit ZA-rpynme G
BcAKasA MaKcEMaianHad abeseBa HopMadbHas nofarpymoma A
cOBIAfaeT CO CBOMM HeHTpaamsaropom. B wacrmocrm, 4 —
MaKcmManpHaa abesneBa moxrpyooa u G/A msoMopdHO BKJIA-
norBaerca B Aut 4. (Cp. ¢ 16.2.6.)

Kaaccer Kypoma — YepHmkoBa BechMa IIMDOKH,— Ha-
opuMep, Kiacc Z cofmepsxur BBUAY TeopeMn Maruyca 14.4.4
Bce cBoGopubie rpynnsl. Dolee TOHKHEM SBJIsieTCA yTBepsKie-
Hme, 4TO BCAKasg c4yeTHaA cBoGogHaA TIpynma m3oMopdio
BKJAHBAETcd B HEKOTOPYH TpyOmy Kiaacca Z,— 5T0 IOKa-
JKeT OMH H3 IPHMEPOB, K KOTOPHM MH cefvac ImepexouM.

22.2. Iipmmeppt. Baunit mpumep o6obmienno paspemu-
MHX TpyIO AA0T YOOPANOYNBAEMEe TI'PYIIIH.

22.21. 11 p m M e p. Besakas yoopagounBaeMas rpynna &
obnagaer cBoicTBOM RN (HamoMHMM, 4TO IpynIa HasnBaeTcCs
ynopsdouusaemoll, eciu Ha HeH MOYKHO 3ajaTh JHHeHHOE yIIO-
pAfoYeHHEe <, YCTOM4YHMBOe OTHOCHTEJIHHO YMHOKEeHHSA, ION-
poGuee cM. m. 27.2 [Honmommeuus). J[leicTBHTENBHO, NYCTH
G — rpyuma ¢ JuHeAHHIM yunopagogenueM < . Ee mogMHO:Ke-
cTBO V Ha3HBaeTcsa guinyKavim, €CJIM BMecTe ¢ JIOOHMH JBY-
MS CBOMME 3JIeMEHTAaMH g, b OHO COMEpP/KHT M BCe IPOMEKY-
TOYHEIE 3JEMEeHTH, T. €.

cseV,belV,areb=2= V.

OxassiBaercsa, cacreMa 4/ BCeX BHOYKJIHX TOAFPYHI yOOPA-
AOYeHHOH rpynnn G ABIdgeTca paspemmMoir cyGHOpPMaTbHOM
maTpémkoi. [eiicrBarensno, yciaosme 1) m3 ompenmenemma
cy6HOpManbHOM Marpémru ogeBmgHO. IIpoBepuM ycioBume 2).
IIycry A, B — BHOYKJIHE HOATPYIOOH M CYyH[ECTBYeT 9JI€MeHT
be B, bt A, llyers, craxeM, b > 1. flcmo, wrto a < b
nasa Jdoboro a E A. Tark kark 1 e < bummm 1 at b,
10 A < B, uT0o n tpeboBanoch. Ycunosme 3) ogeBuAHO. IIpo-
BepuM 4), T. e. ycaosue A <1 B, rie A, B — BHIOYRJIHE IOA-
rpynnos, opryeM A < B 4 Me;KAy HEME He COHNED)KHTCA HU-
KAKHX [PYTEX BEIIYKJEX HOJrPyND. Nnsa moﬁoro be B
umeeM A° < B®, mpuwem sacmo, wro A°, B® — cmoBa BH-
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OyKIkle OOATPYNNH U MY HAME HeT IPYTHX BHIIYKIIEIX
noarpynn. Tak kak B® = B, 10 A® = A, uro m TpeboBaioch

nokaszars. HawroHenm, rapmas cexumsa Af/ A marpémkm S
eCTh YOODPsAMOYeHHAA TPynNa, He copep:;Kam@as coOCTBeHBHRIX
BRINYRJIKX noprpynu. [lo kmaccuueckoit Teopeme I'€nxnpepa
00 yoopapmodeHHHX rpynnax (oma paoxasmBaercsa B [10] ma

OfHOH CTpaHmme Ha OCHOBe ONpeReIeHHA) CeKIus A% 4
u3oMopdHO BKJIAJHIBAETCA B agAUTHBHYIO rpynmy ooas [R,
B 9YaCTHOCTH, aGeneBa. 3maumr, ./ — paspemmmas cyGHOD-
MaJbHAsA Marpémka.

Teneps obparmMca kK npuMepaMm 060060eHHO HHJILIOTEHT-
HHX Tpynn. BasKEmil THO TaKMX OPUMEpPOB JOCTABIAIT Pas-
HOI'0O pOfa KOHIPYSHI-HOAIPYIOH — KaK KJIACCHYECKHE
I', (m) mag xonpnoM 7,, Tak M X aHAJOTH HAJ APYTUMH K0JIb-
namMmm. PaccMorpum 3paecs

22,22, T puuMe p Mepaaakos 0. U.— AnrebGpa um a0-
ruka, 1963, 2, Ne 5, ¢. 29—36). Ilycrs & — MHOKecTBO, CO-
CTOAMEee M3 HYJNA M BCEX pPAanyOHAJLHBIX UHNCEN], HMEIMuX
B HECOKpATHMO# 3amiCH HEYETHH 3HaMmeHateas. OueBmpaHo,
k — wonsuo. Ilycrs

142" 2™
Gﬂ=( o™ 1+2"k)’ n="12...,

T. 8. G, — COBOKYIHOCTh MATPHI[, 3JEMEHTH KOTOpPHX He3a-
BUCHMO APYT OT Apyra mpoberarwT COOTBETCTBYION[ME MHOKe-
CTBA PANHMOHAJBHKX YUCeJ. JIerK0 DOHATH, 9TO Kaxkpoe G, —
rpynna. Hak Mm smaeM, rpynoa G, copmep:KuT cBOOGORHYIO
noarpynoy paura 2 (cMm. teopemy 14.2.1), a moaromy m cBo-
Gopmsle moprpymow mo6oro KoHEYHOTO HMJHM CYeTHOTO PAHTa.
ITokameM, 49T0 G, obmagaer Tarkke CBOHCTBOM Z, T.e. 9T0
dakTop-rpynna rpynus G, no Jarboil HopMmaanmoi mop-
rpyume H ofxamaer menrpagbHoil Marpémkoi (cM. ympaskHe-
Hpme 22.1.3).

ITpesxpe Bcero, ecam H nemur B HeHTpe Gy, To cHCTeMa

paxrTop-rpynn
(%
GiH>GHIH>...> ) (GHIH)>1
n=al
Oymer, Kak HeTPYIHO NPOBEPHTh, MEHTPAJBHOM MaTPENIKoH
daxrop-rpynnu G,/H. JlomycrmM Temepb, 4TO HOpMAalbHaA
noprpyuna H ne nexur B nenrpe G,, I HOKameM, YTo Torja

H > T () G, opm HeKOTOPOM 1, (1)
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rne I' — coBokymHEOCTH MaTpmm m3 (; ¢ ompemenurexem 1.
JruM BcE Gymer nmokasamo, Tak Kak rpynna G,/H 6ymer Torja
romomopdreM obpasom rpymmu G,/T () G,, BRJIagHBalo-
meiica mo Teopeme Pemara 4.3.9 B mpsiMoe IpomsBefenue
abeseBoit rpynos G,/T m mmiapnoremTHO#M rpynom G,/G,,.
A nna porasareancrBa yreepsxnerus (1) Msl cHOBA mpmMenuM
OJIOOTBOPILIA (HIOCOPCKHA MeTON BHTATABAHAA N[eln
(cm. crp. 117).

a) IMogrpyuna H cogep:kur marpuny h ¢ yciaoBmeM hi, ==

% hao. JleHCTBUTENBHO, OYCTH ¢ — KaradA-HAOYIbL HeCKAIsp-
mag Marpuma us H. Hemocpepcrsenno IpoBepserc, 1Uro
B KadvecrBe h TORMTCA OFHA M3 Marpwmr ¢, ¢%, ¢, c%, c’, ¢,
e a = iy (2)1 b = ty (2).

60) Ecim H cogepmuar h, To H comep)KHT TaK:Ke TpPaHC-
BeRIUE Iy (A), I3 (A), rme A = 2p ((h3 / hdzl) — 1), p—
OPOHM3BOJIbHOE PANMOHANBHOE YHMCI0 ¢ HEYeTHRIMHM YHCIHTE-
JeM W 3HaMeHarexeM. B caMoM fiesle, HemoCpenCTBEHHO LIPO-
Bepsaercsa, uro ity (A) = la, h*A]°, tme a = t,, (2), u =
= diag (—hyg, hy), v = diag (1, p). A marpuma £, (A) oo-
JTY9YaeTCA TPAHCHOHHPOBAHUEM 3TOr0 COOTHOMICHHA, HPHAYEM
h MOYXHO HE TPAHCIOHHDPOBATH, HOCKOJALKY A 3aBUCHT TOJBKO
OT ee AMAroHaJbHHX dieMeHaToB. OTMeTHMM HmONE3HYI0 B 3THX

BEIYACICHAAX (OPMYay

In o T1g
=l , npu d = diag (e, p).
_ﬂ" T21 T2

B) CymecrByer rakoe m > 1, wro H comepssur BCe TpaHC-
BORIOUHA Iy, (27%), 15, (2M%), % & k. OTo cpa3y BHITeKaeT u3

a) u 0).

r) [Hogrpynma H copep:xuT OpPOoM3BOJIBHYIO MATPHIY

(1-|- 2" 227B
==

92, 1+22m6), Py, 0=k detz=1.

He#cTBUTENBHO, HEDOCPEACTBECHHO NPOBEpHAETCA, dUTO

x = by (2"E) 1y (278) 2,5 (27) 22 (2™), 2)
rmge X : ‘
_2"p—1 2™y
5= T2 = Loz '

Ha 5ToM BHTATHBAaHME 2JIEMEHTOR 3aKAHUYBBACTCH,
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ITomyTHO moOXMywaercs HOJOKUTENBHOE pedieHne KOHTPY-
eEn-upoGaemu s rpynnoum SL, (k). B camom pmene, mycrs
H — vopmanpras noarpynna s 8L, (k) koregsoro mafiexca n.
Tak kak n-e crenemn tpancsexmmi us SL, (k) nesxar B H,
TO BHIOOJHAETCA B). Tax Kak B) =>T), To H — KOHIrpy>HI-
ooArpynna.

OrMermM, 9T0 ABOHKA HEe Mrpaja B HAIMAX PACCYKACHHAX
oco60il posn. AHaJIOTHYHO YCTAHABIMBAETCH, HAIPUMED, Cle-
ayromuid ¢akr. IIycrs m — MHOKeCTBO, IOJIy9aeMOe B3 MHO-
JKECTBA BCeX IPOCTHX YHCeJ yQaJeHmeM KOHEYHOTO IOMHO-
mecTBa (HasoBeM ero ni'), @y — KOJNBIO N-HYHWX Hpobeit,
T. €. DAHOHAJBHHIX YKCEN, 3HAMEHATEIM KOTOPHX JeIATCH
TOJNbKO HA HpoCTHe wmcaa m3 n. Hakmas moarpynma H ko-
Heunoro mafekca n B L, (Qx) ABnAercA KOHTPY3BI-LOA-
rpyunoir. B camoM gene, mycrs H HOpMasNpHA M ¢ — Ipoms-
BefieHHe Bcex gmcea 3 n'. BospMeM KaKyio-EEOYIEL BepXHIOW
rpaEmoy m > 1 pasa nokasareneil, ¢ KOTOPHIMU [eIHTeIN K3
n’ BxomgaT B n. Tak kak H Cofeps<HT BCe TPAHCBEKIUHA
t;; (q"n), » & Qn, TO HAIDEe yTBep:KMeHWE BRHITEKAET M3 CJe-
AyIOmero amamora pasiosenma (2) ompm p = p’ = q",

_(1+we '\ __ ' '
r= ( 'y A lw,o) == f13 (WE) a1 (WO) 12 (W) Er W'M),  (2)
rae

detz=1, E= pp—1 ‘rl__—-_.ll’l’_:_é.

]
Laa Tag

s npmmepa 22.2.2 BugHO, uro cBoiicrBa RI m Z me mepe-
HOCATCA HA MOATPYINOH, TAK KaK CBOGOJNHHE HeOHKJINIECKHE
TPYOOH 3THMH cBoiicrBaMu He obxapmaror (cm. 22.1.4).

IIpomoikan wusnoskenHylo Bpeck paGory, I'. A. Hocxos
nokasax (Cm6. marem. ., 1973, 14, Ne 3, ¢. 680—683), uTo

rpynnoa-G; o6ragaer u cBoicTBoM RN, Tak 9T0 OHO TOXe He
OePEeHOCHUTCA Ha NOArpYUIH.

B Tomonormueckmx rpyunmnax ycJ0BUA KOHEWHOCTH B 0600-
MEeHHOM paspemmMoctE  mccaegoBanm  B. M. I'mymkos,
B. C. Hapur m ppyrume aBTOpH.

22.3. Jloxanpnas Teopema. Cmcrema M;, i &= I, mogMHO-
JKeCTB MHO;KecTBA M HABHBaeTca ero 40KAAbHbLM NOKDHMU-
em, eciu mo6o# saement s M comepskETCE B HeKoTOopoM M;
m nmo6He xBa MHOkecTBa M;, M; comepKarca B HEKOTOPOM
TperseM MuokecTBe . IlpmMepn TOKaABHBIX HOKPHTHE —
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CACTEMAa BCEX KOHEUYHHRIX HOAMHOKECTB NaHHOTO MHOMECTBA U
CHCTEMa BCeX KOHEYHO NOPOKIEHHHX NIoATpyION JAaHHOHR
rpynnon. PoBopar, wro zpynna G aokaavno obaadaem céoii-
cmeoM O, eCIH CYHeCTBYeT JOKalbHOe IMOKpHTHE IpynnH G,
cocToAmee U3 MOATPYNI CO CBOHCTBOM ¢. flcHO, 4TO €cam O
NepeHOCHTCA HA MOATPYUnH, To ( ToTga U TOJBKO TOTHA JO-
KajibHO 001aaeT cBOMCTBOM O, KoTfa J00as KOHETHO 10 PO3K-
fRemHas moxarpynma us G oOnamaer stum cBoiicrBoM. Ilpume-
paMm JOKaJbHBIX CBOMCTB MOTYT CJV:KHTH JOKAJbHAS HHIb-
OOTEeHTHOCTh B JIOKalbHAfli KOHEYHOCTH, BCTPEYaBIOAECS HaM
B OpemHaymei TIJaBe. '

ToBopsaT, 94T0 AJA CBOMCTBA Ipynn (M COOTBETCTBYIOHIETO
Kjacca I'pynd) COpaBeqIlBa J0KAAbHAA MeEopeMd, eCIH BCA-
Kag rpynmna, JoKaasHO oOJamaiomas dTHM CBOMCTBOM, caMa
o6nagaer uM. Tak, JoKaAbHAA TEOpeMa cupaBedJHBa B Kjac-
ce afejeBHIX TPyINO M He CHpaBefJiuBa B KJACCe KOHEUHBIX
I'pyIIl.

IToweMy 11 OHUX CBOMCTB JIOKAaJbHAas TeopeMa CIpaBep-
JuBa, a AdA APYrEX Her! 3afaBOINCh 3THM BOIPOCOM,
A. U. MansneB (Yu. san. IBanosckoro nex. me-ra, 1941, 1,
Ne 1, ¢. 3—9) obpaTun BEEMaHWe HA TO, YTO JOKAJILHHE TEO-
peMHl He cnemu(uIHH 14 TeOPHM IpYyOI, a CTOAb Ke eCTecT-
BeHHH [JA KoJen, JAYI # APyrEX ajreGpam4ecKHX CHCTEM,
IO3TOMY KJIY K HMM HAJ0 HMCKATh HE B TEOPHUH TPYNN UIH
OPYTHX YAaCTHHIX TEOPHAX, & B OCHOBAHMAX MATEMaTHKH.
U pedicrBuTeNbHO, MASAHHIM MCTOTYHHKOM CAMHX pasHoobpas-
HEIX JIOKAJBLHHEIX TEOPEeM O0Ka3aloch ClefyIoee 3aMevyaHHUE
dopMaJLHOM TOTHKH: €CJIU TeOPeMa BHBORUTCS U3 HEKOTOPOI O
CIMCKAa aKCHOM, TO OHA BHIBONHUTCSH U3 KOHETHOU YACTH 3TOTO
copcka. PasBmBaa aro samewanmme, A. M. MaapneB npume
K CBOeli TeopeMe KOMOAKTHOCTH YBKOT0 HCYHCJIEHHMA IIpeju-
KaToOB, 4 OT Hee — K JIOKAJBbHOH TeopeMe HJA J06Goro CBoOii-
CTBa, 3AOMCHIBAEMOI'0 TAaK HA3KBAaeMHIMH KBa3HyHHBEpCaJb-
aaiMa opmynamu. TeM caMEM Bonpoc O CHOPAaBeAJIMBOCTH
JOKAJbHOH TEOPeMH [JA [AaHHOIO CBOHCTBA G, KOTOPHIH MO
A. . MansmeBa pemajicsa KYCTapHO MJIA KaKgoro o, OB
cBefieH K o0meMy © YHCTO «TpaMMardvIecKoMY» BOIPOCY:
HeJIb3A JH 3a0MCaTh O KBAa3HyHHBEPCAJLHHIME aKCHOMaMu?

C noMompbi0 OCTPOYMHOIO IpHeMa, KOTOPHE MH B3JeCh
nanoxum, A. . ManemeB eme B ynoMsHyToll BeHite paGore
1941 roma sammcasa KBasMyHHMBEpPCAJIBHHIME (OPMYJIaMH CIe-
UaJBHOrO BUaa coictBa RN, RI, Z 4 sTAM cuoco6oM foKa-
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3aJl ANA HHUX JoKajgpnyi Tteopemy. Iloznnee om Bepuyncs
K CBOEMY METORLY, LPHJAJ €My COBpPeMeHHYI OOmIHOCTh H
B pabore (Moneannsie coorBerctBusy (Mas. AH CCCP, cep.
mareM., 1959, 23, No 3, c. 313—336) egunoobpasHo morydmi
IPAKTUYeCKH BCe HMHTEPEeCHBe JOKaJbHbe TeopeME Teopuu
rpynn. MoskHo cKkasarb, uro paGora 1941 ropna Bmepsme mo-
CTABWJIA «¥» MEKAY JAOKAJLHBIMH TeopeMaMH ajreGpel ¥ Jo-
THKOH, a pabora 1959 roga B M3BeCTHOM CMHICJIe IOCTaBHJA
TOYKY Haf «m». BMecre ¢ TeM nepBasa paloTa ABMIach MCXOH-
HBIM IYHKTOM TEeOPHH MOfeJe.

Mu poxameMm 3nech MetomoM A. WU. ManbpmeBa noxasib-
HyI0 TeopeMy jas riaccoB Hypoma — YepruKoBa. 3aMKHY-
TOC M3I0MeHue JAOrMYeCKOM dacTm MeToxa fmaercA B § 27
Ilononnenua. UnraTennb, HeBHAKOMHHM C 3THM METOLOM, J0.J-
;KkeH obpaTurheH ceitgac kK J[lomonHeHmIo, a 3aTeM IPOAOJI-
JKaTh dTeHHe.

22.31. Teopema (A. WU Maasues). Jaa ceolicme
RN, RI, Z, RN, RI, Z, N cnpasedausa aokarvhas meopema.

HoxasartenscTtBo. Mcenoaesys ynoMumHABIIHRACA
npueM A. . MaabueBa, nmepeigeM o1 A3sKa cCyOHOPMAaJIbHBIX
MaTpémiek K sasbiky mpepmuxaros. Ilisa atoro ¢ xammoi cyO-
HOpPMalbHO# MaTpémKo# 4 noprpynn rpynnul G CBKeM
npepuxar P na G, mosaras P (z, y) = U Torna u TOABKO
TOrJa, Korja B MaTpémke ./ cymiecTByeT IONTPYyNIa, COXep-
JKalag £ W He cofepkamasa y. flcwo, yto P ymoBaersopser
CHeYIOMMM YHUBEPCANbHHM aKcuoMaM (KBAHTOPH OOYMEHH ):

1) 1P (z, x),

2 Pz, ) \ P (y, 2) > P (x, 2),

3) Px,2)/\ 1P (y,2) > P (x, y),
4) P (z,z) \ P (y,2)—> P (zy !, 2),
Nx£=1->P({,2),

6) P, y)— P (y'zy, y)-

O6osnaamm A, = {z |2 = G, P (z, y) = U}, y &= 1. He-
TPYAHO HOPOBEPHUTH, ITO

Ay= U A, A= ] AU (AEJ/,A;EG),
YZEASM veEA

T. e. A, & A n Kawmpoe A & M, A 5= G, IpeJCTABEMO B
BHfle IepecedeHMsA moarpymn A,.
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O6pareo, nyeTh Ha G 3agaH npegukat P co cBoHcTBamMnm
1) — 6). MmnoskecTBa A, COCTABIAIOT CHCTeMy MNOXTPYIIII,
JHHeHHO YNOPAAOYEHHYI0 IO BJo)KeHMI. Ecam Mu noGaBuM
K 910l cEcTeMe (7, a Takke o0be HMHEHUA M IepecedeHUd Jio-
OEIX IOACHCTEM, TO HOJYIUTCH CyOHOPMAJIbHA s MATPEIIKA IOJ-
rpynn B rpynme G. U3 1) — 3) gerko caemgyer, 910 yKasaH-
Hble nepeXxoanl oT / &k Pu o1 Pk 4/ B3auMHO oOpaTHH, a Io-
TOMY OCYHIeCTBJASAIOT MCKOMHI nepeBoy Ha aA3ulk MII.

OcHoBuele NOHATHA Teopuu KiaaccoB Kypoma — Yepuu-
KoBa IocJe IepeBofa Ha s3HK 1l 6ymyT BHrasAmers ciemyro-
muM obpasom:

7) paspemmmocts Marpémimi z =1 A 7| Pz, ¥) /\
N\ 1P (y, 2) > P (lz, yl, 2),

) BopmanbHocTh Matpémkd: P (z, y) — P (z7'xz, ¥),

9) mearpanrsHOoCTh MaTpémkm: x =1 — P ([z, yl, z).

OxapaxTepnayeM emie TpeXwWieHHEe MATpEmKH 1 <K A <
< G na assike UII. OgeBmpno, gua aroro x axcmomam 1) —
0) Hamo H00GaBUTHL aKCHOMY

10) rtpexunemsocts Martpémkm: z F 1 A P (z,y) —
— | P (y, 2).

Temeps scHO, uTOo cBoiictBa RN, RI, 7Z sanmcuBaTcs
dopmyraMu

RN: (AP) (V) (Vy) (V2) (1) /\ (2) A B) A\ @) A G) A (D),
RI: AP)(Yz)(Vy) (V2 (1) A @) A B) A

/N @) N\ O) N\ /@)
Z:  AP)(V=)(Vy) (Vo) () A\ ) N\ B) A @ N\ G) A\ O,
rae (1), (@), . .. — supaskenna us 1), 2), ..., a cBolicTa

RN, RI, Z, N, rosopamue 06 ynJoTHAeMOCTH, 3aNHCHBAIOT-
ca ¢opMyaaMna
RN: (VP)(P — cybn.) — (IQ)((@ — pasp. cybn.) /\
_ A (W8) (Wo)(P. (1, v) —~Q (2, v)),
RI: (yP) ((P — mopM.) —(JQ)(Q — pasp. mopm.) /\
: /\ (V) (woll(P (u, v) — @ (=, v)))),

Z: (¢P) ((P — nopm.) - (IQ)((Q — mertp.) /\

/\ (Wu) (wv) (P (4, v) - Q (u, v)))),
N: (VP) ((P — tpexun.) —(3Q) ((Q — cy6r.) /\

A\ (V) (Vo) (P (u, v) - Q (u, v)))),
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I'7ie COKpalleHHHEe 3a0MCH JOJHH OHTb 3aMeHeHH OYeBUJI-
HuMzE Kombmpamuamu ¢opmyan 1) — 10). Ilocroabky Bce
CeMb CBOJCTB OKa3aXUCh KBa3MyHUBEePCAJbHBIMH, OCTaeTCH
cocaateca Ha Teopemy 27.3.3 m3 Jlomoamenus. Teopema go-
KasaHa.

Hnsa ceosicts RN*, RI*, ZA, ZD, N, He oXBadeHHHX TeO-
pemoit MaubiieBa, JokajdbuaA TeopeMa He cCIpaBefJuBa,—
CM., B 4acTHoCTH, upuMep 18.2.2.

3amerum, aro dopmyanl gas RN, RI, Z npegmetrHO-yHHU-
BepcajJbHH, mo3ToMy mo TeopeMe 27.3.1 m3 [lomonnenus stu
CBOMCTBA IepPeHOCATCA Ha MOATPYNNH (4T0 HETPYMHO JOKA3aTh
U HenoCpexNCTBEeHHO).

223.2. Yopasmaenmune. CsoiticrBa RN*, RI* ZA,
ZD, N, N tome nepeHoCATCA Ha LOATPYIIH.
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YCJIOBUA KOHEYHOCTH

§ 23. IlepuoRMYHOCTL M JIOKRJbHAA KOHCYHOCTH

23.1. Copnaparor am > nonarua? HamomuuM, 910 rpyn-
ua Ha3bBACTCA nepuoduxeckol, eCIW KaKIH ee 2JIeMEHT
uMeeT KOHEeYHHHA MOpAnoK. I'pylna HasbiBaeTCA 10KAAbLHO KO-
Heuroll, ecTH KakJafd ee KOHEYHO IOPOKIEHHAsA HOATPYINA
ronedHa. fIcHo, 4To BCAKafg JOKAJbHO KOHEYHAA Tpynna
ABAACTCA liepuoxmIeckoit. BepHo am obpaTHOE?— B 9TOM CO-
crour npobinema bBepucaiina, mocTaBleHHag emle B Hadagle
Bexa. Bollee TO9YHO, H3BECTHE CIEYVIODHe ee BapUaHTH:

I. O6man nmpobiema DBepHcaiima B: BCAKaA IH NepUORH-
qecKaf Ipynna JOKaJbHO KOoHEYHa?

II. Orpanmuensaa mupobiema DBepmcaima B (r, m): BcaA-
Kaf Ju Ipyllia JaHHOTO Lepuoya m, T. €. ¢ TOKIECTBEHHHM
CooTHoIeHneM z = 1, ¥ C paHHHM 9YHCJIOM IIOPOMKIAIOIMUX
9J1eMeHTOB I KOHedHa?

II1. Ocnabaernaa npobaema Dbepncaimpa B’ (r, m): Ko-
HEYHO JIM YMCJO KO He I H Bl X TPyII JAHHOTO IepHOIa M
C JaHHHM 9HUCIOM IOPOKOAIUX 31eMEHTOB r?

IlousTHO, 9TO W3 OTPHUIATENBHOTO peleHHAA NPOOIeMEl
B (r, m) gia xakux-anb6o r, m CjlemgyeT OTpHUIaTeJbHOEe pe-
meHne npolieMbl B, a U3 MOJ0KHTENAbHOTO peineHun B (r, m)
clefyeT moio;RuTedbHOE pemienue B’ (r, m).

CocroAnne TpeX »THX BOIOPOCOB HA CErogHA TAKOBO:

I. E. C. T'onox (Uzs. AH CCCP: Cep. martem., 1964, 28,
Ne 2, ¢. 273—276) n C. B. Anémmn (MateMm. samerxu, 1972,
11, Ne 3, ¢. 319—328) mocTponnu npuMeps GeCKOHEYIHHIX KO-
Hew.10 NOPOKAEHHNX NepHOFHICCKUX IPYII, ITO OTPHUIATedb-
HO pelmraeT obmyio npobiemy BepHcaima. Pasymeercs, pema-
eT ee — moOnyrHO — W HepapHmii npumep A. 0. Onpman-
CKOro, 0 KOTOPOM MKl roBOpHIM B § 2 B CBA3M ¢ npobiemon
0. 10. Imuxnra.

I1. II. C. Hopuxo u C. U. Agan (Use. AH CCCP: Cep.
marem., 1968, 32, c. 212—244, c. 251—524, c. 709—731)
mokasaau 6ecKoHeYHOCTH cBoOoHON rpyuns B, (m) B MHOTO-



§ 23] IIEPAOJJHYHOCTD U JIOKAJIBHAA KOHEYHOCTH 215

obpasun rpyoo ¢ TosgectsoM 2™ = 1 u r cBOGOTHHME IO-
pPOIAOmUMA, THe r > 2, m — HedeTHoe ducio > 4381.
IToagHee aTa rpaHHna OHIa HOHMKeHa Ko m > 665 — cm. [2].
C mpyro#f cropoHH, W3BeCTHa KOHEYHOCTH CBOGOXHEIX GepH-
CAaENOBHX TPyHNn Malmx nepuomos: B, (2) (yumpamxuenue),
B, (3) (Burnside, 1902), B, (4) (1. H. Canos, 1940) u B, (6)
(M. Hall, 1957). Houeuna au nponymeHHafg B 9TOM CIOHCKe
rpyana B, (5) — "eussecTHO. | '

IIT. A. . Rocrpukna (3. AH CCCP: Cep. matewm.,
1959, 23, Ne 1, c. 3—34; cm. rakske: Marem. c6., 1979, 110,
Ne 1, c. 3—12) momomutenbHo pemmi ocaabienmyio npobie-
My bepmcaiina B’ (r, m) B caygae, Korga m — IpocToe IHUCIO,

Urax, o6maA npobiema Beprncaifia pemeHa, ogHaKo K0
CHX TIOP M3BECTHO BCETO JHIIh HECKONBKO OTHAEeJbHBIX HEePHO-
AHYeCKUX He JOKAaJbHO KOHEYHHX TPYyIN WM, Jydime CKa-
3aTh, KOHCTPYKTHBHHIX THMNOB TakmX rpynn. Har mnodpmer
lleJI0 fajiblle —— CyNHTh TPYAHO, HO cefYac 9T IPHMepPHl Ipo-
M3BONAT HPUOJMBUTEILHO TAaKoe jKe BredaTiieHHe, KaK Iep-
Bele o0pasiiil JyHHOoro rpyHTra. Haskanii m3 HHX, HecOMHeH-
HO, 3aCIy}KHBaeT CaMoro IPHUCTAJLHOTO BHHEMAHMA, M MH
IOCBATUM BTOT Hmaparpad M3lIomeHuio 3aMedaTebHOHX KOHCT-
pyrkumn C. B, Anémmna. (ITpumep E. C. T'osoma 6w m3io-
skeH Bolme — cM. 18.3.2 u § 26 Jlomonnenus, — a ocTaibuble
A3 YOOMAHYTHX KOHCTPYKIMH, K COMalleHKIO, CJIAHIIKOM
I'POMOBJKH A U3NOKeHUA MX B yIeOHHKe.)

[loabay sich caydaem, OTMETHM, UTO JIA JMHEAHKX IPynd —
B OTAWYMEe OT OOmero C¢Jjaydas — pe3yAbTATH OO IIpobieme
BepHcaliga OnIH modydeHH emie B HadajJe BeKa M MMelOT IIO-
JOKUTEJbHEA XapakTep — cM. [20], cTp. 4009.

My 3akoHYMM STH UpCABAPHTCIALIIBE 3aMedalud CIETYIO-
UM Ba;KHEIM CBONCTBOM JOKaJbHO KOHEYHHX rpynua (ero
aHalJlor AJIf NepPHOAMYECKUX TPYIN — JierKoe yHpaKHeHue): -

2344, Teopema (O.I0. Mimunr). Pacwupenue G
A0KAAbHO KOHEUHOU epynnvt A nocpedcmeoM AOKAALHO KoHeu-
Holl epynnit GIA — camo aokasbho KoneuHas 2pynnd.

HoxaszaTteasctBo. IlpoBepuM, 9T0 KaKIOe KO-
HeYHOE MHOKeCTBO M u3 G mopoxgaerT KOHedIHYI0 DOJrpyNIy.
Ilo ycnopuio ¢axtop-rpyuna rp (M, A)/A xoHeuHa. VYBe-
JMYUB, €CIW HY)KHO, MHOKecTBO M, OynmeM CYIHTATh, 910 OHO
3aMKHYTO OTHOCHWTEJBbHO B3ATHA OoOpaTHHX 3JeMEBTOB M CO-
AeP;KAT HIpeficCTaBATeNH BceX CMeHEIX KiaaccoB rp (M, A4)
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no A. Torpma pgas m00HX z, y u3 M BHIIOIHAETCA PABEHCTBO
zy = TY-ay,, tAe Ty = M, a,, = A.

Orcrooma caexgyer, 9To J1000e mpou3pegeHue sJIeMeHTOB U3 M
MOJKHO 3alHCATh KAaK IPOM3BeleHHe HEKOTOPOro 3JeMeHTa
u3 M Ha mpomusBeneHNe HeKOTODHX d, ,. 1 aKk KaK BCEBO3MOK-
Hble @, TOPOMKJAI0T KOHEYHYIO NOATPyNNy, TO BCE JOKa3aHo.

23.2. BecxoHeurasm 2-mopokienHad 2-TpPyIma aBTOMAT-
HbIX TNpeoOpasoBanmii. B  ynmomsanyTroit BHule pabote
C. B. Arémunaa Jisa Ka)Kmoro OpOCTOr0 49ucCia p HOCTPOeHA
beckoHedHas 2-NOpOoKINeHHas#s (QHHUTHO ANIPOKCHMUDYeMasd
p-Tpynna aBTOMATHHX npeoOpasopammi. Upea KoHCTpYyKROUH
XOPOILIO BMIHA Y:Ke B LIPOCTeilmmeM clydae, KOTa p = 2, KO-
TOPHM MEl M OTPAaHHIHMCH.

YTo Taxoe aBrOoMaT m Kak oH paboraer? He BpaBasAch B
o0y TeopHWio, OrpaHUIAMCH HPHMePaMH CICRYIOIMUX ABYX
HYKHBHIX HaM aBTOMaToB a M b:

ITo onpemenenuio, aTH aBTOMATH AEMCTBYIOT H3 MHOKeCT-

Be K, BCex KopTesked (T.e. KOHEYHHX IIOCAeTOBATEIbHOC-
Teit) magp 1, 2. ABToMaT a HMeeT 7 COCTOAHMIA, H3006PaNeHHEIX
Ha PHUCYHKe KDPY)XKAaMH, ONHO M3 KOTOPHX — HadajJbHOE —
nomedeno OyKBo# a. B kpyKax HanucaHHE NIOJCTAHOBKH
muoxectsa I = {1, 2}; & — ToskAecTBeHHaA, T — TpaHCHO-
sunua. PaboTaeT aBTOMAT @ TaK: €CIU JaH KOPTEK Yy = iyiy . . .
«.. im, TO @ IeHCTBYET Ha ero NepBYI0 HuQPY i; HOACTAHOBKOKN
g, COOTBETCTBYIOmEeH HAYaJBHOMY COCTOSHHIO, W NEePeXOfuT
B HOBOE COCTOAHHE WO CTpesiKe ij, 8aTeM JeHCTBYyeT Ha i, HOJ-
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CTAHOBKOH, COOTBEeTCTBYIOmMEH 3TOMYy HOBOMY COCTOSHEIO, a
CaM HepexofuT M3 Hero MmO CTPeiaKe iy, W T. . Jmech yHoOHO
BBeCTH CJjefmyiomee o0o3Hadenue: eCIH HoCJe NepepaGoTHm
KOpTe:Ka Yy aBTOMAT 4 IEePeXOAWT B COCTOSHNE, KOTOPOMY CO-
OTBETCTBYeT MOACTAHOBKA I, TO OygeM LHCATh

aly ~ x.

Hanpmmep, nycrs y = 121221, IIyremectBys mo ctped-
KaM aBTOMaTa @ (Kak B JeTCKHX HACTONbHEIX HTPAax), MH Ha-
XoHuM, YTO

a/l ~ e,

a/l2 ~ ¢,
a/i21 ~,
a/i212 e,
a/12122 ~ ¢,
a/121221 ~ &,

HoaToMy ya = 182¢1e2%2¢1e = 121121 u aly ~ .

AnanormuHo;paboTaeT aBToMaT b.

23.2.4, YopakEeHnnme. B mo6om Kopresme asTo-
MaT a MeHdAeT He 6oJdee ofHOl MAPEHI, OpUYeM O0TPe30K, HpeA-
mecTBYlOmHAA 5To# mnudpe, AOMKeH mMeth BHA 2 ... 21.
IlpaveHEB a eme pas, MH BepHEMCA K HCXOJHOMY KOPTEHKY,
KaxkaMm OH oH HE ORUI, Tak 970 a® = 1 (M GyfeM oTOMKIeCTB-
JATH AaBTOMATH M ompefiejfeMsle HMHA Opeo0paszoBaHHA MHO-

JKECTBA KOopTeKen K;‘: ). B wactHOCTH, @ — B3aMMHO OJHO3HAY-
Hoe mpeo6GpasoBamme, oOpaTHoe caMomy ceGe. Bor moammiA
IepedeHb CAy4aeB, KOorja aBTOMaT a4 HepexofnT B (eqUHCTBEH-
HOE) COCTOSAHME C HO/ICTAHOBKOM T: ecad AJ. y > 3, To aly ~
~ T TOT[a U TOJBKO TOTHA, Korjaa

12...214 opm pga.y=0 (mod 3),
22...24 opm pr.y=1 (mod 3),
i2...21 opm ga.y=2 (mod 3).

23.22. YupamxmeHane, ABroMaT b felCcTByer cOB-
CeM HPOCTO:

’Y.‘:

111]—2—-211]

S
2na-b—- 12y,
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rae 1 — OPOH3BOJAbHHI KopreR. B dwacTHOCTH, b MeHser
TOJbKO HepBHe fBe MUPPH KOPTe;ka, NpudeM J06YI0 UX Dapy
MOYKHO mepefleaTb B JOOYI0 ApPYryn Napy, OPUMEHHB

HecKoJIbKO pas. Hamee, b* = 1, Tak 910 b — TOMKe B3aHMHO

OfHO3HAYHOe HpeoGpasoBanue MHOMeCTBa Ko (¢ oOpaTHHM
npeoGpasoBanueM bS).

23.2.3. Teo pema (C. B. Anémnn). I'pynna asmomam-
nulz npeobpasosarull G = rp (a, b) asasemca Geckoreunol gu-
HUMHO annpoKcuMUpyemoll 2-zpynnoi.

Hoxasarteascrno.; a) I'pymma G GeckoHewHa.
B camoM gene, focTaTouHo HafiTH B Heil TaKme 3JeMEHTH Z,
Zyy -+ +y ITO

1... 12n—s1...1q
k—1 k

I BCAKOTO KOPTEKa 1), IOTOMY 9TO B3AB Yy = &y « « « Ty
MH 6yfaeM HMeThb

2...92 .. =1, 12.. .,

S — Nt

k k

T. €. HaliieM B G 0OeCKOHEUHO MHOTO PAa3IMIHHX IIEMEHTOB
Y Yas « -+ -

flcao, 910 MOKHO B3ATH Z; = b%, 2, = b® (cM. ympaskue-
ane 23.2.2). Ilpegmonoskum Temepb, 9TO 9JAeMeHTH Z, . . .
e « .y Ty, k>3, yKRe HoCTPOGEH, H HOCTPOMM Iyx. Mwmeem

-1 =1 -1

12—, 21— 2o 212 ()
k-1 k—s k-2

U3 oupepeneHna aBTOMaTta @ BHAHO (CM. TaKKe ynpajKHeHH
23.2.1), dro

12...2120—12...2411 mpr m=0, 1 (mod 3),

T T
22...2121—-22...211n npm m= 2 (mod 3).
5 —

CiiemoBaTelbHO, HW3MEHHB, eCAM HeoOXogEMO, B NOCHegHEM
KopTeke Henodkd (1) mepBywo mudpy (¢ DOMOmBIO HOAXOMA-
med creneHum npeobpasoBaHWA b) W UPHMEHHB 3aTeM a M,
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BO3MOKHO, 6Ile Pas HOAXOAAmYI0 — oOpaTHy0 — cTemessb b,
OOJYINM

2...211q.
S, i
K2
[IlpumMernB, HaKOHeN, Z;... Ty—y,  OAYIEM TpebyeMuili
xopresk 1...1n. Taxkum o6pasom, M0;KHO B3ATEH

S,
k

-1 =1;-m _m
Ty =Thg -2y b ab" Ty ... Ty

npu noxxofgsamem m = 0, 1.

6) 'pynnma G annpoKCAMHPYETCA KOHEYHHIMH 2-TPYIIAMH.
B caMom pfene, nycts I™ — MHOMKECTBO KOpPTeMeH JIMHH 7
B aadasute I = {1, 2}, G,, — rpynna NOJCTaHOBOK MHOKe-
cra I", mHAyNUpyeMHEXx (myreM cy:xeHusa Ha I") mpeo6pazo-
BaHuAME B3 G, n =1, 2, . . . flcuo, 9T0 ARpa BCex roMoMoOp-
Puamop-cy;xeant. G — G, mepeceKamTcad IO eqWHHIE,
IIO9TOMY OCTaeTCH 3aMeTHTh, UYTO KaxKaan G, ABIAeTCH 2-TPyI-
noii. [{ira aToro MH mokKaykeM MHAYKIMEA Mo n, 9To G, nMeeT
nepuon 2".

ITycts cradana n = 1. Beskni saemeHT g &= G nmeer
Bupg g = bPabbrqa . .. bPs u ma mpomssombry mEPpPY i =
& {1, 2} peiicTByer xak uOACTAHOBKa Pt ths IlonaTHO,

ato ig? = i. IlyeTs yixe fmokasamo, uTo yg% = = Y OAA BCA-
xoro y & I"™', u nyers j & {1, 2}. Ouepmgno, (yj)g®" " =
= vj*, rae m = 0 wiu 1. JleiicTBys eme pas npeobpasona-
Huem g% |, HOAYInM (w')gzn = vj.

B) Ocrasoch mocmefHee — HO M CaMoe CJOKHOe: [OKa-
3aTh, 94T0 G fABIfAeTcs Z2-rpynnod. Beugy 6) Emraxoro Kpy-
YeHUA, KpoMe 2-KpydeHuA, B rpynne G OHTL He MOIKeT, Io-
9TOMY MOCTATOYHO MOKA3ATH TOJILKO, 9T0 OHA HepHOTHYeCKas.
Ham norago0uTCA HECKONBKO BCIIOMOTATEIbHEIX NOHATHH, U B
9TOM IYHKTe MH 0OBACHEM OJHO M3 HUX — TIHOKOCTH KopTemka
OTHOCUTEJHbHO ABTOMATHOTO IpeoOpasoBaHMA.

ITycts 9 — KopTek B andasute {1, 2}, g — -JMement rpyn-
o (G, B3ATHHE B (UKCHPOBAHHOH 3aIMCH Yep:3 IOPOKTA0-

mue
g =12 ...3%, THOEKaWKnoe 2, = a Win b.

Ilycrs, paltee, d — HamMeHbIIee HATypajbHOE YHCAO C yC-
sosuem yg? = y. Mocremosatensroets I'y (y) Bcex mpomexy-
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TOYHEIX PEe3y/AbTATOB HPUMEHeHHA CJ0Ba (21 . . . $g)° K KOp-
TeH}y Yy sanumeM B Tabauny:

1
V=" | v 17
2 . 0
¥y To Vs
. . L I .
d d d
Y1 Yo Y.

Takum oGpazom,
Ven="viz, mpn 1<k<s—1,1<<I< d,
vl =viz, mpm 1<I<<d— 1,

a caMa nocJemoBaTeabHoOCTh I'y (V) molydaercn dredmem oTOR
Tabuammbl cTpoxka 3a cTpokKoii. IlycTh, malee, I‘ (y) — mop-
IOCJIeI0BATENIBHOCTS TocAenoBaTeNbHoCTH Iy (y) cocTaBJeli-
HasA u3 BceX y, BUAa i2 . .. 2j, K KOTOPHM IIpHMeHHeTGH Zp ==

= a (HamoMHHM, 9TO TOJBLKO IIOCJE TAKUX KOpTe:Keil aBTOMAT
a MOeT M3MeHUTh CiIefywomyo uadpy, cM. ympakHeHRe
23.2.1). Ecaim I — xoHeunas noc/iefoBaTellsHOCTh, TO MycTh [
0003HAYaeT KPYTORYIO MOCHeq0BaTeAbHOCTD, MOAyIaeMy o us |
3aIUCHBANNEM IOCACTHET0 9J1eHa iepey nepBhiM. [lyeth HuKo-

8
HeN, sgm,(y) (cooTseTcTBEHHO Sgm, (y)) -- YACHO CBABHHIX
«2-0Tpe3koB» BHUIA

2. .22, ... i2...22,

9epefyIOmAXCA B IIOC/TeI0BATeNbHOCTH I‘ (v) (cooTBercTBEH-

HO B KPYroBoil IOCJeq0BaTelbLHOCTH F (y) CO CBABHLIMHA
«1-oTpeskammy BHA

2...21, ... i"2...2

(HOHHTHO 49TO ecJM MMEITCA W Te U JPYIEe OTPe3KH, TO B

' (y) ©x KonmdecTBa omuHAKOBH, a B I'y (y) oTIHIaKTCA Ca-
Moe Goabmee ga e (mumiy). Mul 11a30BeM IHCJIO

fly () = | - sgmy ()]

2ubrocmyio 'y KopTeska y OTHOCHTeNbHO HOpeoOpasoBaHHEA g
(TouHee, OTHOCHTEJAbHO (UKCUPOBAHHOM 3alUCH 3JIeMeHTa g
Jepe3 moposkpaiomue a, b). Hanpumep, ecau «XBocToBhie»

1) fl'— o1 [lexibility.
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nmuadpu  wopremeit ma I, (y) mmelor Bmm 2122122112, 1o
sgmy(y) = 4, sgmg (y) = 3, fl, (y) = 1. Tosops Hedop-
MAaJILHO, I‘HﬁI{OGTI: KOpTexa OTpa}RaeT 9UCJI0 BUJSAHAL XBOC-
TOM B IOCNeNOBATeIBHOCTH L (V).

23.2.4. anamneﬂne Ecrm  yg =386, 70
sgm; (v) = sgm; 6 m fl,(y) =il (). 3amermm, uTO
AMEHHO pajd 3TOT0 CBOMCTBA MEl IEePeIINE OT Sgm K sgm’.
Yro ;xe KacaeTcs [eleHHMS IIOMOJIAM W IIepexoja K I1eJoi
94CTH, TO OHH ORIJIM COeJaHH HCKIYATEJbHO pagh TOro,
9T00H BEIOJHAJIOCH YTBEP:KICHHE CIEQYIOMmEr0o IYHKTA.

r) ITokamem, 910 ¢ yBenrmueHWeM /IAHH KOpTeMka ero
ra0KocTh, BOOOme TroBopsA, ymembmaerca. losops TouHO,
IVIA BCAKOIO g & (7, BCAKOIO KOpPTeKa y NIWHH >3 W BCH-
koil madppu j & {1, 2} BHIONHAETCA HEPABEHCTBO

flg (vi) < flg (7). (2)

Bouxee roro, ecnm fl, (y) > 0, d — BammMeHbINee TACIO C yC-
JoBueM yg? = y @ aBTOMaT g‘il nocie mepepaloTKm KopTeka
Y IepexofuT B COCTOAHHE, KOTOPOMY COOTBETCTBYET TOKie-
CTBeHHAS NOJACTAHOBKA, T. €. g%y ~ &, 1O

fl, () < fl, (). (3)

3amer#M cHaYana, 49ro ecam i'2...2, i'2...2 — ABA
cocemHmX Kopreka B mociemopareabHocTE D'y (9), To

B Ty (y/) x HnM Gymer mpmnmcama oxEa m Ta e mudpa. B ca-
MOM Jelle, eClE OHI NONMNCAHHLIE KOPTE&KHE HMENW BHUJ

2.2, 2.2 (4)

| ]
¢ pasamuEmME ', j°, To B mocuemoBarensHOCTH I'y (Y/)
(6e3 TmabAH) mepBoe maMeHeHWe NEPPH j° B mpomecce nepepa-
GoTkn Koprema i'2 .. .2 mmemo 6 BHR

a

my .2 S im2 .. 25

(y9ecTh MexaEW3M MeHCTBHA aBTOMATOB a M b, CM. yIpakHe-

Ausa 23.2.1 n 23.2.2), a moToMy B Ty (y) Mesxmy woprexamu
(4) croan 6u xoprex i”2. . .21, 9TO HepepHO. Taxum oGpa-

30M, IIOKA B IOCIEIOBATONLHOCTHE Le (v) xBoCTOBaA mudpa 2
He MEHSeTCH, B TOCIeXOBATEILHOCTH I‘ (vf)-y cooTBeTcTBYI0-
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mAX 9JIeHOB HOBag — JOINCAaHHAA — XBocToBaa mumdpa
TO}KEe He MEHSeTCH.
JaMernB 0TO, pacCMOTDHM BHadaje CIyda#, KOTrAa

gy ~ e Torma (y/)g? = yj, a moromy fg (v/) mmeer Ty
JKe CaMyl0 IJINEY, 9TO M HOCJAeRoBaredbHOcTh Iy (V), m mo-

JTyd4aeTcs W3 Hee NPHNACKHBAHMEM K YIeHaM Bmua i2 .. .2
nuppH 1 mnm 2. A3 npeprgymero 3aMeYanns 1 NPOCTHX KOM-

OMHATODHHX coofpakeHWH ciaemgyeT, UTO eCad sgm; (v) > 2,
TO sgm; (vi) < [-%—sgm; (V):l. Tax waxk nmpm m =1, 2, ...

m
BHIIIONHACTCA OYEBHJHOE HEPaBEHCTBO [Tj’ <m, TO UpHM

fl; (v) >- 0 Bumonmsercs HepaBeHCTBO (3).

[Iyers remeps g'/y ~ 7. Torma (v)g* = vi%, (v))g* =
= vj, T. e. I'y(yj) BHBOe NIHHEHee mOCIELOBATENBHOCTH
Iy (v). Tar xax cBasHhM {-oTpeskaM B HepBOi I0OJIOBHHE

nocaenoBaTeIbHOCTA 1's (Yf) COOTBETCTBYIOT CBA3HHE 2-0T-
Pe3KH m HAoG0pOT, TO [AJA BHRYMCJIEHAS THOKOCTH KOpPTe)xa
Y OTHOCHTEJBHO g MoJydaeM Clefylomyn Tabanmy:

THD BUIARWI XBOCTOM
o .
B NOJ0BMHAX I‘g(W) m--obillee YUCNO o
OTPE3KOR B Kampoii sgmg (V)
NIOJIOBUHE
B NepeBoit BO BTODOM

i1~1 2~2 HeYeTHoe m
4 ~2 9~ 4 Y4eTHO® m—1
2~1 1~ 2 yetTHOe m—1
2~ 9 1 ~1 HEYEeTHOe m

Mrn BmguM, YTo BO BCeX CaOydYasix
. roA ° ., m—1
flg (v) = | 5~ sgm, (w)} = [—-2——] :
Taxk Kak
m < sgmg (y) << sgmy (v) + 1,

TO BO BCeX CJIYYAaAX BHIOJIHAETCS HEpaBeHCTBO (2).

n) Ilis BcaAKoro g € G cymecTBYeT Takoe HATypajJbHOe
9ACTO N, 9TO THGKOCTH JM060ro KOpTeska NJAMAH R, OTHO-
CHTEJIPHO g He W3MEHHTCH, Kak OH B3TOT KOpTe® HHO
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AOMHCHBATL, T. O,
fly (yn) = fl; (v)

[JIfl BCAKOI'O Yy JYIUHH R, B BCAKOI0 KOPTekKa 1.

B camoMm pgeme, MHO)kecTBo I™ Bcex KopTe:keil IIWHE n
B axpaBmre I = {1, 2} pacnamaercs ma opbuTH OTHOCH-
TeJbHO MUKJIAICCKON rpymnH (g); HasoBeM HX N-0p6uUmMamiL.
flcrO, 9T0 HadanbHEE OTpe3sKm MiIuHb n’' < n KOpTemkell Ka-
KOHA-EmOynp n-opbutht N camm Jeskatr B OmHON opbuTe wH,
60Jsee TOTO, COCTABAAIT B TOYHOCTH HEKOTOPYIo n'-opdbuty N';
MH OymeM roBopumTh, 94T0 n-opbmta N npodoaxaem n'-opbm-
Ty N'. Beugy ynpaxkaenms 23.2.4 ranoit n-op6ute N MOKHO
npunncark zubxocmu fl (N) =1fl, (y), y = N.

Ilycrs mBOmectBo I3 pacmamaerca Ha 3-opGmrer IS, . . .
o I m fl({I}) = fi. Hyers vy, & I3, d; — nanmennmee
IACHO ¢ YCIOBEEM V.g% = y,. Ecam g¥/y, ~ g, To

(vf) g% = v, flg (ya) <flg (y1)

mas moboro j & {1, 2} (em. r)), mosroMy B MHO;KecTBe I*
6ynyr aBe 4-opbmrh I, I, mpomomsxaomux IF m mMeomnx
rubrocts < fl (I3). Ecrm xe gh/y, ~ 1, o B I* Gyner nmms
omaa 4-opbmra Ii, mpomomxaomas I, mpmaem fl (I7) <
< fl (I}). Ipomomkas aTOT HpoNecc HHIYKTHBHO, MH BH-
JAEM, 49TO OJA BCAKOTO n = 4, 9, ... Jambo CymecTBYeT
eAHHCTBeHHAs n-opbmTa, mpomomkamomas paEEyo (n — 1)-
opbrTy, 1m0 CYmECTBYIOT ABe Taxkwme n-OpOMTH, HO TOTZa
MX rE0KOCTh CTPOro MeHbIIe, ¥eM y naHHOH (n — 1)-opOumTH.

Beuny xomeuHocTH WmCeX f, . .., fo HalieTcs Takoe ng,
uro Kapmaa (ng — 1)-opbmra moKpHBaeTcH TOYHO OFHOMH
n,opburoil m rmOkocTh yxe He yOmBaer. Orciofa m ciemyer
Hale yTBepKAeHNe.

IIpoBeneEEOE pacCysKIeHAe MO;KHO HOACHATH PHCYHKOM—-
cM. ¢Tp. 224, rne opbuTH 0603HAYEHH TOUKAMHE, 4 HX IPOXOJI-
JKeHHe — OTPe3KaMH, HIYNIAMHA BHHS3.

B panveEedimeM MH yBmgEM, 9T0 CTa0miam3amuA TEOKOCTH,
OMMACAaHHAA B 1), OpomcxoanaT obgsarenbHO HA HyJNe, HO AJA
9TOr0 HaM noTpefyeTcs eme ofHO BCIOMOTaTeJAbHO® NOHATAES —

HOHATHEe THOA TWOCTEOBATENBHOCTE 14 (V).

e) Ilycrs cHOB& vg° =9, mn.y > 3. HKaxroil momxma
6muTe mopcraEoBKa g%/y? OxasuBaercs, 9T0 IPA HEKOTOPHX
YCHOBHAX HA NJI. Y MOKHO JaTh BIIOJHE OIpPe/ieJeEHEIH OTBeT.



224 YCIIOBAA KOHEYHOCTH [TIL. 8

HNwmenro, myers T = {1}, {2} mam {1, 2}. Beugy dopmynn
n3 ynpaxkEeHEmsa 23.2.1 MOKHO yxasaTh CKOJb YIrOmHO GOJIb-
moe 9HCJIO Ny, TaKoe, UTO IS BCAKOTO KOPTema § jlmes ny:

alf~t&86=i2...21, ieT.

SHAYAT, eCIH [. y = np B Np — 9ACIO BCex KOpTe:xeil BHa
i2...21, i= T, B nocaenosarexsHocT® I, (7), TO

gy ~ T,

B wactmocrm, g%/y ~ & Torma m TombKo TOrma, Korma Ny
96THO. BBUAY Ba)KHOCTHE 3TO¥ CHTYamWM BBeNEM CIIeXHANb-

J J
ff 12 . a n I!‘?
S
< < < <
4
< g </ \< < <
&

HYI0 TepMumHONOrmi0: OymeM HaswBaTh I munom mocienoBa-

tenbEOCTE I', (y), ecnim umeno N7 deTHO.
23.25. Y paxHEermne. Illpm awbux g, y mocie-

nosarenbHOCTh I'y (y) oGnamaer xors OH ogEEM THIOM (A,
BOBMOKHO, B HeCKOJNBKEMH)., [¥YdecTsh, 9T0 x0TA OH OffHO U3
uncen N,, N, N; + N, pomxao OnTh 4YeTHEIM.]

) Iloxaskem, uTo ecam Om frmOKOCT: HpPH HONMCHBAHAA
KOPTe)Keil OTHOCHTeNIBHO KaKOro-T0 g crabmiamampoBanachk
He Ha HyJe, TO HE IO37Hee YeM depe3 IIar mocie crabminsa-
nna rEfKocTH HacTyumana OH m crabmnmsamma TEmOB. Boaee
TOYHO, eCIH

0 <L ﬂg (y) = ﬂg (viv = ﬂg (vida)

JUIA HEeKOTOPOTO KOPTe:Ka y M nadp ji, }',, TO THNE DOCHIeN0-
paTeasHOcTell I'p (vjy) ® I', (Y/1j;) OMHMHAKOBEL
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elie, IycTh d — HAaAMeHbOIee 1M JT0BHE
B camom pene, oyets d AAMEHD 9HCIIO C YC M
vg® =v. B cmry mnepBoro paBeHCTBA ® 3aMedaHHS T)

glly ~ 1, moaToMy B DOCIETOBATENHHOCTH I‘ (vi1) BmecTe
¢ KOKIEM Kopreskem Bupa 01 noiken Gurs Kopres 62
® maoGopor (cm. Tpermli aaan mymEKTa r)). Ilo TOH K€ mpm-

YAHEe B I‘ (vjifs) BMecTe co BcaxkmM kopTeskem Of HOTKeH
OuTh 02 ® Ha050p0T CiemoBaTenbHO, MHOKECTBO KOpTeKel

as I‘g (viije) ¢ xBocTOBO#A mEppOH 1 MOKHO LMONYYATH M3 Ta-

KHAX 3Ke KOopTexel B I‘gr (vjy) ciaegyiomuM IIpHeMOM: MeHseM
XBOCTOBYIO mudpy 1 Ha 2 m mpunACcHBaeM HOBYIO XBOCTOBYIO
nuppy 1. Temeph Hame yTBepikAeHHe NPAMO ClIeTyeT U3
onpeneieEna TtmOa (cM. e)). .

a) Iloxasxem, d9To crabmimsanmma rmbKOCTH, OmmMCaHHAA
B 1), Ha cCaMOM [eJie BCerja NpOMCXOmAT Ha HyJe, T. €.
fl; (v) = 0 g Bcex y WImHH Z ng,.

He#cTBuTenbHO, BBEOY 11)

fl, (v) = il (yn)

AJIA BCeX y AIHHHL N, U Bcex 1. JlonycmM, aro fl; (y) > O.
Beuny k) THOB BCex mOCIeOBaTeJbHOCTeMH

(‘WI ]k)a k= 1, 2, .0 ey

OPHA NPOWSBOJIBHEX fi, ja, - . - w3 {1, 2} ommHaKOBH; mycTh
I' — opur m3 3rmx TtEmoB. CoriacHO e€) HaMieTCA TaKoe
9ACIO 7Ng > Ny, 9TO A BCAKOrO KOpTeka O [IMEH 7

g
ald~1& 8§ =1i2...21, iesT.
Honomem &k = ng — ng, Tor;::a I, Vi1 ... Jg = ng. llycrs
d TakoBo, YTO (wl .. Jx) & = %i1 . - . Jx- Tar kax amecao
N BCex Rop'remen BHJIa i2 . ..21, i e T, B mocuemosa-~
TXLHOCTH T, (?.71 .Jx) dverHO (O OmpemeNeHMIO THIA),
10 g%/¥j1 ... jx~ & (GM. e)). Ho Torga BBERY r) moixmHO

BHHOJHATLCA CTPOTOe HEpaBeHCTBO

ﬂg ('\’jl e Jk) < flg ('\’jl o)
9T0 ABHO NPOTABOPEIAT YCJOBHIO.
n) JoxkaskeM, HakOHerm, 49r0 rpynma G nepmOgHYecKas.

Boixee Touno, ecim g = G, To 2792 =1, e ng > 3 — wmcio,
olpeneseEHOe B ) (CM. TaK:Ke mpexurymmil myEKT). Ipesne

BCEro, MH ye oTmedamdm (cM. 6)), dro ecam d = 2"¢, 10
v8% = y nmam awboro wopre:ka y mamEH N, Ocraercs
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MOKAa3aTh, 9TO
(yn) g4d = yn niIa Io6oro .

Tar rax fl, (y) = 0, To BOBMOKHH Takme d9eTHpe Clydad:

n.1) HOGJIe}IOBaTeJIbHOGTL Ts (V) uycfraa Torpga, B 4act-~
HOCTH, B Hell Her Kopre:xel smma i2 . . .21. Tak rak asroMar
a MEHAET TOJbKO MU(PpPY, AAYMIYI0 3a TAKAM KOpTemeM, a b
Booﬁm;e He MeHfeT Oudp, HaIMHAA C TPETHEro MecTa, TO

(vi) g* = yj mns mwboro j & {1, 2}. Tak xak B I‘ (11) HeT
I KOpTeke#t BEma i2.. .2, TO IOCIEHOBATENHLHOCTD I‘g (v
TO}Ke IycTas. CJIe,r_[OBaTeJILHo, paccy;KeHne MOKHO IIOBTO-
pETh, u (yn) g% = Y1 IIs T060r0 KOpTeska 1.

n.2) HOGJIBJIOB&TBJIBHOGTB T'; () meamkoM cocromT W3
KopTexell BuAa i2 . .21, Ilyers j & {1, 2}. Tax =xax

B Ty (yj) MOIyT BOATEH WML KOpPTe)KE, Hagada KOTOPHX
SABNAIOTCA BJeMeHTaMH W3 L'y (V), TO IOCTe0BATENLEOCTE

T, (yj) mycra. Tax xax yg* =y, 10 (yj) g2 = yj, @ Mu
OpEXOoxuM K clydan u.1) maa wopreka vyj.

#.3) IlocmenoBaTedbEOCTS 1, (y) IEIEKOM COCTOHT H3
Kopre;xeir Buma i2 .. .2. Orcwopa, kak mw B u.1), caegyer,
uro (yj) g* = yj mus Beaxon uuppH j & {1, 2}. Boiee Toro,
OCJIeOBATEIBHOCTD I‘gr (vy/) nDoaxywaercs NpHNACHBAEAEM
K f; (v) ommoit m Toii ke mmdpH j. Ecam j = 1, To MH mpH
XOIHM K CIy4an H.2) IId KOpTeka yj, W BCS BaKAHIMBAGTCH.
Ecnm e j = 2, To MH B803BpamaeMcA K pacCMaTpHBAEMOMY
cayqdao u.3), HO yxe 1A yj. Cmosa Gymem mMeTs:

(v21n) g* = y21n, (y22) g %= y22
T J.
n.4) TlocmegopatemsmocTs I, (y) cocroET ®3 OXHOTO
1-otpeska & ofHOro 2-0TpesKa. Tor;::a npa awbom j &= {1, 2}

OCJIeOBATENHHOCTD Pg (w) nomla,r.[aeT mox u.2) naIm

u.3). Tar rax (yj) g** = vj, 10 (yjn) g** = yjn mna Besko-
ro KopTexa 1. leopema HOKasaHa.

23.3. [Apyroe poxasarteabcTBo. OupenesnM HA MHOKECTBE

K, Bcex woprexeil B anjpasmre {1, 2} wacTHIHOE ymOpSMOTe-
HAE <_, mojarafl y <_ §, eciam y — HAYalNLHHN OTpPE30OK KOp-
rexka §. Msobpamana xopre:xm opHoll ANMHAK TOYKAMH HA
OXHOH ropH30HTANM, Kopre:xkm Ooabmeld MIMHH — TOYKAMH
Ha Ooslee HA3KOH TOPH30HTAJH, W COEXMHAA Y ¢ O OTPesKOM,
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ecnd y <X §, monmyumm cumemyiomee crammaprEOe umpencTas-
JeHHe MHOKecTBa K, B BHJe Aepesa:

z

1 e 21 22

IloraTHO, 9ro aBTOMaTHHEe Ipeo6pazoBaHHA COXPAHAKT OT-
HollleHWe <, noaToMy rpymma Anémwraa G = rp (a, b) ecre-

CTBemHEIM o6pasoM BKJafmBaerca B rpynmy Aut KY asro-

®
MOppm3aMOB fpepeBa K.
23.31. Yopamueenmne. Ilyectb p — npocroe wmec-

10, Kj — MHOMKECTBO KOpTesRelt jimEH <n B andaBmTe
{1, 2, ..., p} ¢ ompegeeHHEEIM BHIIe JaCTHIEKM YIIOPHALO-
ueHHeM (T. e., Kak FOBODAT, NepeBO KDAMHOCMU D H 6blCO-
mu n). Torma

Aut Ky~7p2(-..2(Zp2Zyp)--.)

n paa

Ecnn Ky = |J K, (nepeBo Bcex KopTe:keit), To0 Aut Ky —
n=1

ofbenuEeEMe INOchefoBaTeAbHOCTE rpynn G, = Aut Kg

C eCTeCTBEHHHIMHE BJIOMEHHAME Gy —Gp''=7,2 Gy, 4910
II03BOJIAET pacCMATPHBATh I'PYNOH aBTOMATERX IpeolGpaso-

BAaHEA Kak MNOATPYHIH 3TOro ob6beqmueHms G, Wanoxen-
HEl¢ Ha TAKOM fI3bKe KOHCTPYKIUH, IapaliaelbHEKEe KOHCTPYK-
gur C. B. AnémwmEa, BKINOYasg [0KA3aTeIbCTBO, MOKHO
HadiTe B nybamkanmmax B. . Cymamckoro (cm., Hanmpmmep,
HAH CCCP, 1979, 247, Ne 3, c¢. 557—561).

Kax peiictByeT aBroMaT a Ha mepese K,? Benommmm, gro
ecim ga. ¥y > 3, T0 a/y ~ T TOrQa H TOJBKO TOTNA, KOTZA
vy=12...21 m gn. y=0 mam 2 (mod 3)

81
vy =22...21 w gry=1 mz 2 (mod 3)



228 YCQJIIOBNA KOHEYHOCTH [TJ1. 8

(cm. ympaskmeEme 23.2.1). 3maumr, Ha mnopmepesbax [y]
C «KOPHAMMW» Y YKA3aHHOI'O BHIA aBTOMAT 4 COBEpINAEeT Upe-

oOpa3oBaHme
II: yin < y2n

(nepecmanosky noaosurn), a Ha BCeX OCTAaNbEHX IOAHEPEeBbAX
[6] — TosxpmecTBeEHOe mpeoGpasosaHme

T: 6‘r| <> 51].

ITepeitteM eme K OJHOM ecTeCTBeHHOW MHTepHpeTannH

MHO;kecTBa Kj: mycTh A — 0TpesOK mpaMoit nmmmm, A,,
A, — ero noaoBWHH, Ay, Ap, As, A,y — HX  TOJNOBAHH
M T. 4., TOrRa Kopresk y Oymem m3oGpamarbh oTpedkoM Ay.
ITycts Temeps Il o6oaBEagaer mepecTaHOBKY HOJOBHHOK (iIe-
Basg CBUraeTC BIPaBO, IpaBafd — BJEB0),a T — TOKIECT-
BeEHOe Ipeolpasosamme oTpesra. Jlerxko coo6pasmTh, UTO Ha
3TOM ASKHIKEe aBTOMATY 4 COOTBETCTBYeT TaKoe npeobpasoBaHme

MHOKeCTBA OTPe3KOB Ayl

A Ay Az Ajz
r A N A Ve A ~N7 A .
1 1 n L T 1“:'"! T 1 T L I :”t'"r
“——V_.-JW—&Y: . \—v_}\_w_lv .I
- =N - N N
q <. < q <o

Bonee touHO, Ha mepmoit werseprm A;; orpeska A mpeoGpa-
aoBanme @ peicrsyer Kak II, a Ha »BrOpO#t WeTBepTm A,
TaK: geiimM A;; MOmoJaM, BTOPYIO HIOJOBHHY — CHOBA IOHO~
JaM, ee BTOPYIO IOJIOBHHY — CHOBA IOHOJAM H T. 1., HOCJe
9ero Ha NOJYYeHHHIX OTpe3Kax paccTasiigeM mpeobpasoBaEdsa
HTIIITII... Ha rperveii werBeprm A,; mpeobpasoBaEme a
neiicrsyer kak T, a derBepryi0 uerBepTh A,, CHOBa pa3bm-
BaeM KaK BTOPYI0 H Ha HOJAYYEHHHX OTPE3KaxX pacCTaBIgeM
npeobpasosamma TIITITIIII...

IIyere Gy — moprpymna rpynnon G, COCTOAMAS H3 die-
MEHTOB, AONYCKAMHAX 3amnch Yepe3 HOpoKmawomue a, b
C HyJleBoO#f Cymmoii mokasaTeneii npm b. flcEo, uT0 | G: G, | =
= 4 (mpencTaBHTeNIW B CMEMKHHIX Kiaaccax — 1, b, b2, b3) m

Gy =r1p (a, b7'ab, b7%b%, b 3abd).



§ 23] NEPAOIHNYHOCTD H JIOKAJIBHAA KOHEYHOCTH 229

23.3.2. Ynpamuermmne. Ilposepurs, 9ro moposxrma-
I0IAC BJIEMEHTH I'PYNUH (, [efcTBYIOT Ha IeTBEPTAX OTpe3-
ka A crxemyromum oGpazom:

g . n_om., T ,TO0..,
bpb JIO00..., T, 0 0T0...
b2pp?, 0T0..., M TOO..., T
b“abJ; T  Tof... 07T0..., 01 :

Ilycts remepr I' — kawoid-HEGynb apyro# oTpesox Imps-
MOt JawHMM, f, U, v — npeoOpazoBaHHA MHOKeCTBA ero
2-HYHHX [oJell, onpejeiAeMile PHCYHKAMH:

¢ n

L
¥

L]

u :thn X N

p LT

(s u, v AMeeTCA B BUAY ONMCAHHOE BHINEG pasOmeHHmEe OTpe3™
Ka MO HpaBWIy «BTOpas IOJOBHEA — momodam»). Ilycrs

H=r1p(, u, v.

fAcno, 9T0 Gy — DmopmpsAMOe MpOHM3BEAEHME UYETHPEX B3K3IeM-
miagpos rpynns H (cM. ynpasxaenme 23.3.2), a moTomy rpyn-
na G Torga W TOXbKO Torma Gymer OeckomedHoli Z-rpymmoii,
Korga takoBa H. Tawkmm ofpasom, MK IOJTyduM HOBOE MOKa-
3areabctBo TeopemMbl C. B. Anémmua 23.2.3 (BmpoueM, Ges
JIerK0 JOKA3BBAeMOro TaM CBOHWCTBa PUHUTHOU AaNNpPOKCHMH-
pyemocTu), ecim Oymer MOKazaHa cjerylomas

2333. Teopewma (P. . Tpuropuyk). I'pynna H —
beckoneunan 2-zpynna.

JaMeyaTeabHO TO, YTO HONYTHO MHE NOJNYIAM eme ONuH
PK3EMIUIAAD NEePHOSAIECKOH, HO He JOKAJIBHO  KOHETHOMH
TpynnH, BOTPOSHHHIH B rpymmy AnémmeEa Kak cexnua (He
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npaBfa am, mepexox oT G K H HamoMmHAeT BRUIAMBIBAHUE
agamoBa pebpa?).

NoxasaTeabecrso. OueBmgEO, uv = w, rAe W
onpefeNAeTC pPHUCYHKOM

w o T,

|
¥ n

HemocpenCTBeEEO IPOBEpPAETCA, HUTO
2= u? =1 =uwt=1,
v =vu =w, uUWw =wu=v, LW =Wwr =1u,
II0DTOMY KaKAblH dJieMeHT W3 H mmeer Bmf,
*lhlx. . .wl*,
rie 3Be3J0YKAM — DJIEeMEeHTH BHAA u, U, w (Ha KOHIAX MOIYT
orcyrcrsoBath). Ilyers Hy — moarpymnma rpynnu H, cocTos-

mas 713 DJIEeMeHTOB, HONMYCKAINUX 3a0ACh C YETHHEIM TUCIOM
mEOKATeNeH ¢. OuesmpeEo, | H : Hy | = 2,

H, = rp (tut, wt, twt, u, v, W)

n H, oroGpaskaeT Kakayw A3 AByx monosHE I'y, I'; oTpesra
T ma cebs. Ilycts @; — cymenne HyouaTl';. Jlerko nposepuTs,
970 TOMOMOD(QH3MH @, @, JeHdCTBYIOT Ha NOpOKTalomue
aleMeHTH rpynoul H, cnepyrommm obpasom:

z tut vt | twt u v w
AL w n v 1 t ] (5)
=P 1 t t w ” "

(TEABNA moCTaBAEHA, YTOGH NOMIePKHYTh, YTO COOTBETCTRYIO-
mee mpeo6pasoBanme ompefeineno yxe me Ha I'). Cefiqac mis
HaC Ba}XHO TO, YTO IOJ THJIBJOM IOABIAIOTCA B C e DJieMeH-
TH £, U, U, W, IIOBTOMY

HP' ~ HY ~ H.

Tak Kak z — =® X % — BAOKeHAe Trpynnu H,y, TO rpyn-
ma H oKasaiach roMoMoppHEEM 0Gpa3oM cBoeil coGCTBeHIOH
poarpynnu Ho. 3maunr, H Geckomedynal



$231 NEPHOOUYHOCTD U JIOKANBHAA KOHEYHOCThH 234

Ilokaskem Temephb, 9TO BCAKHH ee DJIeMEHT HMeeT IOPAMOK
supa 2™. Haa nmopoxpmawomux f, 4, U, W 3T0 OYeBHMIHO, IIO-
9TOMY IpDHMEHUM HHAYKOUIO ITo k& = giu. k. Ilycrs y:xe noka-
3aHO, YTO JJEeMEHTH IJHUHK, McHbIEH %k, HMEIOT IOpPAAKH
safa 2™. MosxHO caBTaTh, 9TO £ 2> 2 ¥ h HMeeT coenHaJIbHBIA
B

h = tst*. . .1x, (6)

T7le 3B€3J09IKH CHOBA 0003HA9ANT U, U, W (AHAYE MEI COIpAr-
JU OH h 3J6eMeHTOM i HJIH *),

Cnyuqaii 1: h & H, 1, s3mauut, npouseeente (6) pacuaga-
eTcAd HA 9YeTBepKH {xfx. M3 Tabaunu (5) ABCTBYeT, 9TO IIOJ
NeACTBHEM @, M P, KOKIAaA TaKad JeTBepKA HEPEXORHT B *i,
f WIM %, TaK d9T0

1. h% < -’2‘—<k.

ITo vEAYKTHBHEOMY NIpefHONOMKEHUI0 A%, h% — 2-3]IeMEHTH,
II03TOMY W h — 2-3JIeMeHT.

Cnyuqait 2: h & H, u B 3anucH (6) ecTs x0T 6K OJUH MHO-
kuTeNb u. lIpumenus, ecru HeobxomMMO, HOAXOAAMEE COMPS-
JKeHHMe, MOMKHO CYMTATh, YTO U — HMEeHHO HepBas 3Be3T0o9Ka.
Tak wak | H : Hy| = 2, 10 h* & H,, npuuem h? HauuHAETCA
C 4eTBEpPKH {ui* U HMeeT B CepefuHe 4dYeTBepKy i¢xfu. U3
Tabaunu (D) BHAHO, 9TO I#fu LOJ AeHCTBHEM ¢, IepeXo-
OAT B *, a tui* IIOA MmedcTBHEM ¢, mepexomdT B *. Caemosa-
TeJIbHO,

ga. (R0 < k, ga. (h2)e <k,

M 0CTAeTCHd COCIATHCA HAa HMAAYKTHBHOE IPeAIOJOKeHMe.
Cnyuqait 3: b &= H, u B 3amacH (6) HeT MHOKUTONEH u, HO
ecTh XOTSA OH OOHH MHOMKUTeAb V. llpuMeEuB mogxomamee
COIpSAKEeHAe, MOKHO CIMTATh, YTO UV — HMEHHO IepBad 3Be3-
nouka. Cuoosa h® = H,, HO Temeph h? HauWHAETCA YeTBEepKOH
vix ¥ MMeeT B cepeauHe ueTBepKy i¢xiv. M3 tabaunm ()
BUJ(HO, YTO {Ui+ IOJ NeHicTBHEM ¢, IEPEXOMUT B if, a {*iv

o AeiicTBMEM (, MEPeXONUT B fii, mostoMy oba caoBa (h?)%i
MMEIOT B CBOEH 3aIlMCM MHOMKUTEJDb 4. TaK Kak
ma. (RB® < k, mi. (B3 < K, (7)

TO MH IPHXOOUM K YiKe pacCMOTDPEHHOMY caydam 2.
Cayuait 4: h & Ho v B 3anucu (6) Her HM U, Hu V. Torza
h?® & Hy u h? naumHaeTcq ¢ seTeepky fwiw. V3 Tabmanu (5



232 YCJIOBHSI KOHEYHOCTH [TJ1. 8

BUJIHO, 9TO HOJ JIcACTBUEM ¢, 3Ta deTBepPKa IepPeXOmMT B 77,
a moj fe#icTBHeM @, — B {7, Tak 9T0 o6a caona (k%" mmeror
B CBOeH 3amUCH MHOKMTEJH V., Tak Kak CHOBA BHIIOJHEHO (7),
TO MBI OPEXOAKM K YK€ paccMOTpeHHOMY ciyuan 3. Teope-

Ma JOKa3aHa.
233.4. Yopaxuernue. FEcra TpakTtoBaTe IOpOK-

Jaomue ¢, u, ¥, w Tpynns H Kak npeo0pa3oBaHHA MHOKECTBA

K, wopremeit B andapuTe {1, 2}, To UXx MOKHO 3ajarh cie-
OVICIMUMHA aBTOMAaTaMu:

3necs Ha OlHOM PHCYHKe M300pasKeHH BCce 9eTHIpe aBTOMATA,
TaK KaK OHH OTJMYAIOTCA APYT OT ApYyTra UMb HAaJaJbhHEIMH
COCTOAHUAMM (DOMEYEHHHIMH COOTBETCTBYIOHIeH OYKBOM).
Barnarys temeph Ha aBTOoMaT AJCIMHA @, BEl MOMKETe IIO-
qyBCTBOBATH OIepamdi0 BEUIaMBIBaHUA pebGpa moutH ¢u3n-

JeCKH.

§ 24. YcaoBusa MEHMMAJBEOCTM H MaKCHM3JIHHOCTH

24.1. OmpeneneEms m npumepsi. ['oBopAT, dYT0 TpynIla
VIOBJIETBOPAET YcA08ul0 MmuHumasvbnocmu (0aa nodepynn)
RJIN, KOpode, YcA0sul min, eclid BCAKHEE yOmBaoomud paf
ee mourpyun H, > H, > ... o0puBaerca, T.e. H, =
= H,.1 = ... IOpd HekoropoM n. ['oBopAT, 4TO0 TpynIa
YAOBJETBOpPALT YCaosul0 Makcumaasvrhocmu (0aa nodzpynn)
WM, KOpOode, YCA06UI0 MAaX, eCJIA BCAKHUN BO3PAaCTAIOIMHE PALK
ee mourpyun H, < Hy,< ... obpuBaerca, T.e. H, =
= Hpy1 = ... HPH_HEKOTOPOM I.

Konmegno, BcAKasA rpynma ¢ yCJIoBUeM min JokHA OHTH
IepUOAUIecKOl, NOCKOJBKY O6eckKoHeYHAsA NHKJIAYECKAA
Irpyllla He yAOBAETBOPAET 3TOMY YCJIOBHIO.
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2414. YVopaskuaenude. YCIOBEe max paBHOCHJIBHO
YCJIOBHIO, YTO BCe MOATPYIIH pPacCMATPHEBAaeMOil TpyINs Ko-
HETHO IOPOK/ECHH.

241.2, Yupaskaeraune. YcIOBHA min A max cox-
paHATCA IpH Iepexofle K OOArpymmaM, TOMOMOpPQHHM
ofpasaM H pacIIMpPEeHUSM.

YuuTHBaA 3T0 yIpasKHeHHe M OYeBHIHOE 3aMedaHHe, UTO
KBA3UIMUMKJIAYECKAdA Tpynma Cpm YIOBJETBOpAET yCIO-

puo min (cM. 2.4.10), a GecKomeunas mUKJIMYeCKadA rpym-
na 7, — YCHAOBHIO maX, MH INOJyd9aeM CAeAYIOIUA OCHOB-
HoOU

24.1.3. Il pumep. Hasosem ueprukosckoli zpynnol
pacImperEde OPAMOro NMPOH3BENEHHS KOHEYHOTO 4YMCJa KBa-
BUNUKJINIECKAX rpymnn (BooOme ropopA, M0 pPasJIUIHEM IMPOC-
THIM 9HCJIaM) IpH MOMOMM KOHEYHOM Ipynne (OOJ IpOU3Be-
NeHAeM HYJAA MHOMKHATeJIed 37ech IOHHMAETCA EMUHUIHAA
rpynoa). BesaKasa JepHMKOBCKaa rpyunma YAOBJIETBOPHAET YC-
J0BUI0 min. BeAkaa moutd moaMnEKJIMYecKasd rpynooa yHOB-
JEeTBOpAET YCJIOBHI0 max.

MoskeT DOKa3aTLCA YVIHBHTEJLHEM, HO O CaMOT0 HOCIef-
HEro BpeMeHd He OBUIO M3BECTHO, HCUCPIILBAIOTCA JU JTHM
KAHOHHYEeCKUM IPEMEPOM BOOOIE BCE FPYIIEI C YCIOBHUEM
min (mpo6iema YepHHMKOBa) M TPYHIW ¢ YCIOBHEM maXx
(mpo6aema DbBbspa), xorsa MHTepec K STEM JBYM BoIpocam
HEYKJIOHHO BO3pacTaj B TeUeHUE NECATHJETHH II0 Mepe HX
IIOJOKUTEJNBPHOTO pemeHUA BCE B HOBHIX W HOBHX KJiaccax
rpyun. OKoHYaTelbHHHE OTBeT Ha 00a BOmpoca oKazaJjcH,
OJHAKO, OTpMOATEJLHHM — 3TO  IIOKAa3BIBaeT  LPHUMEp
A. 10. Onpmanckoro, o Kotopom ropopuiock B § 2. OTkpriTue
IONOOHKIX HPUMEPOB HAJOMKHJIO TIIAHEN HOJHOH 3aBeplIeH-
HOCTH HAa NOJYYeHHHI® paHee IOJOKUTeJIBLHHE Pe3yJbTaTH,
EBa M3 KOTOPHX BacJHYyKHBAIOT 0C000Tr0 YOOMUHAHUA— Yep-
HAKOBOCTH JIOKAJBHO pa3pemHAMHX TFpYIO ¢ YCJOBHeM MH-
HAMaJapHOCTE AasA aGemeBmx moxarpymn (Yepmuko C. H.—
Marem. c¢6., 1951, 28, Ne 1, ¢. 119—129) » YepHAKOBOCTE
JOKAJIBHO KOHEYHHX rpyni ¢ TeM e yciosmeM (HIymkom
B. II.— Axre6pa m goruka, 1970, 9, § 5, c. 379—615).
IepBuit W3 >TEX pe3yaAnpTATOB GyneT MOKa3aH B HalleM KHHTe
(em. 24.3.4), a MOKasaTeJbCTBO BTOPOro, ONHpalOIeecs Ha
V3KOCIEnMUAJbHEIE CBEeHMATA3 TeOPHH KOHEYHEIX HPOCTHIX
rpynm, ocTtaercsa, K CoMKaJeHHI0, CHUIMKOM T'DOMOSIKHM A
U3JI0KeHU Al er0 B YIeOHUKe.



234 YCIOBHMA KOHEYHOCTH (L. 8

PaspemmyMiie Fpynne ¢ yCJIOBAEeM min OOJHOCTHIO ONM-
CHIBAEeT CJEAYIOmAasn

24.1.4. Teopema (C.H. Yepauxos). Beskas pas-
pewumas zpynna G c¢ ycaosuem MUHUMAALKOCIMU SEAAEMCSH
yepnukosckoly (AIM, DO NePBOHAYAJILHOM Tepmnnonornn
C. H. YepruroBa, asxcmpemasrvbroil).

JHNoKasaTedbCTBO. BBAAY ycIoBHA MUHHUMAJb-
HOCTH Tpyuna G cofiepKET noarpynuy / KoHe9HOTO UHIEK-
ca, He COJiepKamly0 APYIMX HOArpyLN KOHEIHOTO MHAEKCA.
Tak KaK mepecedeHHe ABYX NOArpYIID KOHEYHOTO HHAEKCA
caMo EMeeT KOHEYHHIH HHAEKC, To // eAMHCTBEeHHA, & LHOTOMY
gopmaabHa. Ecma H abexeBa, TO AaA BCAKOTO IPOCTOTO
yacaa p rpyuna H/HP ~7, X 7, X ... KOHe4Ha, a IO-
Tomy H = HP, 1. e. H — moamaa abemeBa rpymma. Ilo
teopeme 9.1.6 oma pasnaraeTca B HpsAMOe NOpPOH3BeJECHHE
KBa3MOUKIUYECKUX rpynn. BBUY yCIO0BHA MHUHUMAJBHOCTH
UX YHCJ0 KOHeuHO. T'eM camuM A abeleBOd rpynns G Teo-
peMa MOKa3aHA.

Ilycres Temeppr G GeckoHedna M HeabeseBa. BosbMmeM B
[l HeeguEWUIRYIO abeneBY HOpMAJABHYIO MoArpynoy A (mampwu-
Mep, MocHeNHMM HeeQUHWUHHHA KomMytaHT). IloKamem, 91O
A nexut B geHtpe rpynuw H. B camom mene, 4 — aGeseBa
Tpynoa ¢ yCJIOBHEeM MUHHMMAJBHOCTH, a MOTOMY IO IIPeiLIIy-
meMy CONEePKAT JUMb KOHEYHOE YHUCJI0 DIEeMEHTOB JI060T0
TAamHOTO MOpAAKA. JHAYUT, KaKIbIA 2JIeMeHAT a u3 A umeer B
H mamp KOHEYHOE YUCJIO COIPS;KEeHHBIX 3JIEMEeHTOB, OTKYHA
| H : Cy (a)] << oo. Tak kak H He CONEp:KUT mOArpymn Ko-
HEYHOTO MHJEKca, TO

Cu @) = H, A<Z(H),

970 U TPe60BAJOCH.

ITokaxkem Temeps, uTo moxrpynmna H muasmorenTHa. Mu
cle1aeM 9TO HHAYKIHEeA ©IO ee CTymeHM paspemmMocTH k.
Tak xax, mo mpegmgymemy, H*D < Z (H), 10 H/Z (H)
paspemmMa crynend <_k — 1. Ilo BEIYKTHBHOMY IIpeRII0JIO-
KeHUI0, IpUMeHeHHOMY K rpynne G/Z (H), rpynua H/Z (H)
HUJIBIOOTEHTHA, a MOTOMY M caMa H HUJIBIOTeHTHA.

IToxkaxem, HakoHen, 9to /I abGeneBa. Ilycts B — Makcu-
MailbHaA abeneBa HopmaiasHada monrpymma B H. Ilo nmoka-
sagHOMYy paHee B nemuT B nenrpe rpynnm 7, a mo Teopeme
16.2.6 B cosnmapmaer ¢ ee meHTpanmsatopoMm B H. Orcioma
B = I, t. e. rpynna /{ a6exesa. Teopema nokasana.
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241.5. YopakHeHHe. Hnace  d9epuHKOBCHHX
Ipyun 3aMKHYT OTHOCMTENBHO B3ATHA HOArpyul, romomopg-
HHIX 00pa3oB U paclIMpeHHIH,

Tak xax aBTOMOpP(U3MH TI'pynm BHja

Cpmx vee X Cpx,

uszobpakarorca Marpdmamd u3 GUL, (Z,~) (ympasxuernue

0.1.4), 70 IpH M3yYeHUM UYEPHAKOBCKUX I'PYIN OKA3HBaeTCH
I0JIE3HEIM

24.1.6. Yopasxuaenue. ['pynmawmarpun GL, (Z )

OOYTH BCA He UMeeT KpydeHusA. B uwacTHOCTH, ee mepumopuge-
CKHE NOATrPYUNH KOHEIHH. '

Ykasanue. Homrpysey-moprpynmma mo Mopyaio p',
i=1,2,..., 1. e. rpyuna MaTpun ¢ -+ p'a,a &= M, (Zpo(),
umeeT KOHeYHE UANeKe B G L, (7,«) ¥ He UMeeT KpyJeHUS

3a UMCKJIOYeHUeM caydad p = 2, i = 1 (em. 4.2.7 m 5.1.5).

YTo KacaercAd paspemMMEX TpPynOo ¢ YCAOBHEM max, TO
UX [OJHOE ONHCAHUEe [[aeT TaKasd OUEHDb IIpocTad

24.1.7. Teopewma. I'pynna G mozda u moavko mozda
paspewuma u ydosremeopsem Yca08Ul0 MAKCUMAALHOCMU, KO-
0a oHa NOAUYURIUMECKAR.

JoxkaszaTeasncrTB o.]ocTaTOYHOCTh YKe OTMeda-
adach (cM. 24.1.3). Tokasxem HeoOxomamocth. [Iycrs G ynos-
JeTBOPAET YCAOBHI0 mMaXx H MMeeT KOHEYHYIO paspelmaMylo
MaTpEMKY '

1 =G <G <...< G =0G

Tak kak ee cekuum G;,,/G; TOXE YHIOBJIETBOPAIT YCJ10-
BUI0 max {(cM. 24.1.2), To oHE KOHEUHO HOPOK/EHHl ¥, 3HA-
9UAT, pazsNaraloTcAd B HOpAMbie LPOM3BefeHHUA HUKIMYECKUX
rpyun (reopema 8.1.2). 9710 mO3BOAAET YIJOTHUTH NAHHYIO
MaTpEmMKY M0 NOoJUpMKIMIecKod wmarpémkua. Teopema [o-
Ka3aHa.

Bujgeadm 0c0060 — BBHJY €ro BaKHOCTH — OIMCaHMe
abedeBHX Tpymm ¢ yCAOBUAMH min I max, mOJYydYeH-
Hoe B XOfe [0OKasaTelncTBa TeopeM 24.1.4 m 24.1.7:

2418. Yonpamxuenue. AGesepa rpynma Toria u
TOJHKO TOTJa YIOBJETBOPAET YCIOBHMIO min, KOFa OHA pag-
JaraeTcd B IPAMOe IpOM3BeflecHHe KOHEYHOTO YHMCJIa KBa3u-
HAKJIA9eCKMX M KOHEUHHX NUKJMuecKux rpynm. B wactHO-
CTH, [JIA a0eJeBHIX p-TPYIO YCJAOBHe min PaBHOCHJIBHO ycC-
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aosui kKoHegnocrm pamra (cm. 10.1.16). AbGexnesa rpynma
TOT[a ¥ TOJBKO TOTJa YAOBJIETBOPAET YCIOBHI0 mMaX, KOTIa
OHA pasJjaraeTcsd B IpAMOe IPOH3BeJeHUEe KOHETHOIO IHUCIA
OUKJIA9eCKUX TPYIM,

2419. Yopamuaera®e Onupasgcs Ha JOKAJIHLHYH
Teopemy A. U. MaawueBa 22.3.2 u teopemy O. 10. UImupara
23.1.4 ¥ momTOpAA cxeMy [OKasaTeALCTBa TeopeMH 24.1.4,
HONYIUTH ciaenylomee ee 00o0meHue: acaxas RN-epynna c
ycaosuem min fsasemcs paspeuiuMoll YepHUKO0SCKOU.

24,2, llepenoc ¢ adeneBpix NOArP,NII HA PA3PEUINMYIO
rpymiy. B sToM IyHKTe MH JOKa’KeM, 9TO eCJM B pa3pemn-
Mo# rpynlle G yciIoBHe min HJIYM mMaX BHIOJHAETCA HAJIA
abejieBHX MOATPYII, TO OHO JOJKHO BHIOJHATHCA ¥ JIA IPO-
U3BOJIBHHX MOATPYHI, a MOTOMYy G OmATH-TaKH OyneT 4epHU-
KOBCKOM HJM IOJANMAKJIAYECKOH Ipymmoil COOTBETCTBEHHO.
KoHeuHO, IepBO€, 9TO IPHEXOMHAT B I'0OJOBY,— JIOKA3LIBATh DTO
YTBepKleHNe MHAYKIUEH II0 CTYDEeHM paspemmmoctd. IlycTs
A — nmocienHYH HeeQUWHWYHHIA KOMMYTAadT rpyunu G. Eciam
MEI ToKax<eM, 9T0 B G/A Bce aGeseBW NOArpyIIkl CHOBA YHOB-
JeTBOPAKT yCJI0BUI0 min (max), To ocTaHeTCA cOcJaThcA Ha
TO, 9T0 CBOMCTBO TpyHUHl OHTH YePHUKOBCKOHR (OJUIHAKJIM-
9ecKOl) coxpaHAeTcA OpH pacmupeHUAx (cM. 4.4.3 u 24.1.5),
TakuMm 00pasoM, HY}KHO HayIMTHCH [OKA3HBATh, 9TO HEKO-
TOpPO€ CBOMCTBO HOATrpynn rpynnsl G coxpamsAercs HpH Hepe-
X0/e K ee aKTOp-IpylIe II0 HOPMAaJbHOK abeJeBOK MOArpyI-
me A. A Help3d JH «Hepeca’kuBaTh» HOArpynnsl Uz G/A B
camy G (Torma E ¥Xx CBOHMCTBA, €CTECTBEHHO, HACJEAOBAJUCE
6n1)? VimealapHHIM OTBETOM 37ech OHIA OBl «HONMONHAEMOCTH)
A B G, 1. e. Haquude B G moarpynns X, 1A KOTOpPOR

G=XAuX1A=1

(torma X ~ G/A). Mu yBupuM, 9TO XOTH HIEAJBLHHN OTBET
HE BCerga BO3MOKeH, HEKOTOPYI0 (HOUTH JOLOJHAEMOCTHY
MOKHO rapaHTUPOBATh — OHAa ¥ Oy/leT OCHOBHREM HAIIUM
OpYyIUeM.

Ilyets A — HOpMaspHasa moarpynma rpynons G. Bymem
roBOpHATE, 4T0 A min-nenpusoduma OTHOCUTENABHO G, ecau
BCcAAKaf HOpMaJabHad moArpynma H rpynnm G, copepskamas-
cA B A ¥ oravuEaA oT A, xoHevHA. [[BolicTBeHHEIM 06pa3om,
OyneM TroBOpHTE, 49T0 A max-wenpugoduma OTHOCHTEILHO
G, ecau A BCAKOY HopMmaabHOA monrpynnu H rpyumm G,
cofepkameiica B A ¥ oraugHod oT 4, paxTop-rpymma A/H
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nepuoaudeckas. (HoHewno, aaA IOJHOX [BOHCTBEHHOCTH
ayame 65110 651 TpeOoBaTh, uT0 A/H KOoHE4RHa, OHAKO B IpH-
JOXKEHAAX MAaX-HeIPUBOJAUMOCTE OOLIYHO BO3HUKAET MMEHHO
B Tako# GoJsee cjaboil ¢opme; »sTUM O00BACHAETCH TaKIKe,
ooueMy B CJCAYIOHICH JeMMe NpefmOJOMKeHUH ANA caydas
max JejaeTcsa 0oyble ¥ JOKa3aTeJbCTBO AJUHHEE.)

2424, Jlemma. IIyemv A < G, o6e zpynnw A, G/A
abeacsth u A ne yewmpaavra ¢ G.

a) Ecau A min-nenpusoduma omnocumeavrho G, mo cy-
wecmeyem makaa nodepynna X, umo

G=XA u |XNA]| < .

6) Ecau A — epynna 6e3 kpyueHus KOHEwHO020 paMed,
max-renpusodumas omuocumeavuo G, mo cywyecmasyem marKas
nodzpynna X, wmo

1G: XA |<o u X4 =1.

HokasaTeascTso. Moxkao cpasy c9drarh, 9TO
moarpynna A OecKoHeuHa — MHAa49e MMeJH OHW ciaydai a) M
mocTaToyHo OHIO OW B3ATh X = G. BospmeMm B rpymme G
sjeMeHT Z, AaA Koroporo [A, z] #% 1, ¥ mokaskeM, 9r0 ero
neaTrpaausatop X = (g (¥) — uckoMaa moarpynma B ofoux
caygasax. Ouesupmo, oroOpaskemue O: g w [a, 2] ecTh 3EH-
pomopgusm monrpynnn A. Doxee Toro, oH mepecTaHOBOYEH
CO BCEMH COOpSKeHUAMH rpynmm G, T. e.

la, 2]4 = [a%, z] pna Bcex a = A4, g &G,

Tak Kak 2° =z (mod A) (BoCHmOJB30BATHCA KOMMYTATOPHH-
MH TOkfgecTBaMu u3 § 3).

a) ITockoarky Ker 6 <A m A min-BEeOIPHBOAEMA OTHOCH-
TersH0 G, T0 Ker 0 miam, 910 TO Ke caMmoe, IepecedcHMe
X () A xomegsmo. Torpa ofpas A® GeckoHewen, oTkKypa,
CHOBa BBHAY - min-HenpuBomumoctu, 4 = A® = [4, z]. Te-
mephk ACHO, 9TO A BCAKOTO g & G cymecTByeT a = A ¢ yc-
aopueMm [g, z] = la, z], otryna ga~! & X wu, cienoBateibHO,
G = AX.

6) Tax xak Ker 0 << A4, rpynma A/Ker 0 ~ A% He mmeer
KpyYeEHsda, a A max-HeIpDHBOAUMA OTHOCHTEJBHO G, TO
Ker O =1 wrg, ato 10 e camoe, X [} A = 1. [auee,
pBuny 7.2.3, paxtop-rpynma A/A® womewHa; mycTh m — ee
nopanok. ['pyima G magynmupyer B A/A® (compsamenunsamu)
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TPyOOy aBToMOp(mamoB, maomopduyio rpymnme G/C, roe C =
= Cg(A/A%), mostomy G/C Ttakxe womedHa. Ecam c¢=C,
10 [e, z]™ &= A® = [A, z]. Hanee,

[c™, z] = [¢, z]™ (mod [C, z, C)),
[C, z, C] <[4, C1 < A4, =],

Trak uro [c™, z] = [a, z] maa Hexotoporo a & A. Orcioma
c"al= X, " &= XA. Cnegopatensno, gaxrop-rpynma G/XA.
mepuoguYecKad, M OCTaeTCcA NOKasaTh, 9TO OHA KOHEYHO IIO-

POsKIleHA.
Ilyere ay, . . ., a4, — TPENCTABATENINM CMEKHHX KJIACCOB
rpyunsl A no noprpynne [A4, z]. Insa xamporo j =1, ..., m

BHOepeM B G diaeMeHT g; ¢ ycnosmeM a; = [g;, zl, a ecau
TAKOTO JEeMeHTa He CYIMECTByeT, To moaoxum g; = 1. [ana
KasKnoro g & G mmeeMm [g, zl = a; [b;, z] npu mopxogamux
inb; &= A. CnegoBaTesxsHo,

[gbi', 21 = a; = g, z],
OTKyHIa

gbigi =X, g (8- Em X, A)

Teneps sacHO, uTo rpymua G/X A roHeuso mopoxmena. JlemMa
noKasaHa.

24.2.2. Teopema (C. H. YepnuroB). Paspewumas
epynna G, y komopoii abesestl nodzpynnil ydosremeopaiom Yc-
A06UI0 MIN, A84A8€MCA LePHUKOSCKOU.

(3amermm, uro Ha camom jnene C. H. UeparkoB mokasaux
cpasy 3HAYHMTEJHbHO 00Jee CHABHYIO Teopemy 24.3.4, couep-
aamyo 24.2.2 xkak wactHHE ciydail. BEyTpeHHAA IOruka
IHO3HEeAIIero H3NO;KeHIA NpeAMeTa He BCerjga CcoBHIagaer
¢ ero HUCTOpHEH.)

JloKasaTedbcTBO IPOBeNeM HHIYKIHUEH ITO CTyIIE-
U pazpemmmocTu rpynns G, Hak y:xe ropopuiock B Hagame
IIYHKTA, [OCTATOYHO JOKa3aTh, 9TO ecJH rpynna G ymosier-
BODAET YCIOBHMIO min 1A abeneBuXx moarpynn U A — ee abe-
JeBa HOpMaJIbHAA TmOXTpymnma, To gaxrop-rpynna G/A rtoxe
VIOBJETBOPAET YCIOBHMIO min 1A abeneBHWX Dogrpynm. 3a-
MeTHM Ha 6ymyimee, 9T0 JOKa3aTeNbCTBA IONOOHLIX YTBEPIK-
nenmit A omape G, A Hepenko oueHp 00Jer9alTCsa pPasioKe-
HEEM noArpyno A B G-HOonycTEMYI0 MAaTpémKy

1 =4, <4, <..<Apy =4
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¢ HOCJeyIoImuM paccMoTpeRMeM mapu (, A,, 3aTeM nmapH
G/A1, A,JA ur. n.

HomyctaM cHavata, 9T0 A KOHETHA, M JOKAKeM, 9T0 Kak-
madg abemepa moxprpynma B/A rpynnn G/A neficTBMTEIRHO
yaooBieTBopsAeT yciaoBmi0 min. I'pynma B/Cp (A) Takme Ko-
HedHa (oHa M3oMopdHa moprpymme m3 Aut A) u, pasymeercs,
4 < Cp(A). Bynem cumrate mostomy, gro [A, B] =1,
npryeM A y:ke He offsaTenbHO KoHegHa. BossmMem B B Ka-
KyI0-HUOYnb MaKCHMMAJBHYIO a0elleBy HOPMAJLHYIO LOATPYI-
oy M. OueBmgro, A < M, a Tak KaKk B HUIBOOTEHTHA,
0o M = Cp (M) (cm. 16.2.6). Jlerko Bumers, uro0 oTOOpA-
yKeHHe

1: B/M —Hom (M/A, A),
OmpeeseHHOe MPaBUIOM
(bM)*: z4 [z, bl,

ABiasgercA Biaoenmem (ompemedenme Hom cm. B 5.1.6). Tax
Kak B (4 pgake Bca () mepwopwmueckad, a M yuoBIeTBOpPAET
YCJIOBHIO min, TO HOCTAaTOYHO YOEHHTHCS, YTO IEPHOMMICC-
Kaag dacth rpynosl Hom (M/A, A) xkoneuma. Brmny 24.1.8
M/A =P®Q, rpe P — nonmasg, Q — KoHeIHAS TIPYIIH,
II03TOMY HOCTATOYHO NPOBEPHUTH, YTO BCAKHHA LEePUOIAICCKHUHA
snemenT ¢ u3 Hom (M/A, A) nefictsyer Ha P TpUBHAJIBLHO,
T. e. oroOpaskaer P B myab. Ho sro meficTeUTeNnHO TaK:
ecid OH ¢ oToOpakajd KakoH-TO DJIeMeHT z & P He B HYJIb,
TO JJIA BCAKOro n > 1 romomopduam ng orobpaskaa Owl sire-

i
MEHTHl MHOKECTBA - TaKjKe HEe B HYIb.

IIycte Temepe A OeckoHedHa. Pasnoxume ee B G-momycru-
MYI0 MATpPEIIKY ¢ HPAMAPDHHIMHA CEKEWSMH, KOHeYHBIMH MU
IOJHLMHA, ML BHJHAM, 9TO TOCTATOYHO H3YUUTH caydai, Koraa
A — mounHasa abenesa p-rpymma. JlokaskeM, 9T0 B 3TOM CJIY-
Jae BeAkasa abenesa mogrpynna B/A rpynnu G/A Takixke yroB-
aJersopsAer yeiosmo min. Tak xak qua 4 == 1 yreep:knenue
TPUBHAJBHO, BOCIIOJb3YEMCH UIYKIMel 10 paHTy rpynnos A.
[TpenmosaokmM cHa%ana, 910 A min-OpUBOMMMAa OTHOCHMTENb-
Ho B, T. e. cOlep:HT HEeeQUHMYHY0 NOAHYI0 COOCTBEHHYIO
B-nonycrumyro moarpynny K. Tax xak mojHasg OOArpynmna
abeseBoil rpynmH BHgeNAeTCS B Hel NPAMHM MHOMKHATEIEM
(reopema 9.1.4) m paHr KOHEYHOro HPAMOT0 MPOU3BElEHUA
KBa3MIUKIANIeCKAX p-FPYyNN paBeH IUCHy COMHOMKHTeJNeii, TO
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IIOJyJaeM TaKyld KapTUHY:

Be

Ae
paHz A/H < ponz A

H 4

paHe H < pake A

1 e

NMomaumasace mo marpémrxe 1 < H < A, Md BHgMM, 9TO
panr rpynou B/A womeueH. ITycte Temeppr A min-menpuso-
auMa oTHOCHTeabHO B. MoxxHo canuTaTh TaKxke, 910 [A, B) =1,
TAK KaK MPOTHBOLOJOMKHEIA clydai GHJI paccMOTpEH BHIIe,
Ilo nemme 24.2.1. a) B comepmxET Takyw mogrpyony X, 910

B=XAun|X[)A4]|<oco.

Coraacmo pasoGpanEOMy BHmE CAydaw (Korgja A KOHeYHA)
noarpynna X YIOBJETBOPAET YCJIOBHIO min, a moroMy B =
B/A tare eMy ynoBJIeTBOpPAIOT. TeopeMa NOKa3aHA.

24.23. Teopema (A, WN. Maxwues). Paspewumas
epynna, y komopoll ece abeaesW nodzpynnbl YO08AEMEOPAIOM
YCAOBUI0 MAX, AGAAECMCA NOAUYUKAUNECKOL.

HJorkaszaTedxbcTBO IPOBOTUICA IO TOMY >Ke IJa-
By. Ilycrs G ymoBmeTBOpseT YCJIOBHIO max A abeleBHX
nonrpynno, A — ee abeleBa HOpMaJIbHAA NOATPYINA; JOKa-
axeM, 910 G/A Tarke yAOBJIAETBOPAGT YCIOBHIO max AaA abe-
J€BHX ILOATPYII.

Cravana onars momyctum, 910 [A, Bl = 1 (sTumM, B 3act-
HOCTH, OXBATHIBAETCA CJAydail, korga A komeuna). llycre M,
T AMEIOT TOT K€ CMHICJ, YTO U B IPEeIHAYIEM HOKA3aTEIbCTBE.
Tak xak M/A ¥ 4 — KOHEYIHO MOPOKAEeHHKe abeseBsl IpyIl-
OB, TO TaKOBH W agputuBHAfg rpynma Hom (M/A, A) (cm.
8.1.8) m Bnomenmas B Hee rpymma B/M. Caegosatenrpso,
B u BMecTe ¢ Heit B/A ymoBiIeTBOPAIOT YCJIOBUIO maX.

Ilepexoma k o6meMy ciyuaio, MO}KHO CUATATh, 9T0 A He
AMeeT KPYYeHHA, TaK KaK ee mepHoawdecKas dacTh A, Ko-
HeYHA W, 3HAYMT, Hay Ao MOMKHO HOTHATHCA COINIACHO Ipejbl-
nymemy. JlokaxkeM onATh, 9TO0 BcAKaA abeliepa MOATPyIIa
B/A rpynum G/A ypgoBaeTsopsier ycaopuoo max. Tak Kak
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npa A = 1 570 TpHBEHAJIBHO, BOCHOJIH3YEMCA HHIYKIHeH IO
paary rpynou A. Ipepmoxoxmm cmawaia, a0 A max-
IPABOAEMA OTHOCHTEJIBLHO B, T. e. CONePKAT HeeAWHHIHYIO
B-ponyctmmylo moprpyuny H ¢ Hemepmogmdeckoi d¢akTop-
rpynnoit A/H. Ilycrs T/H — nepmogddecKas YacTh IPYyUIH
A/H. Tak Kak B KOHEYHO IOPOKJNeHHHX aleleBHX rpynmax
0e3 KPYYeHHMA PAHr COBIAKAET C Pa3MEPHOCTHIO, a IpH PaKTo-
pHA3andd pa3MepHOCTH cKIafHBaloTca (cM. 7.2.2), To KapTHHA
TaKOBA:

Ee

A $ -
} panz A/T < poHa A

} T/H KoHeyxa
He
paHz H< pthHe A

] e

Iogaamasce no marpémue 1 << H < T < 4, MH BAAEM, 9TO
paur rpynnos B/A konewen. [Iycts Temepr A max-mempuso-
AEMa OTHocHTeJIHHO B. Mosxuo cumraTs Taxxke, uro {4, B] 41
(TpoTEBOmONOKANH cayuait 6ua pasofpan smme). Ilo Temme
24.2.1.6) cymecrByer moxarpymma X, nius KoTopoit

|B: XA|<oomXNA4=1.

Tar rax mogrpymna X ~ XA/A aGenesa, TO 0OHa, a IOTOMY
1 noprpynma XA, ynosiersopser yciosmio max. Ciemona-
TeNbHO, B m B/A Ttax:Ke yHOBJETBOPAT 3TOMY YCJIOBHI.
Teopema moxasama. :

Iloneano oTMeTHTH NJIA AaNbHEAmeEro, 4ro Ha CaMoOM jelie
BMecTo TeopeM 24.2.2 m 24.2.3 noxasama Gosee oOmas.

24.2.4. Teopewma. ITyemv A — abescéa HopMasbHAS
nodzpynna zpynnw G. Ecau G ydosaemeopsem ycaosuio min
(coomeemcmeenno max) daa abeaestixr nodzpynn, mo G/A
makdce ydosnemeopaem ycaosuio min (Coomsemcemeerno max)
0aa abeaesviz nodzpynn.

24.25. Yopamxuaenne. Ecim s paspeurmmMoii rpymn-
e Bce abesieBHW HOATPYONOH KOHEYHH, TO OHA CaMa KOHedYHa,
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24,3, O noxanpHO pagpemInIMbIX rpymmax. B sToM myHKTe
MH DacmpoCTpPaHAM TeopeMy 24.2.2 ¢ paspemimMHX Ha JO-
KaJbHO paspemMMEe [PYUNH, OpAJAB €d TeM CaMHM HAaW-
Gompmylo pasymEyi0 oOmmocTs. IlogueprHeM cpasy ke, 4TO
A mapajlienbHO# el TeopeMH 24.2.3 momobmroe 06o0menme
HEBO3MOKHO — IPAYMHH 3TOr0 Mbl OOCYyIMM B CIeyIOMeM
naparpade, Korga CTOJKHEMCHA ¢ aHAJOTAIHHM IpPensTCTBAEM
JUIA TPYIN KOHETHOT'O PaHra.

Haggem ¢ Takoro wacTHOoro ciaydaf:

243.1. lemma. Bcakas a0kaavio KoHeYHA[ p-zpynna
G ¢ ycaoguem min 048 abeseslr nodzpynn seanemcs paspe-
WuMOll YEPHUKOECKOLL.

NNorkasarTeabCcTn O a) Beagy Tteopemn 24.2.2
JIOCTATOYHO [OKAa3aTh, YTO (7 paspemmMa. 1aK KaK B Hepas-
pemEMoil rpynne CYmECTBYIT CYETHHe Hepa3peHImMHeE HoJI-
IPYIOE, TO MOMHO IpegmoliaraTth, 9o G c4eTHa W OTIHYHA
OT eXHHMIIH.

6) leatp Z (G) rpynnH G oTauveH OT eqmHANE. B caMoM
nexe, TaK Kak G cueTHa, TO €€ MOKHO IPENCTABATH B BHJE
o0'beMHEHEAA BO3PacTalomeidl MoCIeoBATEIbHOCTH KOHEIHHX
noprpynn 1 << G, << G, < ... llyets Z; = Z (Gy), i =1, 2,...
Tar KaK DEeHETP KOHEYHOR p-TrpyUOH OTIWYEH OT eJUHANH (CM.
17.1.1), 10 BCe Z; 5~ 1. IlopoikneHEAdA MMHA mOArpyIIA

Z — I‘p (ZI! Z2! ...)

abenesa, a TOTOMY YHOBJETBOPAET YCJIOBHIO min. YYHTHEBaA
crpoende abedeBHX rpymm ¢ yciaosEeM min (yopaskHenue
24.1.8), BugmMm, uT0 dIAeMeHTH z m3 Z ¢ ycaomsmem z¥ = 1
CcOCTABIAKT KoHeunylo moarpyany P. Tak wak P < G; pana
mexoroporo i, 10 PV Z; > P (Y Z;sy > ... H©, 3HaUAT,
PN Z;=P()Zj, = .. pna Heroroporo j., flcao, uro
1< PNZ; < Z(6G).

B) Bce rumepmenTpH rpynnmm G paspemmMu. llycrts, Ha-
OpPOTHB, O-# ramepueHTp (G rpynnn G HepaspellmM, OpU-
YeM . — IepPBOe HOPAAKOBoe JUCIO ¢ 3THM cBoiicTBoM. flcmo,
9TO OHO IpepeabHOEe M Gosbme HyJdA. IlodomM pisA KpaTko-
ctn L = (oG ®m BHOEpeM B L KaKyW-HROYIb MaKCHMAJIbHYIO
aGenepy HOpMaJbEYI0 Nogrpynny M. Ouesnguo, L sBigerca
ZA-rpynmoii, mostoMy, sBmpy 22.1.7, M = Cy(M). llycts
A/M — maxkcmmanbHag  abeneBa HOpPMaJbHAafA MOATpyHma
rpymusl L/M. Ilo Teopeme 24.2.4 A/M yposaersopser yc-
JoBuI0 min. OuesEaHO, M Takike yROBJIETBOPACT dTOMY YCJO-
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BAIO X MO;KeT OHTH IpefCcTaBjieHa B BUAe OOLeIMHEHAA BO3-
PACTAIEA NOCHe0BaTEIbHOCTA CBOMX KOHEYHHX HOATPYHD
M, <<M, <<..., sopMaabHHX B L. Tak xax

Ca(My) > Ca (M) >...,

TO HaieTcda HoMep i, JJIA KOTOPOro
Ca(M;) =C4s (Miy) = ... =Cs (M) =M.

I'pyona A/M ~ A/Ca(M;) sxaaguBaerca B Aut M;, a moTo-
my xometHa. Ho Torna m (ZA-rpymna) L/M womeuna (cm.
nocjxenuee samedanme B 22.1.7). 3uagar, L paspeurnma.

r) I'pyuna G paspemmma. B camom pnexne, ecim (gG << G,
TO M3 TeopeMH 24.2.4 cuemyer, 9to ¢arrop-rpyunna G/CgG
YAOBAETBOPAET yCIOBHIO Min A abenesrx nogrpyun [yuecrs,
uro BBAXY B) (gG paspemmmal. Beumy 6) memtp sroii dax-
TOP-TPYONH OTANYEH OT eSWHHUIE, a moroMy (gG << {p,G.
Taxkmm 06pasom, mocieroBaTelIbHOCT: THNOEPIEHTPOB { LG}
JIOXOJMT 0 BCeR rpyunH &, a MOTOMY, CHOBA BBUIY B), G 10JDK-
Ha OwTh paspemmMmoil. Jlemma nokasasa.

24.3.2. Nemma. ITyemv G — sokaabHo  KOHEUHAS
epynna, p — npocmoe wucao, S = X/Y — cexyusa epynnvt G u
S << Sy < ... — Geckoneunas sospacmalwas nociedogamenn-
HoCmb KoHeuHblx p-nodepynn epynny S. Tozda 6 X cywecmeyem
maxas 603pacmanuas nocaedosamesbHoCmb KOHEYHBE D-Nod-
epynn Py << Py < ..., umo

S;=P,)Y/Y, i=1,2,..

JHorasaTeascTBo. DBosbMeM B CMEXHHX KJac-
cax mo Y, cocTasiagiomux (KOHETHYW) cekmmio S;, 0 mpef-
CTAaBHTEJI0 H mopopmM mMm noarpymuy F;. Tak kax G mo-
KaJIbHO KOHEYHAa, TO F; KoHeyHa u, oyesmuiHO, S; = F;Y /Y.
Moxao cumrate mpm atoM, wro Fy < F, < ... Brbepem
B KajJo# moprpynne F; mo CHJIOBCKOX p-moprpynue P; rak,
9106H 6010 Py < P, < ... Tak rax nmpm romoMopdmaMax Ko-
HEYHHIX TPYIN CHJIOBCKHAE NOATPYHIH IePexXofdaT B CHIOBCKHE
(cm. 11.3.4), a npm dakropmsanum F; mo F; (| Y monydaercs
p-rpymua (msomopdmas S;), 10 P; (F; [1Y) = F;. Teneps
acuo, ato F.Y = P;Y n P; << P, < ...

24.3.3. Jlemma., ITyemv G — A0KaAbHO KOHEUHAA epYn-
rna. Ecau G ydossemeopsem yciosuio min odas abesesvlx nod-
2pynn, mo oHa He umeem O6eCKOHEUHBIX 9AEMEHMAPHBX abe-
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acenx cexyuti. Ecau ¢ G ece cunrosckue nodepynnvl KoHeunb, mo
U 8 AW60IL ee cexyul moice.

NNorxasarteansbcTsBo. Homyctum, 9aro G ynmoBier-
BOpPAET YCIOBHIO min Jas abexeBHXx moAarpynn m ofJaajgaer
cueTHO# siaemeHTapHO# aberepoil cexkmmedr S. Ilyers S; <
< 8, << ... — BO3pACTAIMAA MOCIEOBATEIbHOCTh KOHETHHIX
nonrpyno m3 S, naomas B obbegmaenan S, P, < P, <... —
COOTBETCTBYIOIMAA ed B CHNYy NOpeRHAymeR JeMMH IocJe-
NOBATENbHOCTh p-moArpyun rpymun G. Tak kak rpynnoa
P = (JP,; ynosnersopser ycJIOBHIO min giIA abeleBHX IOf-
Ipynm, To OHa YepHAKOBcKad (remMma 24.3.1). 3magmr, padrm
Bcex P; orpammyeHH. IJTO, ONHAKO, HEBO3MOMKHO, TaK KaK
paHra rpyuns S; HeorpaHHmYeHH. BTopoe yTeep:;kneHme JIeM-
MH cJjaeqyeT m3 24.3.2 coBceM OYeBHIHHM 00pasoM.

243.4, Teopema (C. H. Uepraros). Beakxas sokass-
HO pa3pewumas 2pynna C Ycaosuem MUHUMAALHOCMU Oast
abesestlx nodzpynn [6AKEMCS DA3PEUUMOT HePHUKOECKOU.

IHHlokxasareabcTso. llycts G — J0KadbHO paspe-
mAMaA rpynna ¢ ycloBHeM min fifg abexernx mogrpynu. llo
ToxanbHO} Teopeme A. M. Manmbmesa 22.3.2 G o6xajaer
HexoTopoit RI-marpémkoit. Ilycrs # — HeymloTHAEMAA
RI-matpémra rpynou G. OgermpHo, Kaskmas cekmuaA S aToi
MaTpémKE — mepmogmiecKaa albemesa aBToMOpdHO IpocTas
rpynma, moaToMy S — ajiemMeHTapHas abeneBa rpymma (CM.
5.2.8). Ilo memme 24.3.3 oHa K TOMy Ke KOHeJHA.

Ilyers R — noxrpynna, moposxjeaHas B (- BCEMHA KBa3Hd-
OAKJIAIeCKAMA nmoArpynnama. Tak kak R He copep:KHT HOf-
rpyun kogeunoro megexca (cM. 2.4.10), To ona crabnnamsmpyer
MaTpémKy ./, T. €. HHIyOHPYyeT B KaKJIoH ee cexguu S
eUHAIHYI0 Trpynny asTomMopdmamon. 3Jmaumr, R obxagaer
meHTpanbHOM MaTpémioi (cM. 22.1.5). Tak xax R JoxanbHO
KOHEYHa, TO OHA JIOKAJHHO HHJIBNOTeHTHa. Bpuxy 18.1.50 m
24.3.1 oHa YepHMKOBCKAas, & TAK KaK He COJ@P/KHAT COOCTBEH-
HHX DOATPYIN KOHEYHOro HHEEeKca, To abeieBa.

Qakrop-rpynna G/R yxe He COJEPKAT KBa3HOAKIAIE-
ckmx moprpyno. B camoM pere, momycTaM, 4TO TaKaA IOA-
rpyuna H/R cymecTeyer, T. e. B G HalifyTcA B3JIeMEeHTH
1 =a,, a;, ... Takme, 9TO

H=r1p(ay a ...)R

aby=a; (mod R), i =1,2, ...
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I'pynna H, peiicteya B rpymne R coups:KeHmsAMH, HHIYIH-
pyet B Hell aproMopduaMu. Ecim xota 65 ouH N3 HAX GBI OH
HETOKJQECTBEHHEIM, TO, B3AB a3JIeMeHT m3 R, KoTOpH# EM me-
penBHraerca, U fo6aBUB BCe 3JIeMeHTH H3 A Toro ke IOPARKA,
MH moiayumin On KOHeJYHOe MHoecTBO M, Ha kKoropom H
nelficteyer HeromnmecrseHHo. Iloprpymma H, Bcex aieMeH-
Top W3 H, peiicteylommx Ha M TOMKIECTBEHHO, CONEPKHAT
R w wunmeer =xomeunwii wmHnexc B H. Tax wax H/H, ~
~ (H/R)/(Hy,/R) m H/R He copepXuT cOOGCTBeHHNX HIOArpyIH
KOHETHOIr'0 MHAEKCA, TO NOJYIHIoCh HpoTasopeane. 3uagnt, H
MOBJIEMEHTHO NepecTaHopodHa ¢ K. 3amMeTms »TO, MH 3aMe-

HEM ceddac alemeHTH 1 = ay, a;, ... HA 1 = by, by, . ..
C YCIOBHEM
__ p :
bi p— ai (mOd R), bi+1 == bi’ I —_ 1, 2’ .« e

NeiicTBETeIbHO, TYCTD by, . . ., b; yiKe INOCTPOCHH H @iy =
= b;r;, r; & R. BosbmeM B R 2JeMeHT z;,; ¢ YCIOBHEM
i =r; B TONOKEM b, = @;4;%iy. SICHO, 9TO biyy =
= a;,; (mod R) m by, = b;. IlocTpoennsie TakEM CHOCO-
Gom axemenTH by, by, ..., OYEBHIHO, HOPOMKIAAIOT B G KBa-
BENUKIMICCKYI0 MOArpynuoy, He Jemamywo B [, uro mporn-
BopednT BHOOpPY moirpynnu R.

Tar xak, mo pmokasamEoMy, rpyuma G/R He copmep:xAT
KBASHUIUKJIMICCKAX NONIPYIO H VIOBJIETBOPAET YCJIOBHIO
min pana abenesmx moprpymu (reopema 24.2.4), To Bce ee
abeJeBH M Bce ee CHJIOBCKHE NOATPYyOIH KoHeIHH (cM. 24.1.8
m 24.3.1 coorerctBenno). JlorameM, aro cama G/R KoHedHa.

HUrak, nmycts G — JokaJbHO pa3pelmiuMas rpyuamna, y Ko-
TOopoii Bce afeNeBH W BCe CHIOBCKHe HOATPYIIE KOHEYHH.
Hano noxasate, 9aro G cama KoHeYHA. 1TakK Kak Kaskmaa Oec-
KOHEYHAA IPylUIa CONEP/KHAT CYETHHE HOATPYHOHE, TO KOCTA-
TOYHO NKOKasaTh, 4To G He Mosker OHTH cuerHOoH. llycrsn, Ha-
NpoTHE, OHA cYeTHA. 1aK Kak G JOKaTbHO KOHeyHa (CM.
24.2.5), To ee MOKHO IpefCTABHTh B BHfe o0’befHHEHHA BO3-
pacTalomeil  HOCAeNOBATEIHBHOCTHE  KOHEYHHX  IOATPYyII
Gy <<Gy<<...

Tax kar Kaxgag G, KOHeYHAa W paspemimMa, TO OHA CO-
ep;KAT HEKOTOPYI HODMAJbHYI0 JJIeMEHTapHYylo abedesy
pp-moprpyuny A, (em. 19.1.7). Ecam cpepd OpPOCTHX YHCENX
D1, Pgy - - . AMEETCA JAMb KOHEYHOE YMCJI0 PA3JIWIHHX, TO,
nepednA K NOAXOAAMmMEH moauoCIefioBaTeIbHOCTH, MOKHO
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CIHMTaTh, 9YTO BCE p, COBHmAmaloT ¢ HEKOTOpHM p. Ilycre
A=r1p(4,, A, ...)=A,4,...

Tak Kax cmiIoBCKHE MOArpynnus B G KOHEYHH, TO A KOHEYHA.
Ho Torna cpenm nogrpynn A4, A,, . . . BaliiercA GeCKOHETHO
MHOro copmagaiommx, T. €. (r 00ajjaeT KOHEYHOH HOpPMAaJb~
HOM djeMenTtapHoil alenesoil moxrpynmoit K.

Brany 24.2.5 m 24.3.3 B moKaJdbHO pa3pemmMoOil rpymme
G/K, Bce aleleBH H BCe CHJIOBCKHE HORrPYINH CHOBA KO-
HeHnl. I[loBTOpAM upoBefeHHOE BHILIE PACCYKOCHMEe NJIA
G/K,, p3aTtoii pMecto rpyuns G. Ecam npm atom 8 G/K, Han-
KeTcAd KOHEYHAA HOPMaJbHAA dJeMeHTapHas abelesa mop-
rpynua K,/K,, To mopTopEM paccymxuenue nas G/K,, m T, 5.
B xonme xommos MH jgubo moctpouM B G GeCKOHEYHYI BO3-
pPaCTalOMy0 IOCIEeNOBATEIbHOCTh KOHEYHHX HOPMAaAbHHX
noarpyon K, << K, << ..., 1mbo npmjueM K ¢axTtop-rpymue
G/K;,, nia KoTopo#l mpomecC BHeNeHHAA rpymm A, cBaA3aH
C IOCIefAOBATENIHLHOCTHI0O NPOCTHX 4UYHMCEN p,, COmep:Kamei
06eCKOHeYHO MHOTO pAa3JMYHHX YJEeHOB.

B mepmsom caywae paccmorpmMm rpyuny K = [/ K;. Hana
KaKIoro IPOCTOr0 YHCJIAa p OHA MOKeT MMETH JIMMb KOHeY-
Hoe umcao ceKmmii K;.,/K;, DOPAIKHE KOTOPHX AEIATCA HA
p (Tak Kax CHNOBCKHE HOArpyHnmH B G KOHEYHH), a MOTOMY
MHEOMecTBO 7 (K) BCceX IPOCTHX peNHTeNIell HOPANKOB 3JIe-
mentos u3 K Gecxomeuno. [amee, nns scaroro p & n (K)
MHOKeCTBO 2JeMeHTOB M3 K NOpAAKA p KOHEYHO, TAK KakK
BCE CHJIOBCKHE p-NOArPyOnH rpynne K Je;KaT B HeKOTOPOM
K;. llycrs p, & n (K), a; — aneMedT n3 K mopAjgka p, B
C, = Ck (a,). Tar rax

|K:Cy | = |af | < o

(cm. 2.5.6), 10 MHOMecTBo 5i; = 1 (C,) cHOBA OeCKOHEYHO.
BoabmeMm B 51, 8ieMeHT p, 7= p; B B (| 9ieMeHT @, NOPAJKA
ps- Tar Kak mojrpyunma

Cy = Ck (ay, ay) = Cx (ay) [} Cxk (a3)

aMeer B K KOHEUHHIA HHAEKC, TO MHOMKECTBO Iy = 5t (C,)
GeckomeyHo. BosbmeM B 7, 371eMeHT pg7#=pp, P B B C,
aJI6MeHT ag NOPAAKa pg. llpopodikas sTH paccy:kjeHHAsA, IO-
JyumM TONApPHO IEPeCTAHOBOYHEE BDIEMEHTH d;, Qg, ... HO-
PAIKOB Py, Pgy ... COOTBETCTBEHHO. TaK KakK HOpOKIEeEHAA



§ 24] YCJIOBAA MPMHAMAJIBPHOCTH H MAKCHMAJTBHOCTH 247

AMA moarpynna OecKOHeYHAa, TO NEePBHIA clyuail Ha caMOM
nelie HEeBO3MOKeH. .

Ilepexoga o BTOPOMY clydal, OymeM cYATaTh, 9TO
yiKe NI caMoil Ipyuns G DOCIeNOBAaTeIBLHOCTh pj, Pgy ---
cogep;KuT OECKOHETHO MHOrO PasimIHHX wmced. Boxee rtoro,
MOJKHO CIHTATH, ITO YK€ CAMH 9HCJA Py, Pgy - - . PABIAIHH —
AHAYe MH IOPOCTO onycTHNH OH Te rpynnH G,, KOTOPHIM OTBE-
4al0T TOBTOPAIOOIAECH Dp.

IlocaenosarensHOCTs Tpynn A,, A,, ... He MOMKeT co-
Zep:kaTth GeCKOHEUHOH IORNOCIEKOBATEIHHOCTA IHAKINIECKAX
rpyno. B camom pexe, mycth, HamporwmB, Ax, Ak ... —
TaKag IIONOCJIeXOBATeIbHOCTh, Ilomoxmm

B; =rp (Akj, Ak'+1' L., J=1, 2, ...

7

Tak kak rpynoa B; obnagaer HopMaJlbHOHM Marpémkod B; >
> B, > ... ¢ NEKIUYeCKOMH CEKIAAMH, TO ee KOMMYTAHT

B, o6namaer meETpanbHOR MaTtpémroi (cM. 22.1.6). Tar rak

rpyana B, J0OkaJbHO KOHEYHA, TO OHA JIOKAJHHO HHUJBIO-
TEHTHA, a IOTOMY pas3jlaraeTcsA B NpAMOe HPOHM3BEREHHE CBO-
nx canosckmx moparpymua (cm. 18.1.5). Ho ee cmnoBckme aAB-

NAOTCA TEKIAIECKEME, moatoMy B; aGemepa. Taxmm o6pa-
30M, rpyuna B, paspenimMa, a ToToOMY KoHedHa (cM. 24.2.5).
JTO, OAHAKO, HEBO3MO;KHO IIO CAMOMY ONpejieIeHHIO ITPYNH B,

HNrar, cpegm rpyma A,, A,, ... IACI0 [UKIAYECKHAX
rpynn He Gojiee ueM KOHEYHO; MOKHO CIHTATH MMO2TOMY, UTO
AX HeT coBceM. Tak Kak A; m A; npa i 5= j — HemEKIHYe-
CKHe dJeMeHTapHHe a0eJeBH IPyIOLE pa3JInJHHX HEPHONOB, TO
B cmry 6.1.6 B mpoussemenitm A;A; CymecTByeT 3JIeMEHT
OOPAAKA p;Pj, 4 NOTOMY B rpynnax A; m 4; CymecTBYIOT me-
pecTaHOBOYHEE ME;KIY CO0O0H HeegUHUIHBIE DIEMEHTH a; | a;.
PaccMOTpEM BCEBO3MOKHEIE IIAPHI

(4, x;), THE 1 &= Ay, E Ay, oy = 2324,

i=2,3, ... Tak xax rpyuma A, KoHeYHA, TO CYIMECTBYET
DecKOHEYHOE MHOMKECTBO NAp

(bl‘: Lir)s (bh xf,), “re

¢ OJMHAKOBHIM HEPBHIM 3JI€MEeHTOM. JHAYHAT, B A, CymecTeyer
HeeIMHAUHHI 2JIeMEHT b;, IeHTPAIH3aTOP KOTOPOro B G CO-
nepxuT GeckoHCUHYylo moarpynnmy N,, He copiepmamyio b.
Tax xaxk NN, yooBJeTBOpseT TeM 3Ke YCJOBHAM, 4To u G, TO
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B N; cymecTByeT HeeAHHWYHLIA dNeMEHT b,, MeHTPAXIH3ATOP
KoToporo B (G comepsxur GeckoHewHyIo moarpyuuy N,, He CoO-
pep:xamyio b,, m T. n. OueBmpgHO, 9TO 2JeMeHTH b, b,, ...
NONapHO NEePeCTAHOBOYHH M IOPOMAIOT (GeCKOHEIHYIO IIOJ-
rpyony. 910, OMHAKO, HEBO3MOKHO, TaK KaK BCe abeJeBH
noarpynns rpymms G koHeunwn. Teopema noxasaHa.

O6myio TeoOpHIO rpyun ¢ 3afaHHKMH CBOHCTBAMHM CHCTEMH
IX OOArpynm, passmBaeMylo ¢ 40-x romoB OMHHM M3 OCHOBO-
no0J0KHEAKOB coBpeMeHnHOR Teopmm rpynm C. H. Yeprnkorrm
M ero yueHMKaMu, MOKHO Halitm B moHOrpadmm [31].

§ 25. Komeunoers panra

25.1. IIpumepsi. PaccMoTpuM pns Havala HEKOTODHE HH-
TepeCHHE KOHKDOTHHE CPYNIH H BHYHNCAAM WMIH XOTA OH
OIeHMM CBEpPXY HX DaHIH.

254.14. IIpmmep. Ilyerp p — mpocroe umcio, m,
n — HaTypaJbHHEe 9ACIa, m _> 2. 3a HCKIKNYeHHeM CIydasd
p = 2, k = 1, Bce IIaBHHEe KOHIPY3HN-OOATPYyIIH

Pk = GLn (mes szpm): k= 1, 210,

rpyuutt GL, (Z,m) mmeior padr rn® (He saBHCANMIA, CTAJO

OHTH, HA OT p, HA OT M, HA OT k).

B camoM nene, W3 onmcaHmA rpynn Pj, nameoro B 4.2.8,
BAOHO, 410 P}, — BeKTOpHOe OPOCTPAHCTBO Pa3MEPHOCTH
n? Haj UOJeM W3 p BIEMEHTOB, IO3TOMY AOCTATOYHO yOendTh-
cA, 9T0 UpH p > 2 paHr rpyunus P, He BHme n?, a upup = 2
pasr rpynnoH P, e Bume n?. OGa ath cayyas pasbupawrcs
aHAJOTHIHO, A ME OrPAHHYMMCA PACCMOTPEHHEM TOJBKO Hep-
soro m3 HEX (p > 2).

Hycrs H — npomapodpHafA noarpynna rpyois P,; Hymx-
HO IIOKA3aTh, UTO OHA NOPOKmaeTcA He Oonee yeM n? aleMeH-
tamu. Ilycre ¢ — roMmoMopdmamul, onmcannte B 4.2.8. Oge-
BHTHO,

Hoe(HN P)eL...<(HN Pna)?™t=H ) Pp;-
BriGepeM B BekTOpHOM upoctpancree H [) P,,., Takyio Gasy
ay, . - ., Qg B KOTOPOH LEpBHE $; DIEMEHTOB ABIAKTCA Oa-

sdcHEMME naa H®, nepsee S, 5JIeMEHTOB — 0asHACHEIME
pig (HOV P mo1.omy, 0o <. sl Ilyers

m.
m; — HanDoJbIIee IMCJI0, IpU KOTOPOM ypaBHenme xP.' = a;
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mMeeT pemienne B [, b; — oxaEo m3 Takux pemenmii. [TokasxeM,
uro H nopomxpgaerca sleMeHTamMmm by, . . ., b,. Ilycts yxe mo-
Ka3aHO, 9TO

H ﬂ Pk+1 “<\ rp(bh RN bs)s

a nycth 2 = H () P,. Torna 2% =v (..., a;, ...), rne
U — HEKOTOpoe CJIO0BO, i < §. flcmo, uro

mi+k+1-m

r=v(..., b0 yeo) Yy yE=H() Py,

n, caexosatednsuo, H [} Py < rp (by, . . ., by). NENYKTHBHES
coofpaskeHAA MO3BOJAIT Temeph 3aKJIIOIATH, uro H copep-
;xmreAa B rpynue rp (by, . . ., by), a moTOMy COBUANAET C Hei
(o6paTHOE BHIIYEHHe OYOBHHO).

20.1.2. Yopaxkamernume. IlposecTH pOoKa3zaTexbCcTBO
B ciytae p = 2, k > 1.

25.13. IIpmmep Paar cmiosckoi#r p-mogrpynus

rpynnu G L, (Z pm) He IpeBocXom|T ynciaa 0 (n) = % (drn —)n

(He 3aBHACAMmMErc OT m).

HeiicTeATeIbHO, BTA CHJIOBCKAA p-moarpynna P onmca-
Ha — ¢ TOYHOCTBHI0O 10 COUPAKEHHOCTA — B YIPA)KHEHAH
11.3.3. Ilycts Pj mMeroT TOT ;Ke CMHCH, YTO W BHme (B yu-
paxuenma 25.1.1). PaccmorpmM nemouxy noprpymmn P 2>
> P, > P,. @akrop-rpynna P/P, wnsoMopdua rpyume
UT, (p), noaroMy obiranaer HOpMaJbHHI MaTpéuikoi ¢ abe-
JeBHMH CeKOuaAMua pagros n — 1, n — 2, .. ., 1 (em. 16.1.2),
daxrop-rpymna P,/P, nnGo TpEBHajJbHA, JAA0O »IeMeHTap-
Han aGexepa panmra n?. Hawxomenm, rpynma P, ambo Tpusm-
anbHa, aub6o BeERY 25.1.1 mMeer paur r® Otcioma m w3 4.1.7
cirenyert, aro padar P me Bume 2n® + (n—1) +(n —2) + ...
... +1=10(n).

251.4. llpame p. Hak cKasmBaeTca KOHETHOCTH
paHra Ha JOKAaJbHHX CBOMCTBAX rpynno — CKayKkeM, Ha JO-
KaJbHOM HEJIBHOTeHTHOCTH WA JOKAJBHON paspemmMocTm?
HamoMHEM 1A cpaBHeHHA, 4TO, HApPUMEp, IPH YCJIOBHH
JNMHEAHOCTH TPYUNH JOKAJBHAA Pa3pemnMocTh IpeBpa-
maeTcA B paspemmMmocts (yupaskmemme 21.1.6), xora, ¢ mpy-
rofi CTOPOHH, CYMECTBYIOT JWHEHHEE JOKaJbHO HHJBLO-
TeHTHHE TIPYINH, He ABIANIEECA HMJIBIOTEHTHHMHA (OpH-
pexaTe npmmeph]). M mokakem ceifgac, 9T0 IPH yCJIOBMHE
KOHeUHOCTH PAaHra HH JIOKAJBbHO HWJIBIOTEHTHAS Ipynna He
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o0fg3ama OHTH HEIBIHOTEHTHOH, HE JOKAJbHO paspemmMas
rpynoa — pa3perinaMOH.

CAaMOM Qeje, OYCTh n — HATYpPaJbHOE YHCIO > 3.
PaccMoTpEm npsMoe npomsseneHme KOHTPYSHI-rPyIn

G = ];.[ GL, (Zm (p) pPLm )

rme p mpoGeraer Bce mpocTeie 9mciaa, m (p) = p'® m umena
l (p) He orpaHEWYeHH B COBOKYNHOCTH. TaK KaK MHOKHTEIH
3TOTO NOpOHW3BeJeHAA — KOHEeUHHe p-rpynml (cM. [JOoKasa-
TeqberBo 14.2.2), T0 G nokanpHO HmiIbmoTeHTHa. C mpyroi
CTOpPOHH, coriacHO dgopmyie (9) m3 § 3

[tk (P¥), i P =1t; (p*)

UpA PA3IUIHHEX i, j, kK, mM03TOMY CTYyneHH pa3pemmnMOCTH
MHOKHTeJIeH He OrpaHWYCeHH B COBOKYNHOCTH WM, 3HaumT, G He
MoxeT OuTh paspemmmoii. Hawomen, sempy 2.3.4 m 25.1.1
padr rpynous G KOHEYeH — paBeH N,

254.5. llpnmep. Ecntm A — abeneBa p-rpynma Ko-
HeYHOro paHra r, To BCAKaA p-nmoprpyuma @ ee rpynmu as-
ToMoppu3MoB KoHedna @ panr @ He mpesocxonHT gmcia
0 (r) m3 mpmmepa 25.1.3.

flceo, uwro mpummep 25.1.3 moasiAercA 3mech He ClIydaid-
HO — BTO B TOYHOCTH YACTHHIA CJydad HAMIErO YTBEP;KICHMA,
Koria 4 — upAMas cyMMa r = n OEKJIHYECKHX rpynn oj-
HOT'O ¥ TOTrO xe nopanka p-. O6mee yTBep;kaeHAe KOCTATOTHO
CBECTH K BTOMY YaCTHOMY, YTO MHI Cedyac M chelaeM.

IIpesxne Bcero, spupy 10.1.16 A = B @ C (B agmaTus-
HO#l sammcm), rne rpymna B KoHewHa, a C — mpaAMas cyMMa
He Golee ueM r KBasumAKImIecKmX rpynu. Ilycts p' — mam-
boNbpmMAE LOPAXKOK dMeMeHTOoB m3 B, Ao — moarpynma sJje-
MeHTOB M3 A, YHOBIeTBOPAKIIAX YPaBHEHHIO

pt'z = 0, rge I’ = max (I, 2).

OuesmpHo, Ao KoHeYHa m aBToMopduo (nmaxe aHZOMOpPPHO)
nouyctama B A. lloraxkeM, ato ecnim ¢ &= @ m ¢ geficTByeT Ha
Ao ToxknmecTrenHo, To ¢ = 1. B camMoM pede, Tak Kak B < A,,
TO (p OCTABJACT dJIEMEHTH M3 [3 HeNOXBH;KHHMH, X OCTAeTCH
OKa3aTh, 9T0 @l = 1.

Bempy 5.1.4 aBromopdm3My @|c COOTBETCTBYET HEKO
TOpaA MaTpuma o HAJ KOJbIOM HEJHX p-afWdeCKHX THCeI
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npAIeM
= ¢ (mod p?),

TAK KaK ¢ OCTaBJIAeT Ha MeCTe BCe pemeHWsA ypaBHEHWUS
p’r = 0 (3mechr & — egwEMIAAA MarpEia). Eciam o £ &, 1O
MaTPHIA O JONKHA OHTH 9JeMeHTOM 6ECKROHEYHOro IMOPANKA
(cm. yrkasaHme K 24.1.6), 9T0 ODpOTHBODPEYINT HMEPHOAHIHOCTH
rpyunat @. 3mawmr, ‘¢ = 1.

W3 crazamHOrO0 Clegyer, 9T0 COMOCTAaBICHNE KajKAOMY aB-
roMoppuamy ¢ & @ ero cymeHEA (o Ha (KOHEYHYI aBTO-
MOP(HO JOMyCTEMYIO) NOATPynny A, ABIsAeTCA A30MOpPPN3-~
mMoM, T. e. @ ~ @,, rome @, — rpynna Bcex TaKUX ¢, Ta-
KuM 00pa3oM, MOHO Cpady CYHATATb, 4T0 rpymma A K o-
HedH a.

IIycrs A — npaAMas cyMMa MUKIAYECKHX TPYNN MOPSAA-

KOB p™, ..., p'T ®m = max (my, ..., m,). [lorpysum A4
B «OJHOPOJHYIC) CYMMY

A* = (a) @ ... B (a),
I[@ BCO CllaraeMhle OJHOTO M TOr0 ke mopAaKa p™, IOJAaras

A=@(p"ae...0 (Pkrar).f

e ki =m —my, i =1, ..., r. [lna ramgoro asTOMOp-
¢usma @ rpymnn A mmeeM

(Plia:) o = gai,- (9) (p"as), (1)

rae o;; (p) — mopxoaAamue mennle gucia. Illonarro, 9ro

k. Xk
aij (¢) = B (@) p™ F*P™,

rae PBi; (p) — roske menrle wmena. Ilycrs

k. )k
aff (¢) = By (@) pm P

[Ipocroe MaTpPWYHOEe BEIHCICHHWe IOKAa3HBaeT, 49ro a* =
= § lad, rme

a = (o (@), o* = (oF (), 6 = diag (o™, . . ., P').

Ecim temepr 9o =@ 1 ¢ =1, 10 ¢ = & mo Mogymo
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KOBpa HHEAJIOB

(™) ... (p'"

™) ... ("7

Conpsaras 5To COOTHOIIeHHe MaTpHIel §, BHamM, IT0 (00*)P® =
= & 0 MOAYJIO TPAHCIOHMPOBAHHOTO KOBPA&

(™) ... (™)

@' ... @'

CnenoBarensHo, BosBoga Marpuny (a*)?® B p™-10 cremems, .
MHI IIOJYIAM eIMHHYAYI0 MATPHIY 110 MoayJio p™ (cp. ¢ moka-
3aTexbCTBOM 14.2.2). 910 o3mawaer, yTo a* — MarpEma Ko-
HEYHOT'0 IOpPAJKA; B YaCTHOCTH, oHa obparmma. Marpmna ao*
ompepgenaser aBToMopduaM ¢* «ogHOpoxHOM» rpymme A* mo

dopmy e
a;p* = %“;' (9) a;.

U3 (1) Bugrao, 9TO @* mpomomkaer ¢ ¢ moarpynns A Ha BCIO
rpynny A*. Boxee Toro, ecam @*, P* — raxme-am6yns mpo-
JoKeHNsA aBTOoMopdusMoB @, P m3 D, To o*P* — mpopmon-
’eHHe aBTOMopdnaMa @, & mOTOMY, IO TeM ke coobpaskeHH-
AIM, 9TO H BHIOE, OHO ABIAETCA P-3JeMEHTOM. 3HAUNT, COBO-
kyorocth @* Bcex ¢*, B3aTHX mo BceM ¢ &= O, — p-rpymma
aproMop¢mamoB rpynnn A*. Bempy 25.1.3 pamr rpynome
@* we npesocxoanr 8 (r), a moToMy W paHr ee TOMOMOPHHOTO
o6pasa @ me MoeT IPEeBOCXOAHUTH 3TOTO YHCIA.

25.2. llepemoc ¢ abeneBBIX HOArpYNN HA pPa3pELIEMYIO
rpymy. 3pech Oyaer Joxasama ClefylOmag OCHOBHASA

25.21. Teopema (M.MHM. Hapramomaon). Bcakas pas-
pewumas epynna, y xKomopoii paneu abeaeswr nodzpynn Ko-
HEYHBL, CaMa UMeem KOHEUHBI panz.

HloKa3kBaTb TEOpEeMy MH GyneM B Takoi ¢opMe (yIATHBAA
MHAYKTHBHHE Coo0paskeHHs, W3JI0KeHHHE B IpefHAyIieM
naparpade B cBA3HM ¢ TeopeMamu 24.2.2 u 24.2.3):

25.2.2. Teopewma. ITyeme A — abescsa HOpMarbLHAA
nodepynna spynnw G. Ecau panzu abesestix nodzpynn epynnb
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G Koneuhvt, mo panau abesesx nodzpynn zpynnw G/A moace
KOHEUHH.

Haunem ¢ nemm.

25.2.3. lemma. IIyemv A — nepuoduueckas abeacsa
HopMaavhas nodzpynna zpynnvt G. Ecau A umeem wkoHeunwiii
panz, a G/A codepacum ceo6odnyio abeaesy nodepynny cuemmoi
cmenenu, mo u G codepicum ceo6odnyr0 abeaesy nodzpynny
CUEMHOLL cCmeneru.

Hoxasarenscrtso. Ilyers 2,4, 2,4, . .. — cUer-
gasg 6aza cBobGopgHON abemepodl mogrpynnm rpynmsl G/A =

A;y = 1p (2;, z;). Cornacro 3.2.2 woMMyTaHT A;; Ipynns
A;; DOpOKEAETCA BCEBOBMOKHBIME HJIEMEHTAMH, COIpPHKEH-
HEIMHE ¢ KoMMmyTaTopoM [z;, z;]. Tax xax Bce omm nesat B A,
a afeneBa TpyHIa KOHEYHOr0 DPAHTa M KOHEUHOrO IEPHOJRA

komeuna (yguecrs 10.1.16), 10 A;j Komegen. Coraacmo 3.1.4
MHJEKC ero MeHTPaIm3aropa B A;; HoMKeH OHTb KOHEYECH,

’ n;
m0oTOMY A;i; HEHTPAJIM3YercAd HEKOTODHIM JIEMEHTOM Zj
n;; > 0. B gacrrOCTH,

n.- n‘l
[JL‘i, a:,-”, x,-”] = 1,
OTKYJa MHAYKIHeH 0o m (C MCIOJAb30BAHNEM KOMMYTATODHEIX
cooTHOMeHNH u3 § 3) moayuaercd, 4TO

n--m n.o
[x,-, x,-"” | = [-‘L‘i, :z:j”]m, m = 1, 2, . s
’ 'nijm
B wacrroCcTH, Ipn Mm=| A;;| umeem lz;, z; |1 = 1. Iomosmum
my; = ngj| Aifly  mi=1 1 m;=rmme; ... mjy,;

npag j > 1. fcmo, wro rp («1", 3, . ..) — cBoGogHAA
afeneBa rpynma cueTHo# cremenm. JleMMma JokasaHa.

O6paruMcss Temeph K JOKAJIBHO KOHEYHHM TIpyHOOaM.
IIpeskme Bcero, mam momapgobmrcess demma 24.3.1, Koropymo
yno0H0 mepedopMyAHpPOBATh TaK:

25.2.4. Jl e M M a. JlokaabHo KOHEUMas p-epynna, Yy Ko-
mopoli parau écex abeaesux nodzpynn KOHELHb, A6AIEMCA PA3-
Peuumoll uepHUKO08CKOUL 2pYnnol.

IeficTBuTenbHO, AaA abGeneBHX p-FpylNl YCIOBHE KOHEY-
HOCTH PaHTa U yCIoBREE min coBnagawT (cM. 24.1.8).

25.2.5. Jl em M a. Ilyemv G — A0KAAbHO KOHEUHAR 2pyn-
na, Yy xKomopou parzu abesesvlr nodzpynn KOHEYHu, P — RPO-
cmoe yucao. Tozda:
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a) pawnz2u cuaocsckux p-nodzpynn zpynnit G KoOHmeuHw u o2-
DaHUYEHB 8 COB0KYNHOCMU,

6) parneu p-cexyuil epynnv G ne npeeocrodam sy, 20e sp; —
MAKCUMYM DAH208 cUaoséckux p-nodzpynn zpynnu G,

B) Sp <% (Oap + 1) ay, 20e a, — marcumym panzos abe-

aeewxr p-nodepynn zpynnu G.

HorasareanbcTBo. a) Ilo memme 25.2.4 pamrm
BCeX CHJIOBCKHMX p-OOATPYLN rpynnn G KOHEYHH; IIOKAaKEM,
9T0 OHW OFPAHMYEHH B CoBOKynHOoCTH. Ilycrs, Hamporms, cy-
HIECTBYeT NOCIEN0BATENBHOCTh KOHEWHHX p-moiarpymmn 2P,,
P,, ... HeorpaEWYeHHHX paHroB. lorpa Halmercs aHANO-
TMYHAA IOCHeN0BATENAbHOCTh, HAASA KoTopoH Kampgoe Q; =
= r1p (Py, ..., P;) — p-rpynma. B camom pgexne, ecam
P, ... P, ywxe nogoGpamm Tak, aro @; — p-rpyuma, To
HEeKoTOpasg CONpSKeHHAA ¢ Py, MOArpynna JEeKUT B TOH e
CHIOBCKOH p-moarpynne rpynokl (;,,, aro u Q; (1o Teopeme
Cnnosa 11.1.1, npummememmoifi K KomeuHo#l rpymme Q).
Ecnm temeps samennts P;,, Ha 9Ty CONPAKEHHYIO ¢ Hell HOJ-
rpyony, 1o Q;,; Taxkme Oypner p-rpynnoi. Ilognmpasaernrie

TakuM cmocobom P, P,, ... mopompaor p-noarpymmy. Ilo
aemMe 25.2.4 ee paAr KoHedYeH, OfHAKO paHrd moArpynno P,
P,, ... He orpanWYeHH,— NPOTHBOpEUHE.

6) flcmo, 9T0 MOCTATOYHO OrPAHMIATHLCA PACCMOTpPEHHEM
KOHegHH X p-ceknuit rpynmn G. Ecan L/M — rakas
cexnun, o L = XM, rne X — KoHeumaa moarpynna. Ilycts
P — ee canosckaa p-moarpynna. Tak Kak mpm roMomMopdms-
mMe X — XM/M cunosckas p-moarpymnna orofpaskaercA Ha
CHIOBCKYW0 p-mopgrpyunmy (cm. 11.3.4), To

L=XM-=PM, (2)
OTKY /12
paar L/M < panr P < sp.

B) Ilycrs P — cmnoBckasg p-moarpynmna rpynnsl G paHra
sp. Tak kak P wepHmKoBcKaA (cM. 25.2.4), To 0OHa COfepPIKUT
TaKyl MaKCUMAJbHYI0 afeleBy HopMaapHYI0 moarpyumy M,
uro P/M — roHewnHas p-rpynna. Jlamee, P aBaserca ZA-
rpynmo#t (cM. JoKasaTeabcTBo meMmu 24.3.1), moaroMmy,
sBuny 22.1.7, P/ M n3aomopdHO BRaagnBaercs B Aut M. Tax
Kak pasr M He IPeBOCXOAMT 4p, TO BRUAY 29.1.5

paar P/M <0 (ap) = %(5% — 1) a,.
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Haxonen, seany 4.1.7
1 -
$p << @p + 0(ap) = —5-(0ap + 1) ap.

JleMMa nmoxasamHa.

25.26. Ynpamuaenne. B ycaosnax aemmn 25.2.5
KasKjgasg p-CeKIuaA rpynok (G — 4YepHMKOBCKasg rpynna,

25.2.7. lemwma. Ilyemv G — a0kaAbHO KoHeuHas zpyn-
na, A — ee HopmasvHas nodzpynna, SEASOUEAACS NPIMBLM
RPOU3BEOCHUECM C80UL CcUAO8CKUT nodepynn, a G/A abeaesa,
Ecau parezu abesesvix nodepynn epynnu G koneunvt, mo G cama
umeem KOHEUHbU paHe.

HorxasarenscTBso. a) Moxao cuurars, 4ro cm-
JIoBCKHe moArpynok Sp/A rpynns G/A mo KamgoMy IpoCcTo-
My 9UCAYy p KoHegyHH. B camom fexe, coraacHo 25.2.6 Rampmasn
rpyona S,/A 4epHEKOBCKAg, a IOTOMY €e DaHTI COBIAagaer
C paHroM HWKHero clos Sp/A, T. e. MAKCUMAJAbHOH MOATPYD-
nH nepuopga p. Ecam MH KoKakeM, 9TO paHT T'PYIIIH

G* = rp (S3| p — mpocroe wHCiO)

KOHedeH, T0 970 6ymer o3HAYaTh KOHEWHOCTh paHroB rpynn A
nG*/A, anoromy n G/A (cm. 2.3.4) u, 3maunr, Bcei rpynns G.

6) CmaoBck@e moxrpynnsl rpynnil G (a Takske moboit ee
HOATPYNIH) CONpseHH. B caMoM jiene, Kaykgas CHIOBCKanA
p-moprpymna Gp; rpyuns G JOJKHA Comep:KaTh (eHHCTBEH-
AYI0) CWIOBCKYI0 p-moprpynny A, rpymus A. Tak kak Gp;/4,
KOHe9Ha, T0 Gp; = X,;A,, THe Xp; — KOHeYHadg p-rpynna
(cM. Bume gokasarenbcrBo gopmynn (2)). Ecam Yy, Y5 —
( MIOBCKHME p-NOATPYNIH KoHeuHo# rpymmu rp (Xp:, Xpj),
copepskamme X,;, Xp; COOTBETCTBEHHO, TO

Gpi = Ypidp, Gp = Y pidp,

DoaToMy, o teopeme Cmiaosa 11.1.1, G,; u Gy conpsens
B G.

B) Jlocrarouno mokasars, uto G = I'A [uA HeXoropod
noprpynnsl I, ABaA0ImeRca NPAMHM NpPOH3BeReHHEM CBOHX
cuwnoBckux moprpynn 7I',. IleitctBuTennHo, ecam H, — abe-
JeBa moArpynna mamboiemero pagra rpynne 7,, To BCe Ta-
kue I, mopoxpaoT abGeleBy moArpynmy, KoTopas JOMKHA
WMeTh KOHeUHHI paHr, ckamem, r. Ilo memme 25.2.5.8) pamp

Kaxmao# 7', He MpPeBOCXOIHT ; (5r + 1) r, a moromy parr T
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KomeueH (cM. 2.3.4). Ilo teM ke coofpakeEmsaM panr A wu,
3HAYNT, PAHT BCell rpynuhl G TakKe KOHEUeH.

r) Iocrpoerme Tpebyemoit 7.
[lyers p, = 2, p, = 3, ... — mocaegoBareapbHOCTh HPO-

CTHIX gmces, S;/A — CHIOBCKas p;-moarpynna rpynnoe G/A.
PaccmoTpaM [iBe mOCHIeQOBATENBHOCTE MOATPYIII

G=Ny>N; > ...

a
Pl, P2,---’

rae P;,; — cUJOBCKaA p;,,-HNOATpynna rpyonn N;,
Niyy = NNi (Pi+1)a

A nokaxeM, 910 G = N;A pna Bcex i =0, 1, 2,... [laa
i = 0 pTo TpuMBMambHO; mepedmeMm ot i K I 4+ 1. Ouwermpgno,
P,., — cunoBcKas p;,,-OoArpynna nepecegenun N;()S;;1,
HOpPMaAbHOro B NN;, moaToMy, mo obobmermoix nemme Dpar-
ruam 17.1.9,
Niy = Nin (Ni ﬂ Si+1)-
Ho
N; [ Si+1 = P, (Nz' ﬂ A),
nocKoabRy cexnus (N; () S;,1)/(V; [ ) A) — koHeuHanA p-rpynna
(cM. BHBoOg dopmyan (2)). Orcioga
N; = N;u (N; N A)

G = N;A = N,;,,A, Kak n TpeGoBanoCh.
Cormacuo 25.2.6 rpynna P; ynoBierBopser YCAOBHIO min,

N03TOMY pPAL ee HOArpyII
Nt Pi >N 1Py > ..
oOpriBaercd, T. e.
Neawy (N1 Py = Nyyer [V Pr= 0 .

masg Hexoroporo k (i) > i; o6osHaumM aTm mepecedenus T;.
Ecam k > k (i) » P — npowaBoNbHAA p;-NIOATPYHOA TPYOOH
Ny, 70 P mHopmammsyer moarpyomy P; (rark raxk Ny <

< Ny < N;), mosromy
P < Ny ﬂ P, =T,

W, 3HAYAT, 1; — eMUHACTBEHHAA CHJIOBCKA pD;~NOATpyIIa
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rpyunst Ny. Orcioga caemyer, garo [Ty, T;1 =1 npm i 54§
W, 3HAYMT, HONIPYUOa

T=I‘p (Tl, Tg, .--)

— IpsMoe Ipon3BeeHne ee cANOBCKUX noarpyan 7'y, T, . . .

I'pynna T — mcxomasg. B camoMm meise, ocranoch yoegnuTh-
ca Touabko, 910 G = TA. Tak Kak G = rp (Sy, S5, ...) 4,
TO JJA STOr0 HOCTATOYHO YCTAHOBHTH paBeHCTBA S; = T;A4.

Ho
S; = (N A)N S; = (Nx ) Si) A,
u ecnm k > k (i), To
NkﬂSisz(NkﬂA)

(cM. BriBog Qopmyan (2)). Caemorarenrvno, S; = T;A. Jlem-
Ma IoKa3aHa.

HoxaszarexscTBo TeopeMu 235.2.2. Oue-
BH/{HO, TOCTATOYHO JATh 0KA3aTeJIbCTBO TOJBKO B IBYX Kpai-
HWX CIy49afAX, Korga A — mepmog@4YecKas NOATPyOHA H
Korjga A He MMeeT KPYyUeHHA, TAK KaK B o0IeM ciiydae MOKHO
nopEATHCA Mo Marpémke 1 <C A, << 4, rme A, — nepmogn-
YecKas 4acTh rpynnoe A.

ITpegmonoxuM cHagana, uro A mepHoAWdYeCKas, W JOKa-
’eM, IT0 paHrn abeyeBHX moArpynnm rpynon G/A KoHe9HH.
IIycrs, manporus, G/A copep:xur abeneBy moarpynny B/A
Geckomeunoro pamra. Ilo aemme 25.2.7 ee mepmogmueckas
qgacTb B /A moxkHa mMeTh KOHEYHHIH paHT, a MOTOMY Ipynna
Ges kpyuenusa B/B, mommHa GHTh OeckoHeunoro panra. Tor-
ga B/B, nMeer u OecKoHeuny pasMepHOCTb HaJ 7, (mHade
OHa BKAAJHBaJach OH B KOHeUHYIO OpaAMyl cyMmmy QP . . .
. . . R, paAr Koropoil KOHeYeH), 8 HOTOMY COMEpPKHUT CBO-
GomHEyl abemeBy moarpynny cdeTHOil crememd. Ilo nemme
25.2.3, npuMeHeHHOHN mocjaemoBATEIAbHO K mapam B/A, B,/A
u B, A, Trakywo mogrpynmy molkHA cofiepskarsk cama B. Ho
9TO IIPOTHBOPEYHT KOHEYHOCTH PAHIOB abedeBHIX MOATpynm
rpyuns G.

Teneps pasGepeM BTopoit cayuail: moarpynna A He mmeer
Kpyduerusa. [loxaskeM, 410 B 3TOM CIydae BcAKas abeaeBa mop-
rpynna B/A rpymun G/A takke MMeeT KOHOIHHR paHT
Mu Gynem caemoBaTh To cxeme H TeM 0003HA9eHMAM, KAKHe
OpAMEHAANCHh BHINIe A JOKA3aTeJIbCTBA TeopeM 24.2.2 m
24.2.3 (em. crp. 239). Ecuu [A, Bl = 1, To. cornacuo aroit
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cxeMe, JOCTAToO9HO y6exuThes, aro panr rpynns Hom (M/A4,A)
KoHedeH. Tak kKak M/A m A — abejeBH rpynns KOHEYHOIO
panra, npaaem A Ge3 Kpyuenms, To rpynna Hom (M/A, A)
n3oMoppHA NOATPYUIE AFANTHBHOR Ipymmel (IPAMOYTOJb-
HHIX) MATpPAL Hajg moxeM (), a moToMy HeACTBHTEILHO HMeEeT
KoHEuHH# parr. B ofmem caydae BocnoabsyeMca HMHAYKIHER
no panary rpynnsl A (npm A = 1 yTBep:xaeHAe TPEBHAIBHO).
Ilpeanmonoskum cHawana, uyro A mMax-OpuUBOJUMA OTHOCH-
TeJabHO B, T. €. COREPKUT HeefMHAYHYI0 B-TonmyCTAMYIO IO/~
rpyuny H ¢ mHemepmopgmueckoit ¢arrop-rpynmoit A/H. Tlyers
T/H — nepuonmueckas vacrb rpyoon A/H. Tak xax B aGe-
JAeBHX Ipynumax KOHeYHOr'o paHra 6Ges KpyueHHs paHT COBHA-
A3eT ¢ pPasMEePHOCThI0, a OPH (AKTOPH3AMUA PA3MEPHOCTH
cKiraguiBaioTea (cM. 7.2.2), TO KAPTHHA TAKOBA:

He

Ase

} pane A/T < paue A
Te

} T/H nepuofuveckas
Hé

paxz H < pame A

1 e

ogaumagcs mo Marpémke 1 < H < T < 4, MH BuguMm, 9TO
paar rpynnk B/A xorewen. Ilyctp Temepr A max-HenmpuBo-
muMa oTHocHreabHo B. Mo:xHO cunrath, manee, ato (A, Bl #%
1, Tak KaK TPOTUBONIOJOKHEIA caygail y:x9e pazobpan. Tor-
xa mo demme 24.2.1.6) cymecrsyer Takaa moprpynaa X gro

|IB:XA|<<oo u X (|4 =1.

Tak xax mogrpymma X ~ XA/A abenesa, To 0Ha, & XoTOMY
n nogrpyonsl XA m B mMewT Komeunsie panrun. Ho Torga m
B/A pommma mMerh KoHewnwii pasmr. Teopema poxasama,

25.3. O aokanbHO paspemmMmx rpymmax. Hax y:xe or-
Megajoch B Hadaixe NI. 24.3, B oriimume OT TeopemMu 24.2.2
HM Teopema 24.2.3, HEM rTeopema 25.2.1 Ha noRanmbHO paspe-
ITEMBEle TPYHNH He NePEeHOCATCS — 3TO NOKashBaeT HpHEMep,
KOTOPHIH MH CeH9ac M3JI0:KAM.
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2534. lpumep (IO. . Mepsaakos). CymecrBymor
JOKAJbHO NOJHNAKIAYCCKHE I'PYINH Oe3 KPYdeHHA, Y KOTO-
pHIX paHTH Beex abeseBHIX CeKnuil KOHEYHH, HO YiKe paHTH
a0eJeBHX MOATPYOO He OTPAHMYEHH B COBOKYIHOCTH.

Il moCTpoeHWsA TAKHX IPYIO BBeJeM IOHATHE ®-Jedop-
manua. Mu Gyjem paccmatpuBars Tpoiiku (G, A4, a), rne G —
rpynoa, 4 — ee HoOpMaJabHAA NOATPYNIA KOHEYHOTO HHJEK-
ca, ABagomagca cBobomHOHR albeneBodf rpynmod KoHEYHOHR
TOJOKATENBHON CTeneHH (Tak 4TO B JAHAOM CIY4ae CTEIHeHb
csoboxbl coBmagaeTr € paHrOM TpPYOOH), ¢ — OTMEe4eHHAA
B Heit 6asa. Ilycrs ¥ — KopTe:x IOODAPHO B3aHMHO ITPOCTHIX
HATYPAJLHBIX YMCEN, JJIHHA KOTOPOTO COBHA[aeT C PAHIOM
rpymn A, k¥ — npoussefenne uncex u3 x. O6oaznaunm gepes
A% moarpynny, NOpPOKACHHYI0 HJIEMEHTAMHW W3 ¢, BO3BEJIeH-
HEIMA B COOTBETCTBYIOI[He CTeINeHH @3 X, a depes A* — mop-
rpynny A-X cremeHeil ajieMeHTOB u3 A.

IIyers @, — Kpyrosoit mMHOrOwIeH mopagka k,

D () = 2" — ™1 — . . . —c,.

3necy n = @ (k), ¢ — ¢ymroua dimepa. Marpmua

(cl €3 €3 -0a Cpy cn‘
1 0
1 0
G = .
0
\ 1 0]

AMeeT CBOMM xapaKrepucrmuecKkmMm MmuorowieroM @y, mosro-
My moposgfaer B rpynme G L, (7) nEKIndecKylo DOATPYIIY
nopAnka k.

Tar xak A/A* — Toe OEKIHYECKAs Tpynma mopamxa k,
TO CYIECTBYET €@ TOYHOE IpefCTaBIeHHAe CTeleHAMH MATDH-
ou . Ilycrs 0 — KoMmoaumms 3TOro IpefpcTaBJdeHUA C ec-
TeCTBeHHKEIM roMoMopdmamoM A — A/A*. Tar Kak uHHEexc
m = |G : A | xoHeueH, To mpencrasiaesne 0: A — G L, (7)
MHAYLHpYeT mpeacraBieane 6: G — GLy, (Z) 1o crexyo-
meMy npaBuay (cM. koHer 1. 17.2): 6epem xakue-EuOyAL Mpen-
CTaBHTENM Uy, ..., U, B CMEKHHX Kiaccax G mo A u nona-
raeM g° = ((ui'gus)9) mus g €= G; amecs 2° = 0 npu = &£ 4.

BosbsmeM Temeps cBoGopuyo aGenesy rpynny B o~ 7" n
fiynem cuurarp, 910 ©; G — Aut B, Ilyers G* =GB —
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paclIEpeHENe rpyMIk B mocpemctBoM rpynnH G, I.[B]Z[GTBYIO—
meR Aa B B cuny ¢. OueBngno, no/rpynma A* = A*B mop-
ManbHa B G¥*, pMeeT B Hell KOHEUHHH RHAEKC H ABIACTCHA CBO-
Gomnoil abeneBoit rpynmoii Komewroro panra. OrmMeTnM B Hei
6asy a*, Haummammylocsa ¢ k-X cremeHe#l COOTBETCTBYICIIUX
5IeMEHTOB W3 ¢. 1poiika (G*, A*, a*) HasnBaerca x-degop-
mayueti Tpoiikm (G, A, 4); CHMBOJAHYECKAS 3aIHCH

@, A, 6) ~— (G*, A*, a*). (3)

25.3.2. YnpamueHne. [lokasarp, 4T0 ecan a &4
n a® & A* gua scex g = G, 1o Cp (a) = 1.

25.3.3. Jl e m ™ a. Ecau cocmasnoe Hamypansvroe wucao k
deaumcsa HA HEKOMOopoe npocmoe Yucao, HO He Jeaumces Ha e20
xeadpam, mo det(l— ) = 1.

HoxazatenscTso. IIpuGau B Marpume 1 —
— € K mepBoMy cToAOmY OCTAJAbHEE M PA3JIOKUB ONpeeIn-
TONb NOJYYeHHOH MATPHIH II0 e¢ MePBOMY CTOJNOMY, MH BH-
mam, uro det(1 — &) = @ (1) (upm mnpomsBombpmoM k).
Bocnonsayemca Temepr dopmynoi

dlk
(cMm., HAmpuMmep, [6], crp. 154). Ilyers k£ = pl, rge p — mpocroe
gucao, He pensamee l. Torma

z* —1=(z' -—1)-%(1)9(1(:0).

B wacreOCTH, eciqm gmcio [ mpoctoe, TO
gD LY 42t 1= O, (z) B (2).

Ilonosxus 3gecs x = 1, moayunm Oy (1) = 1. B obmewm ciy-
gae pacCy’KjaaeM TOYHO TAK Ke, HO ¢ NPHMeHeHNEeM HMHIYKIIHN
no umucay peanteneir umcaa I,

250.3.4. JIemma. ITyemv k — namypaavroe wucao, ceo-
6001H0e om Keadpamos, I — npoussosbHoe HAMYPALLHOE HUCAO.

Mampuya Tk conpasxcena é zpynne G Ly (C) ¢ mensoprun
npoussederuem Cy1q Q 1oy, 20e d = (k, t), 1,, — edunuunaa
mampuya cmenewu m. Ecau npu smom wucao k/d cocmasroe,
mo det(1 — ) =

IloxaszarexasncrTsno. Ilpemme scero,

gk ~ dlag (81, e ey etp(k))’



8 25] KOHEYHOCTB PAHTA 261

rie ~ obosHagaer conpsxerHOCTh B G'Lggy (C), a mo gmaro-
HAJA BEINACAHH BCe NPAMHUTHBHEIE KODHA A-H cremenm m3 1.

flcro, uT0 ectm d =1, To ;,ﬁ ~ L. Ilycrp Temeps d > 1
a k = dk,, t = dt,. Jlerko BHEgers, 9TO

L~ T ® Lgca-

BoaBogsa 00e gacTd 2T0r0 COOTHONICHAA B i1-Y0 CTENCHH H Y4Hd-
THIBAf MpeHIyIee 3aMedaHme, HOJY9aeM IepPBoe A3 AOKAa3H-
BAaeMBIX YTBEP:KICHMM. BTopoe YTBEDK/IeHAC JETKO BEHITEKAET
g3 IepBOTO, eCad Y4ecThb Jemmy 295.3.3. % .

ITpacTynnM K MOCTPOEHHI0 TPYIN, 0 KOTOPHIX TOBOPHATCA
B mpaMepe 29.3.1.

a) IlocTpoemme tpeGyemmix rpynm. Ilpesmpge Bcero, 3a-
HyMepyeM B TOCHeIoBATeJBHOCTH Vi, Vs, .. . BCE IOCIEI0OBA-
TeJIbLHOCTH MEeJHX Tnces, cTrabmiamanpyomne Ha Hyle. Ilyers
G, — Tpou3BOJbHAA NOJANAKJIAYECKas nouTd abelleBa rpyn-
na Oes kpygemma, A, — ee cBobogmas abemeBa moarpymma
KOHETHOI'0 HHAEKCa, &, — Kakag-HmOyap 6asa rpymnel A,.
Ornpasnssace or tpoiikm (G,, A,, 4,), MBI IOCTPOHEM NOCIe-
HoBaTelbHOCTH HedopMamui

%n

31
(Gli 4, al) —~—— b (Gns An) a‘n) —~— et + + oy

a 3areM mepeiiieM K ee «upegeny». VIMeHHO, myCTh TpoiKa

(G,., A,, a,) yHe IOCTPOEHA, H IYCTh d,¢ 0003HAUACT IPOM3-
BeJlecHAE DJIEMEHTOB 0as¥l ¢,,, BO3BeJlcHHRX B COOTBETCTBYIOMHE
CTEIeHH H3 v; (KOMIOHEHTH € HOMepamud, GONBIIAMHE IJIAHK
a,, He HCHONBL3YWTCA). Jlerko coo0pasmrTb, 94TO MHOMKECTBO

9JeMEHTOB
oM, g =G, i=1,2,...,n, (4)

KoHe9HO. Bo3bMeM B KadecTBe A, KOpTEH IOOAPHO B3aHMHO
JIPOCTHIX THCET, CBOGOHH]&IX OT KBagparoB, € yCJOBHEM, 4YTO

rpynna Ap® He COTepKAT HA DJEeMEHTOB (4), OTIHYHHIX OF
eIMHANE, HA HX CTeNeHeldl ¢ DPOCTHIMH IoKasareaaM: (mis
BHIIONHEHAA DTOTO YCIOBHAA JOCTATOTHO norpeGoBarh, Ha-
npaMep, 9TOGH BCe 9ACHA B3 X, OHIA COCTABHEIMA, & X POC-
THIe enATeNn O51IH G0bITe, 9eM MOAYIA KOOPANHAT DIEMEHTOB
(4) B 6ase a,). Teneps mocrpoenme (n -4 1)-if Tpofixm mpo-
M3BOAMTCA Ha  OCHOBE  OHpEJeleHHA K -ieopMarum,
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k
Gnit=GpB, Anny=A4."B, (9)

a a,,;1 — Kakaa-gEabyas 6asa rpynnH 4,1, HaUMEAOIAACA C
k,-X cremeHe¥ COOTBeTCTBYIOIMAX dJIEMEHTOB H3 d,. J31ech K,
B, EMeroT TOT e CMBICH, Kako#l mMend k, B npm onpeneneann
nepopmaman (3).

Ilyers Goo — npedeavias degiopmayus Tpoikm (Gy, A4, 41)
OTHOCHTEJIBHO IIOCIeOBATEIBHOCTA KOPTEHEd XKy, K, . . .,
T.-¢. O0beJHHEHAE MOCJIEOBATEIHLHOCTA BJIOMKEHHEIX IPYT B
apyra rpynn G, < G, <. .. My nokaskem, 910 rpynnma Ge
AcKoMas. JeficTBATEeNbHO, YURTHBAA (O), Jerko ybGexxmgaeMmcs
AHAYKOHEH Mo n, 9To BCe rpynns G, MoJANARIAYECKAe, Ge3
KPYYeHAA B AMEOT KOHeUIHHe paHrd. Taxkmm o6pasoM, rpynma
Ge TMOKATLHO NONHINAKIAYECKAA, HE AMeeT KDPYYeHHA H CO-
gepaxaT abelleBH NOATPYUDH A, HeOrpaHHYEHEHO pACTYIMHUX
paEroB. Ocraerca mpoBepHTH, 9YTO paHTH abelleBHX CeKnumi
rpynnl G, KOHEYHH.

6) IIna BcAKoOro HeeJHHHIHOTLO 3JeMeHTA A rpynnH G
cymecTByer Takoe HarypaiabHoe umciao n(h), wro nus Bea-
Koro n > n (k) maiinerca snemenr a,=rp (k)] A,, HA B Raxoi

IpocToM CTemeENM He momajalomui B moarpymms (Aixn)%,
g € G,. Umerno, ecnim he G, n RlCsAd — ¢Vt NpAYEM V;
Cofep:KAT HYJIH HA BCeX Mectax, HaumHadA ¢ (| a,] + 1)-ro,
T0 MOXHO B3ATh n(h) = max (s,t). B camom pexne, mycThb

n>stH
an — hIGB:ASI-kSks'*'l".kn-I.

OueBHfEO, @, = ant & A, . C npyroii cropons, Tak Kak ¢ < n
TO 10 TIOCTPOGHEIO KOPTEHA %y, 71 BCAKOTO MPOCTOTO TACAA P
BHIIOJHAETCA COOTHONIEHH®

B= (0P & (4" g6,

B) IlpmerynmM HemocpeACTBEHHO K JOKAa3aTelbCTBY KO-
HeYHOCTH PaHTOB abeNeBHX CeKuail rpynns Ge. Ilyecre H —
HeeJAHATHAA TOATpynna rpynnmi G., H' — ee xommyTasT.
Hocraroumo yOegmTnCa, dUTO

pasr H/H' < pasr G, gy,

rae n (H) = minn(h) moscemh & H, h 5 1. llycron (H) =
= [. JlocTaToYHO OKa3aTh, YTO PAHT MOGOH KOHEUHO MOPOIK-
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peHHOM noarpymmel rpynnn H/H' we npeBocxogar pasra
rpynnsl G;, mOdTOMY, He OrPAaHAYIABAA OOMBOCTH, MOMHO
CYATATH, 9T0 camMa H KoHEYHO DOpOMAeHA W MO-IPeHHEMY
comepxuT h,, @A Koroporo n (h,) = 1. B wacrmoctm, H <
< G, opm pocrarodHo OoJpmoM § > 2

Tax rak G,=G;B;B11, . . . Bs1, 70 G, o6nafaeT KoHedHoi

HOPMAJBHOM MaTpénIKkoi
Gio=D, ., >D >...>D, =
rae

DﬂanBm_l. --Bs-h Zl, l+1,..., s — 1.
dra Marpémra uEAynDApyer B H Marpémky
H=H,_,>H;>...>H;,=1, tpe H,=H () D,

a B H/H' — marpémry
HH =H_>H,>.. H,=1, tne H,=H,H'|H'.
Mu moxaseM, uro Ha camoM gene H,/H,; = 1 npu n = I,
I +1,..,8s—1, 1.e. Hi=1 nm "H/H' ~ H,_,/H,. Tax
kak H; y/H, — cexuma rpyunu D,,/D; ~ G,, 70 3To u gacr
Tpebyemyo omeHRY: panr H/H' < panr G,.
r) Urak, nyers | < n < s. IlpuMernEB gBaKAB TeopeMy
4.2.4, moxydmm
Fnlﬁn+1z H.nH’/HgH.le o~ Hn/Hn+1 (Hn ﬂ H') —_—

= (H (1 Dp)I(H' [} Dp) (H ] D) =

2 (H 1 Dp) Dusal (H' | Dy) Dy

= (H N D)™/ (H' ) Dy)™,

rge m, — ecrecTBeHHaA npoeknmsa D, — B,. O0o3nagnm gna
KPATKOCTH

= (H [ D", M= (H' [}Dn)™
ocranoch gokasarb, uwtro L = M. llpm L = 1 yrep:knenne
0YeBATHO, MOITOMY MpeAmoyioxaM, 910 L = 1.

Iyers b= L, b = k™, he H () D,, r.e.
h=b (mod D,,;), b& B,
Tax xkax r (hy) = ! (cM. Hagano WyHKTA B)), TO CyIECTBYOT
Taxo# anement h, & rp (k) [) A,, 910
hn £ (Aan)®

[JaA goboro mpocroro gmcna p m aoboro g € Gy.
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3aMeTHM, 4TO
(ha'hhy) h =[hy, IS H' (] Dy (6)

hilhh, = k3'bh,, (mod Dy.y).

Ecnm uq,. . ., Uy — TpEACTABATENA CMEKHHX KJIaCCOB TpyIn-
ou G, o nmoarpynne A,, To, COTIACHO NOCTPOSHHUIO I'PYIIH
GrH.l’ _

hnlbh, = bhy,
rpe smement b sammcar crpoxoit ma Z™ Y%, nmmeitmoe mpe-
obpasoBanme h, — MaTpunei

diag (7 7g2) ®s -« s (Um Fin )9

A ¢ — KOMIO3HOHAA eCTeCTBEHHOTo TromoMopdmama A, —
~> A, /A% ¢ nocuenyomum maomMopmamom Ha rpymmy (T, ).
n

Beany (6) )
[hyy, Bl = b (1 — h,) (mod D,,,). (7)

Ilo nemme 25.3.4 onpepenmrennm kaeTor 1 — (w7 h,u;)°
pasan 1, moaromy

det (1 — k) = 1.

ITo Teopeme 8.1.1 cBoGopnbie aGenesn rpynnu B,,, L o6aagamor
CcOrIacoBaHHHMHI Gazamm

biye « oy byy braaye .oy by (8)

Mmqybyy. « o, m,by, (9)

rjge m, — MeJIne YHuCcJja, OTJAYHBREe OT HYJIH Tark kKak

L & n-ROMYCTHMA, TO npeobpasoBammed! — h nepeBoanT 6asy
(9) B ee ammeiimyio Z-o0olo9Kky, a moroMy rpymny L* =
= rp (bg,. . ., b;) — B ceda. Mu BEaEM, 970 0HO 3anHCHIBa-
eTca B 6ase (8) monypacnaBmeiica nemoYncIeEHON MaTpHOei,
II09TOMY

det (1 — hy,) | =det (1 — hip) Jrae = - 1.
3Ha9nT,
2 —="h,) = L

Orcroga m m3 (6), (7) BuTekaer, aro L = M. JlokasareancrBo
3aKOHYEHO.
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OTMeTr{M, 9T0 Ipyuns (o 00IagatoT A APy TrAMHA J1060MET-
HBIMA CBOMCTBAMHA:

25.3.5. Kaxcdas us spynn G, aokaavho paspewsuma, Ho
He obaadaem ceolicmeom RN*, nockoavky waxcdas ee RN*-
nodzpynna (¢ wacmuocmu, Kaxcdas abeaesa nodzpynna) co-
depacumces ¢ nekomopoi G,.

Horaszatexnncrtso. a) Hopmanmsarops m nerrpa-
na3aTopH B G. [lokamem mpemge Beero, aro

Ng,,, (M) = Ng_ (M) Cp, (M) nun M < G, (10)

HefcrBATensHO, MycTs ayemMenTH g = G,, b = B, TaKOBH,
aro M = M. Tax rax [M, b-1] < B, a ¢ xpyro# croposH

M, < M MY = MM LG,

To [M, b7'] = 1. Orcioga b = Cp (M), g = Ng, (M), qro
a TpeGoBaloCh.
Hanee, BBApy 25.3.2 m BEOOpa KopTesxa %,

Cp,(6.)=1 mpa i1, i<n. (11)

6) llycre H — meegmumuHaAa moarpymma rpynns G,
yepe3 KOTOPYI0 IpOBefeHA TPAaHCOHHATHO Bo3pacraomas
cy6HopMalbHAS MTOCIe0BATeIbHOCTD

H=H,<H,<...<Hy<...<H,,

T. . Ho <1 Hyy1 A7A BceX TpaHCOMHATHHX dqACeN o < 9

n Hy = | ) Hp pna npegenbanx o < y. Ecan H copepmarcsa
B<a
B HeKoTopoM (,, TO CymecTByeT TaKol HoMep R = Ry, 9T0

H, < G,.

I eficTBATENBHO, IYCTh @ — HeeIHHEAYHHN 3JIeMEHT Iepe-
ceuenma H,[| A,. Ilycrs om mnmeer B 0aze a, KOOPAHHATLI
Uyy o v +y Up, @ TOCHETOBATENBHOCTD V = (Uy, . . ., Uy, 0,...)
aMeeT HoMep £, T. e. v = v,;. llokameM, d9TO 4nNCio n =
= max (s, f) ackomoe, 1. . H, < G,,. Ilycrs yme morasaso,
aro Hpg < G, paa Bcex B << o < v, B JoKaKeM, 9T0 Hy <
<< Gp,. [na mpegenbHOTrO @ 3T0 oOueBmaHO. Ilycts o0 — me-
npefenbHEOe TpaHCPMHATHOE gmCHo. [loCTaTOYHO IPOBEPHTH,
970

Ne,,, (HaZ)=Ng, (Ho-1) upy > n
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miam, BeERy (10), gro
Cp, (Hgy)= 1 mpm I > n. (12)

Ho

kg

)- (13)

Bergy BmOopa ormedeHHHX 6a3 a"sF-1 = a;, moaromy mu3 (13)
n (11) Bureraer (12).

Bce yTBepmmeRnsa npeiyioskeHnd 20.3.9 Teneps 09eBHIHEL.

IIpamMepH mpmMepamm, HO HEKOTOpPOe HeIOYMEHHE BCe JKe
OCTAeTCA: Mo4YeMy H3 TpPeX HMapallIelbHHIX 1m0 GOpPMYIHPOBKE
A cxeMe [oKasaTejbcrBa TeopeM 24.2.2, 24.2.3 m 25.2.1
nepBas fgoumyckaer o0o0meHme Ha JOKAJTbHO pa3pelIAMEIe
TpYIOH, a ABe ApYyrAe HeT? JTo HeJOYMeHHe IOJHOCTBIO pac-
CeEBAETCA, €CIH Y4YeCTh CJEAVIOMYI0 BaKHYI0 TEOpeMy
I0. M. Topuarosa (JAH CCCP, 1964, 156, \o 1, c. 17—20):
6CAKAA NEPUOOUYECKas J0KAAbHO PASPEWUMAR 2pynna, Y Ko-
mopoli paHzu abeaeetlr nodzpynn KOHEYHBL, caAMA UMeem Ko-
Heunvlli pane. Takmm oOpasoM, mapaiiennsM — B C HAM QY-
IIeBHHH IOKOH — BOCCTAHABJIHMBAeTCH OYeHb IPOCTO: HA
ODepHOAMIECKH e JOKANLHO PaspemrtaMbe I'PYNNH Ie-
PEHOCATCA Bce TpH o0OCy:xmaeMeie TeopeMu (pasGepHTe caMm
HECJIOKHHI oCcTaBIOANCA clydait TeopeMnl 24.2.3), a HAa rpyn-
e 0e3 KpydeHns He IepeHocdarcsa HE ogHAa m3 HmX. llpaspa,
BH MOKeTe BO3pasuTh, 4TO CEMENCTBO TPYII € YCJIOBHEM
min AJiA a0edeBHIX IOATPYIN COMEPKAT OXHH JHAIIL NMEePHO-
AAYeCcKHe CPYIOH, a rpynn 6e3 Kpyd4eHAA H Jake CMEIIaHBHIX
Ipyun B HEM HET, HO TYT V)X HAYETO HE NOJeNaellh — TAKOBH
ero CypoBHIe CeMeiHEIe HpaBhl, 3aJI0;KeHEHEE B CAMOM OIIpeJe-

JICHHH,

Cp, (Haw1) < Cs,(a) < Cp,(a"®



Jdomoasenne

BCUIOMOTATEJIbHBIE CBEJIEHMAS U3 AJTEBPHI,
JOTHNKH 1 TEOPUHN YUCEJ]

§ 26. O EmIBDOTEHTHRIX aJredpax

YnoMAHyTaA B OCHOBHOM TOKCTe BCKOJL3b CBA3b MOKAY HHJIBIIO-
TeHTHOCTLIO B I'PYNIAX M KOJNbOAX HIPaeT B AEMCTBHTEJNHHOCTH BAKHYIO
poilb, oforaman Kak TeOPHIO IPYI, TAK H TeOPHIO Kojden. Mu mpuae-
AeM 37leCk HOKOTODHe CBe{6HHA 0 HWJIBNOTOHTHLIX ajxrefpax, Heobxomn-
Mble NPH M3y4YeHHH dHreJesnx rpyad B n. 18.3. B mepsoM nynakre O0y-
AYT LaHH OCHOBHHI® OHOPeReJeHHA N H3YIeHO NIOBeJeHH® HHILIOTOHT-
HOCTH NPH CTAaHAAPTHOM IOPeXO0fAe OT acCOHATUBHHX ajJre6p K JueBHM
A ob6patHO. BTOPO# HDYHKT NOCBAINGH HOCTPOGHHI0 HEHHILOOTEHTHRIX
HAXBAJATEOD,

26.1. HuusmOTEeATHOCTE ACCONMATHBHBIX M jHeBmx anrelp. Iycrs
k — noje, A — KoJeOO (HH KOMMYTATHBHOCThH, HH acCOLMATHBHOCTH
YMHOKEHHA B A He npepnojyarawntcsa). Hoaeno A HasnBaercs (Auxel-
HOUL) aazebpoii nad k, eCaM JJIA BCAKUX O < K, a & A onpejelieH sie-
MEHT ae = A, npudeM 3TO «YMHOMeHHe HAa CKAJHAP» CBA3aHO C Omepa-
OUAMHA B k ¥ A CleVIOI{EMHA COOTHOIIeHHAMH:

(@ + P)a = aa 4 fa,
(@f)e = o (Ba),
la = a,
a (@ 4+ b) = aae + ab,
a (ab) = (aa)b = a (ab).

3pecy o, p — aoGwe anemenTnl w3 k, 1 — egmamna noas k, a, b —
a00ue dMeMeHTH A3 A. Anredpa A Ha3LIBAEGTCHA ACCOYLAMUBHOU, ©CIH

(ab)e = a (bc) gna Bcex a, b, c = A.

AnreGpa A Ha3LIBaOTCA Auesoll (BIN arze6poil Ju), ecian
ab 4 ba = 0,
(ab)e + (bc)a + (ca)b =0

RIA Bcex a, b, c = A.

PoJb accONUAaTHBHOCTH YATATONI0 O0BACHATE HE HAKO, & BOT JHEBH
aJTe6pH MOFYT HA IEPBHI B3IJIA[ OOKa3aThCA MCKYCCTBEHHHM 00BeK-
ToM. B [eficCTBUTENILHOCTE OHH CTOJE K@ eCTeCTBeHHLHI KaK H accomua-
THBHEE: KajKIad acCOMMWATHBHAA ajrefpa mMmeer JHOBY COYTHHOY, 1I0-
AydaeMyl0 clegyIOmMuM CTaHJAapPTHLIM cmocoboM. Ilycte A — acconua-
tTuBHAA ajarebpa. Ecian a, b — ee saeMeHTH, TO dJeMeHT (a, b) = ab —
— ba Ha3HBaeTcA HX (xosvyeevtm) xommymamopor. Har u B ciydae
rpyIII, MOKHO CKa3aTh, YT0 KOMMYTATOP H3MepPAET OTKIOHEHUE OT KOM-
MyTaTHBHOCTH, cp. ¢ I. 3.2. JIerko nposepuTs, 9T0 MHOKECTBO A € 0T-
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MEYeHHLIME HA HOM ONEpamMAMHE CI0KeHHA, KOMMYTHPOBABHA H YMHO-
HOHNA HA CKAJIAPH U3 k Oyfer nueBoil aareOpoi. OHAa HA3KBAaeTCA JIHe-
BOll ayrebpoil, npucoedunennoii K accomMaTUBHON axrebpe A. Jlpyroi
HCcTOYHUK ajare0p Jim — rpyoom Jim — yuoMEHAJZCA B OCHOBHOM
TeKCTe.

IlycTs Temeph B accomuaTUBHOM ajrebpe A BRJEJISHO NOZOPOCTPAH-
CTBO L, 3aMKHYT0® OTHOCHTEJIEHO KOMMYTUPOBAaEHA (TaK 9TO B IIPHCOe-
AUHEHHON JIneBon axrebpe L Oyzer aueson moganrebpoil). AccoguaTus-

Has nojanredpa L, noposKaenHas B ACCOLMATHBHOH ajredpe A MHOKecT-
BOM L, Ha3KBaeTCs acCONMMATHBHON ajrebpoi, ofepmmuseaiweii TACBY
anrebpy L.

JieMeHT ¢ JUHEAHOH aJareOPH A HABLIBAGTCA HUALNOMEHMHBM
(Tax cKas3aTh, (IOTEHIHMAJLHO HYJIEBHM»), ecld a” = () IpH HEKOTo-
POM n, BoOOIIE rOBOPA, 3aBHCAINEM OT @, H IPOU3BOJBHOA PACCTAHOBKE
cKOOOK B a™. Alrefpa A Ha3LIBAETCA HUALNOMERMKOE, ECAR CYILECTBY-
eT TaKoe n, 94T0 @, . . . ¢, = 0 gua Bcex ay, . . ., ¢, & A H IPOH3BOJIDb-
HO¥ paccTaHOBKHU CKOOOK B JleBoll dacTi. HauMeHbIIee n ¢ 3THM CBOMCT-
BOM HAa3KIBAGTCH CMYynenbio HUsbnomermkiocmi. Kak yIOOMHHAJIOCHL B
OCHOBHOM TeKcT€, UPHMePOM HWILINOTCHTHOH acconUaTHBHOH ajreOph
CAYKHUT ajdrebpa TpeyroJbHLHX MATPHI ¢ HYJEBOH KHATOHAIBIO.

26.1.1. Yopamueaenne. HOHeYHO NOPOKRSHHAA HHILHNO-
TeHTHAA aJrebpa KOHeIHOMEPHA.

26.1.2. YonpaxHaHe HHe. JImepa anredpa L TOrga m TOJBKO
TOrjja HUJIbIIOTEHTHA, KOIJA CYIIeCTBYeT TaKoe n, 970 (. . .((aya3)ag). . .
o+ Jan = 0anascexa,, ... a, = L.

Kar pefier ce6si HAJBNOTEHTHOCTh NPH NOpPeXofe OT acCOMHATHB-
HEIX aareGp k JueBnIM 4 06paTHO, TOIHEe, NIPH ONEDANHUAX OPHCOSNU-
HeHHA U ofepruBagusa? B ofgmy cTOpoHY BONpoC pelmaercs JIerKo: Lo-
HATHO, 9YTO €CJH accOnUaTHBHAA ajrebpa A HUIBUOTCHTHA CTYICHH n,
TO NPHCOeZUHCHHAA K Heil Jjuepa ajre6pa HHEIBNOTEHTHA CTYIICHH
< n (HOpaBeHCTBO CHATL HEJb3A). A BOT NpH 00OpPTHEBAHEHA PACCYATH-
BaTh Ha COXPaHeHUe HHUJbIOTeHTHOCTH YiKe HE NPAXONUTCH, HOCKOJILKY
CYIECTBYIOT HOHHJIBIIOTeHTHHE ACCONHATHBHNO aJIre0OpH, XA KOTOPHX
IPHACOeAMHOHHEe JHEeBH aAre0pH HEJILONOTOHTHL: TaKOBa, HalmpuMmep,
anarebpa A Bcex TPeyTOJLHEIX MATPHE HEKOTOPOH CTeHeHH n ¢ ITOCTOMH-
HLIMH JuaroHajAMu. [Ipyrod nopumep — nopsaAMad cyMMa B ogHOmOpomK-
JeHHHX HAJBHOTeHTHHX ajrefp HEOrpaHdYeHHO pPACTYI(HX CTyIeHeii
HAJILIOTOHTHOCTH.

IlpuynHa TOro, MoueMy airebpa A He HEJBIOTeHTHa, Opocaercs
B IJIa3a: mae OTHAeNLHLIe dJIeMeHTH ajnreOpul A He Bce HUIBIIOTEHTHE
B accommaTmBHOM cMucae, OKasmpaeTcsi, ecid NoTpeboBaTs accomma-
THBHYI0 HHJIBIOTEHTHOCTH DJIEMEHTORB A elle KOHOUHYI0 IIOPOKAAeMOCTD
«o0epTuiBaeMoOii» nueBoit axrebpul, TO HMIBNOTEHTHOCTH Yike Oymer
COXpaHATbCA NpH ofepTHBaHMNA: .

26.1.3. Teopema. IIycmv A — accoyuamusnas arzebpa, L —
ee nodnpocmpancmeo, S3AMKHYMOE OMHOCUMEALHO KOMMYMUPOSAHUR.
Ecau auesa arcebpa L xoneuno nopoxcdena u nuavnomenmua, @ xaxcownii
€€ IAEMEHM HUALNOMEHMENR 8 accoyuamushom CMpcae, mo o6epmueam-

wyas accoyuamuseras aszebpa L nusvnomenmmua.
HoxasartTeanncrBo. Ilycte e, ..., e — HOpOEKAAIOIIHEE

pjIeMeHTH JHeBoil aareOpu L. HasoBeM MX HOPOKIAIOIIEMHE KOMMYTa-

TopaMa Beca 1, a eciad IOpOMJAKOMEe KOMMYTATOPH ¢, 4 BECOB U, U
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yiKe oIlpefeseHnl, TO Ha30BeM KOMMYTaTop (c, d) IOPORIAIIUM KOMMY-
TATOPOM Beca u ~+ v (Trakum o0pasoM, Bec oupegensercsi He TOILKO
caMEM 3JICMEHTOM, HO B BuOpaHHoi IjIa Hero aamuchbio). IIycTs n — cTy-
IIéHb HWILIOTeHTHOCTH JHcBOH airedpw L. JTo o3HA49aeT, 9T0 KOMMY-
TAaTOPH Beca > n PABHLI HYJI0, II03TOMY MHOKECTBO HEHYJIeBLIX IIO-
POMRIAIOMAX KOMMYTATOPOB KOHOYHO. YLOpAJoYMM HMX L0 Bospacra-
HOI0 BeCOB, a NIPH OJHOM Bece — OPOHSBOJLHEIM CHOCOBOM: ¢1, ¢y,. . .

()
-+ « €p. Ilo ycnoBno ¢;* = 0 npu HekoropoM n;. Ilokamem, uro acco-
nmateBEaA anrefpa L HmiabnoredTHa cryneHM He Oolee N =

=n(n 4+ ...+ n). OueBmgHO, ANIA 3TOr0 JOCTATOYHO LPOBEpPHTH,
4TO BCO € . . . ¢ = 0.
Haurol NpOM3BENEHUA ¢; ...c;  HA30BeM UHCIO m, gecom —
m

CyMMY BecOB MHOKATENEH, Gecnopadson — mw0b0oe BXOMACHNS , . .¢i. . .
.+ «Cj.. OpA i>], rapaxmepucmuxoi — napy (m, t), tae t —
qucao 0eCnOpAAKOB. YNOPANOYHEM XapaKTePUCTHKH CJIOBADHO, T. .
nonokuM (m, t) < (m', t'), ecia m < m’ wmu m=m', t << t'. Oue-
BHJ[HO, A100ana yOnpaomasa nemoyka XapakTepUCTHK o0phBaeTcA.
Ecre B TPO3IBENEEWH c;, . . . ¢; Beca w HmeeTcA ODecmopmioK

¢;cj, TO IOCHE ero 3aMeHH Ha cjc; + (cj, ¢;) MH HOIyIUM CyMMy ABYX
IpOH3BefeHEHA TOTO e Beca, HO ¢ MOHEIIEMH XapaKTepUCTHKaMM. 3HA-
9T, 96pe3 KOHeTHOe YHCHO TAKHX 3aMeH MK IPHJEM K CyMMe IIpoH3Befe-
HAR

m . .
... cjll' rae j1<...<<Ji, Bce my > 1,
Ocraerca 3aMeTHTb, UT0 NpH W > N yKasadHHe OPOH3BefeHHA DPaBHH
Hyimio. Jle#CTBUTeNbHO, IpH w > N HEKOTOpo® mgy > n; , & ToTAa
ma

Cio ' 0. Teopema goraszaHa.

B saxiaueHMe IyEKTa NpHBefeM OfWH pe3yJbTaT 0 KOHOUHOH Io-
pO/KIAeMOCTH B KOJIbNAX, HamoMmHamomuit ynpamkaenue 14.3.2 miaa
rpynn. Xora B ero ¢GopMydHpOBKe HUJIBNOTEHTHOCTH ABHO He ¢ury-
pUpYyeT, 9TOT pPe3yJbTaT CAYHT BaKHLRIM BCIIOMOTATeJLHHIM CpPefCTBOM
IpH €0 H3YYeHNH, YTO ONpPABIHBAET 6ro HM3JNOKEeHHe HMEHHO 37eCh.
Bupouem, HaM oH moHagoburTcsa gus Apyrmx meaeid (cMm. § 21).

HanomruM, uro abeneBa rpynma A4 Do CIOMKEeHHK) Ha3nIBaeTCH
Aesbid MoOysem HAN KONBLOOM Kk, €CIH IJA BCAKEX a & k, a = 4 onpe-
meJIeHo o.a = A ¥ BHNOJHAITCSA IepBhHle YeThPe aAKCHOMEI M3 CHHCKA
B caMoM Havase naparpada. AHAJOTHYIHO ONpeReNseTCA npaswii Mo-
dyav. Ecam ma A onpejielieHO CTpOeHNe JIEBOTO H IIPABOTO MOAYJAs Hag k,
npnueM (ca) fp = « (ap) mias Bcex a, p = k, a = A, To roBopAT 0 6u-
Mmodyse HaZ k. Arnysamopon OuMOTyNA A Hapg k Ha3KBaeTcsA COBOKYII-
HOCTH BCoX ¢ = k € ycioBmeM

aa=0, aax=0 piaaawboroaec 4.

a!

IIyecrs K — accomuatugHOe Koabmo (He o0AsaTedbHO KOMMYyTa-
THBHO8), M — ero NOAMHO}KecTBO, s — HaTypalnHOe uucio. Torga
M?® oboaHagaeT NOATPYNOY aNIATHBHOR TPYNNK Koispa K, MOpompeH-
HYI0 BCeBO3MOXHHRIMM IDOM3BeICHUAMHM S JEMCHTOB H3 JM.
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261.4. Teopema. IIyemv I — udear xonexrno nopoxudenrnozo
accoyuamusnozo kKoavya K. Ecau addumusnas zpynna K/I xoneuno
nopoxdena, mo udeaa I Koneuno nopoxden u 6ce addumusume epynnu
K/, s=1, 2, ..., makxe Koueuno nopoxcdenn.

JloxasarteapcTBo. a) BoasMeM B aguTHBHOH rpynme
Koabga K KOHeYHO IOPOMICHHYI0 NOArpynny 4 ¢ ycioBueM:

K= A -], xonbmo K mOpOMAaeTca MHOMKECTBOM A. (1)

Hycre I' — mpead, noposknennnls B K mepecegeHueM I [} (A -+ A®?).
Cymma A -+ I’ — nopgxoneno. JledCTBATENbHO, €CIH @), a, = A, TO
BeEny (1) aa,=a-+ i, a= A, i = 1. Ouesmano, i = I', TaK 9TO
aay = A I
k2, Otciopa K = A1’ (cMm. (1)), Tak Kak A KOHeuHO MOPOKAEHA, TO
U afjuTuBHasA rpyama K/I' koHEewHo mOpo;kaeHa. 3HAYAT, ee MOyl
na I/’ ToKe KoHeuHO LmOpOM<aeHa, M3 onpenenerusa upgeana I’ BumHo,
9TO OH KOHETHO NIOPOKAeH, TaK Kak A -+ A? — KOHeuYHO NOpOKgeH-
Hasg ajiuTuBHAaA rpynna. CiaenosareasHo, ufead / KOHEIHO IMOPOK/EH.
6) Koasmo K peiictByer Ha apawTuBHO{ rpynme /2 JeBuMu u mpa-
BHIMH YMHO;KeHHSAMM, IIpeBpaman 3Ty rpyuny B Ommopyns Hag K. ficHo,
gro [ coneﬁp}an'rcn B €r0 aHHYJIATOpE, TaKk 4ro [/I? MOMHO paccMaTpm-
BaTh Kaxk OuMOAynb Hay K/I, mpuueM BBHAY a) OH KOHEUHO IMOPOKICH.
Tak xax apguTuBHAsA rpymiua K/J KOHeYHO IOpOKAEHA, TO M aLUTHB-
Hag rpynna I/]? xoHeuHo moposkmeHa. MEayknueit mo n yGempaemcs,

uro BCe amuTHBEEe rpymust K/I*" romewno moposieHn. Haxomer,
IpH NPON3IBOILHOM § MOKHO BHIOpaTh Taxoe n, 9T0 2™ > s, IOBTOMY
H Bce AaNuuTHBHKC Ipynmu K/I® KoHeddo nmopopenn. Teopema Ao-
KasaEa.

26.2, HenMnsnoTreHrune HEjbaaredOpm. B aToM nyHkTe paccMar-
PRBAIOTCA TOJIBKO accomuaTHpHue anrebpni. Eciam Bce dmeMeHTH anref-
pH HWILIOTEHTHH, OHA Ha3KBaeTcs nusvaazebpor. ONUH U3 HeHTPAIb-
HHX BOHNPOCOB TeOpHM HATBIOTEHTHHX aarebp COCTOHT B ClegyiomeMm:
Oyaer JIM KOHEYHO NOPUKACHHAA aCCONUATHBHAA HAJALAIreGpa HUIBIO-
TeHTHOH? [{JA KoHeuHOMepHLIX anrebp gaBHO OHJI HONYy4eH yTBepiH-
TeJBHEII OTBeT, HO e€cJll He NpeAnoaaraTs KOHeUHOMEPDHOCTh 3apa-
Hee, TO oTBeT, Kak nokasan E. C. Tomog, 6ymer orpunateasBuM. Boree
touHo, E. C. Tolrom ana waskgoro moia k m KaKmoro d > 2 mocTpouna
HeHWJILIOTEHTHYI0 anrefpy Haa nomeM k ¢ d OOpPOKAAIOIIAMA, ¥ KO-
TOpoil Bce mopaiarebpu ¢ d — 1 mopomAalomMEMu BEUABIOTeHTHH (113B.
AIPI CCCP: Cep. mareM., 1964, 28, Ne 2, ¢. 273—276). Ero xoHCTp yKOnA
IO3BONAET OTBETUTh M Ha PsJ BaKHEIX BOIPOCOB TeopHM rpyin. Iexas
HACTOAINEr0 OYHKTA — W3JOKHTh 3Ty KOHCTPYKOHIO.

Iycers F =k {z1,. .., ¥4} — KOJABN0 MHOrOWIEHOB HajJ KaKHM-
ENOyRL NoxeM k oT HeNEepeCTaHOBOYHHX NOpPeMEHHHIX Zi,. . ., Z4.
OueBnpHo, F paanaraerca B npamyio cymmy Fo @ Fi @ ..., rae
Fo o=k, F, — BeKTOpHOe OPOCTPAHCTBO HaJ k, NOpoxAeHHOE d"* OgHO-
WICHAMA T, ;.. . Tj . MHorowtes’ u3 F, Ha3uBaKTCs odnopod-

ruau cteneBn n. Mgeam I worena F HaskBaercss odnopoldnuim, eclid OH
HOpPOKIAaeTca OTHOPONHHIMH MHOTOWIeHaMHu (BooOlie roBops, pasimd-
AHIX CTeneHeii),

26.24. Ynpaskmenmune. Nacan [ rorga B TOIBKO TOTAa OAHO-
POJICE, KOTAAa OH BMecTe C KaKABM CBOHM 3JI€MEHTOM CONeD’KHT B BCO
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ero OMHOPOZHLHIE KOMIIOHEHTHI, T. €. W3
aeI,a=anl+...+ans, aniani,n1<...<ns,

ciefyer, 9TO BCC @, & I.

IIycrs fi, f2y « - « — HEAYJeBHe OZHOPORHbBIE MHOTOWIEHH W3 F
HeYOHBalOIMUX cTemeHeH >2, OpHYeM MMCIO rp MHOTOWIEHOB KayKioi
cremeHd n KoHedHO. IlycTs I — mpneasn, DOpOMIEHHHIE 3JeMeHTaMU
fisfas o ooy A =F/I. OueBupno, 4 = 4, A4, D ..., TIHe A, =
= (Fp 4 I)/I. B wactHOCT™R, Ag ¢ Fy ¢k, A1 =~ Fj, Tax Kak MHQOIO-
qieHN f; mMeioT cremeHd >2., OCHOBHyi0 pOJin B H3jaraemMoud KoOH-
cTpyknud wurpaer ¢axrop-aareGpa F/I mo mexoropomy mpeany I.
B rayecTBe mOATOTOBHTEJNBHOTO IIAra MH YCTaHOBHM ceildac OHUH NIpn-
sgak ee 0ecKoHeIHOMEpPHOCTH.

. PaccMoTpuM ¢opMaZbERN CTeOeHEHONM pAJ

oo
8=1—dt+} Z sntn,
n=3
Tae s, — LeJse daciaa. Jlerko HmOHEATH, 9T0 OOpaTHHM R mHemy Gymer
PAR 6-1 = Z y.ntn1 rpe
n=0
=1, y=d,

n
yn = dyn'_l — Z Siyn—i" n = 2, 3, P
=2

26.2.2. Teopema (E. C.Tonopn). Mycme F = k {z;,. . ., 23} —
KOALYO MHOZOMAECHO08 KHAD nosed k oM HenepecmaHOSONHHE NEPpeMeHHBZ

Ty - ooy 4. Hyemdv fy, fo, .. . — 00HOpOOHEE MHo2OWAeHH U3 F Heybu-
sawwyur cmeneneii > 2, nopoxcdennuili umu udeas, Ecau wucao
I'n MHO204AeH06 ctnenenu n U3 fi, fo, . . . He npesocxodum vucaa s, u ece

xoaffuyuenmn pada § ' neompuyameavnuw, mo aseebpa F/I 6ecko-
HEYHOMED KA.

JoraszaTenscrTso. a) Ilycts a, — pasMepEOCTS (PaKTOp-
anreOpst A, = (F, -+ I) I xax BeKTOpDHOr0 IpOCTpaHECTBa Haj k.
Jna MoKa3aTedbcTBa TeOpeMH JOCTATOMHO yOeMBETBCA, 4TO PAR

o0
Q= 2 a nt"'
n=A{)
He ecTr MEOTOWIeH. Ilycrs
o0
t=1—dt4 O "
n=2

W OyCTh y#e JO0Kas3aHo, 9T0 pagsl t™! m ¥4 HMe0T HeOTPHOAaTeAbHHe
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Ko>ppENEERTH (ME cfoesaeM 3To Hmke). Tak Hak t™lr = 1, TO

e (14 3 ") =1+

n=32

Orcioma BuUgHO, 4ro t~1 He MEorouneH. Ho Torma ma=t"l.ta He
MOKeT OHTh MHOTOWICHOM.

6) Pap r~1 nMeer HeoTpHmarenbHHe KodpdunueHTH. [leficTpH-
TeJbHO, B CWJIY OYeBHABKIX CBOHCTB AGHCTBWHA HaJ QOpMAJIBEEIMH pDANA-
MH

t=8—q=48(1—8), rme q_—_-z (sn—rn)tn,
n=2

u, 3HaJHT,
P 4 0 m
=t -9 =114 3 (79").
Trie=l

Ocraercss ydecTh, 4T0 pAAH 3! W § WMeT HeOTPHEATOAbHHE KO3-
(ROAEHTH.

B) YOemmMcs, 4T0 pAA t4 TOMKe HMMeeT HEOTPHIATeAbEEE K03(-
dEnUeHTH, T. @,

n
e, >da, , — 2 rnp n>=2 (2)
o)

ITycrs {_n — MHOKeCTBO BCeX OfHOpDOJAHHIX MHOTOWICHOB CTeNEeRH N
u3 I, A,, — npaMoe MONONTHeEHWe MONIPOCTpAaHCTBA I, B HMPOCTPAHCTBe
Fp, 7. . Fp = I, ® A% CpaBrenme paameprocrei maer

d® = dim I,, -} a,.

ITycts eme H,, — DORIIPOCTPAHCTBO, IHOPOK/EHHEOE MHOI'OWIOHAMH CTe-
nesEe m 43 fy, fay ..., & XY 0003HauaeT mognpoCTpaHCTBO, HATAHYTOE
Ha aeMeHTH zy, x = X, y = Y. MH noraxkeM, 4To

n
I I Fy4+ 2 Ay H ., n>2 (3)

m=2

Torpa nofcuer pasmepHocted B (3) m macr (2).

Ilyers v < I,,. Ilo mocrpoernmio u ecTb cyMMa mpom3BefleHHH BHJTA
vfjw, TAG v, W — ORHOPORHEe MHOrOWIeHH. Bysem cdmrarh, 4TO u =
= pf;w. Echn w uMeer cTeneHh >1, TO ACHO, 4TO u & In_1F1- Ecnu xe
f mmeer cremens 0, To MOsKHO cumTarh, 4T0 ¥ = vf;. IlycTs f; mmeer cre~
neEb m W, 3HAYAT, OPHHANJIEKAT NOANpOCTpaHCTBY Hp,. Torma v e
< Fom

v=10' 4+, Vel .,

Orcropa v = I, Fy - Aﬁ_mH m. leopema foxasaHa.

” *
Ve A7 .
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26.23. Ipume p. EcamB ycnosmn TeopeMu 26.2.2
rn <eL(d — 2)™2, &0, (4)

T0 anreGpa A GecxoHewnomepEa. JleficTBHTeNBHO, NOCTATOYHO WpOBe-
PHTH, 4T0 PAR 3! mMeeT HeoTpumaTeabEbie KOdQPHNMEEHTH, THe

oo
§==1—dt 3 e*(d —2)" ",

n=9
MH BOCHOJIBBYBMCH CJIB,IIYIOIIIHMH q)OpMYJIaMH OA (bOpMaJII:HHX pHIIOB:

1 = 1 —
1—a =Z“n* (1 —a)? =Z(n+1)a"-
n==i) =30

N MmeeMm

6=1-——a’t—|-32t22 (d — 2e)" " =
n=a)

e A (1 — (d—e)p)?
=l—d+ T g syt = T—[@—2s)¢ °

OTKYZA
1 — (d~2) ¢ >
' = (1_£d__8;?'1)2 =(1—(d-——28)t)z‘(n—l—'l)(d-—e)"t”=

n=={

=1+Z(d—e)"-1(d+(n—1)g)z".

Tax kaxx d — 26 >0, Tod — &> &> 0, nu Bcé f0KA3aHO.

Temeps ME roToBH K m3nokeanio koEcTpyknmm E. C. Toopa. Ee
AAGI0 XOPOI0 NOACHAET CAefyIOIMMit J9acTHHN

26.2.4. Ilpumep. Ilycte k — He 0onee ueM cIeTHOe moJje,
F = k{z, y} — anreGpa MHOTOWIEHOB HAal IOXeM k OT HemepecTaHo-
BOYHHX{OepeMeHHH: z, y, F' — momaarebpa MEOrowieHoB Ge3 cBoGOA-
HHX wreHoB. IloxaskeMm, uro B anrebpe F cymecTByer Taxoil mpean I,
copepxxamuiica B F’, uro anre6pa A’ = F’/I ge HRIpNOTeHTHA,' HO BCe
ee BIeMeHTH (M, 3HA4YAT, Bce mOomaATeOpH ¢ ONHEM HOPOMKIAIONINM)

HEAHHOTEHTHH .
3anyMepyeM aJeMeHTH n3 F': uy, uy,-. .. Ilyers Ny = 9. Bos-

BeleM u; B N;-i0 cTenmeHb W Pa3vIOKUM uf’ Ha ORHOPOJHHE ClaraeMre

fis fas « « oy frn, BOBpacTaromux cremeHeit. IlycTs wucno Ny NpeBOCXOAUT
a0y w3 HoX, BoseeneM u, B N,-10 cTemeHbh H pasiOXKUM u12Vz HA

OHODOMHEIE CHaraeMMe fp, .., fm 10, - . - BOBpPACTAIOIUX CTemeHei.

ITponomxasa 3TOT HmpOuECC, MH NOCTPOMM MHOTOYNEHH fi, fp,. .. BO3-
pacrajomux cremeHeir >9. Ilycrts' I — Hpean, NOPOKAEHHHK 3THMH
muOrowtenamn. flcHo, 4ro A’ = F'/I — Huabaarebpa ¢ noposkuamo-
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muvu ¥ = z + I, j = y -+ I. Ocraerca oposepurs, uT0 A’ He HHNL-
OTeHTHA, a IJIA DTOr0 A0CTaTOIHO yoemuThCA, 9T0 A = F/I GeckoHedHO-

mepEa (torma A’ = A @ A, D ... Tome Oyner OeckoHedHOMepHa,
8 DOTOMy He HEJIbmOTeHTHa — cM. 26.1.1). B o6osHaweHmAX TeopeMH
T'omopa mMeeM d=2, r, <1, mpmieM rp=r3=... =13 =20

IIpaMoe BHYNCIEHEe HOKABKBaeT, 9TO Opu & = 1/4 BHIONHAercA yCao-
BHe npumepa 26.2.3, 010sTOMY BCe JOKa3aHO.

Uznoxmm temeps pesyasrar E. C. T'onoga B momEOM o0nheme.

26.2.5. Tpumep, g Bcaxoro d > 2 m BCAKOTO mona k
cymectByerT HeHWIbmOoTenTHas anarebpa Hag k ¢ d OOpOMKAARIIAMY,
rapaa mopanrebpa roropoi ¢ d — 1 DOpPOKAAIONIAMA HAJIBLIOTEHTHA.
B camom pene, nycts F = k{zy,.. ., £y} — anreOpa MHOTOWIEHOB HaJ k
OT HEHepeCTaHOBOYHHX NEepeMeHHHX Ii,..., &4, F’ — nomanrebpa
MHOrO4eHOB Oes cBoGopmmoro unema. ITocrpomm B F rawoit mpean I,
gesxammit B F', wro F’'/] — uckomas anreGpa.

Ilycrs & — ¢uxcmpoBammoe ameno, 0 < & <1/,. Beugy npumepa
26.2.3 B KadectBe I MOKHO B3ATH BAeall, MOPOKICHHEI OFXHODOZHRIMHA
MHOTOYMICHAMA f1, .« oy fs3 fsgqr v = s fopr « - - CTOmeHm >2 C ycuo-

BueM (4) W CHeAYIOMUM JOMOJHHATEILHHM yCHOBHEM: InA JN0HX d — 1
9JIEMEHTOB u3 F' cTemeHH < n CyIMecTByeT TaKoe HaTYPaJIbHOE YHCAO0 JV,
4ro MpoumsBefieHue NOHX N MHOKHUTeNAell W3 JANHHX 3TE€MeHTOB Ipu-
HaJJI&KAT upeany [,, DOPOKAEHHOMY BSJeMeHTaMyu fi, . . ., fs,. Jlomy-

CTHM, 9TO OTPe3OK fy, . . ., fs, S = 8p—y, YA€ NOCTPOCH, B MOKaMEM>
KaX JOOONHHTHL ero f0 oTpeska fi, . . ., fi, t = sn.

PaccmorpuM d — 1 MHOrOwWIeHOB creneHH < n 0es cBoGogEOrO WiIe-
Ha ¢ HeoOpefeJeHEHMN (OyxBeHHHMHA) KospdunmerTaMu C; )"

g = NCigMg (Tyy - - - z,), 1<i<<d—1, M, — ogHOWNeHH.
4/

Ilycte N — HarypanbHoe wumcao. CymecrByer (d — 1)N Pa3TAYHEEIX
LpOWsBeeHHH IO N JNEeMEeHTOB g;. 3alncaB X KaK MHOTI'OWIEHH Of
{ciq}, ME [ONYYHEM B KavecrBe K03J(QMIUEHTOB HEKOTOpHE JHWHEHHHE
KoMOuBan®u fsiq, . . ., fi ONEOWIEHOB OF {z;} cremeEm N, N +1,. ..
. ., nN. TioxkameM, 49r0 HpH A0CTATOYHO OOABIOM N MHOTOWIEHH
fst1y - - +y ft — MCKOMHe. flcHO, ¥TO B OpoOBepKe HYMKJAAETCA TOJBKO
cBoiicTBO (4). OHO Oyjer BHIONHEHO, eClW BO3bMeM qmcao N Ooabpnie,
YyeM CTemeHw fy, . . ., fs, A.TAKOE, 9T0 KOJAIECTBO MHOTOWIGHOB fs,1, . . .
e oo, ft Oymer <C 82 (d — 2e) V2. ToKameM CyImecTrBOBaHWE TaKoro NN,
INA 4ero OIeHHM KOJHYeCTBO MHOLOYWICHOB fo,1, . . ., ft B 3ABHCAMOCTH
or N.
IHycts g = g;,. .. giy, UpHIEM g; BXOAHT B 5TO IPOM3BeJieHME
m; pa3. Tak kaxk c;, Meskxy coGoif mepectranoBodnH (310 GyxBeHHHE 060-
DHAYCHWA JJIA 9JeMeHTOB OO0NA k), TO g, KAK MHOrOWIeH or {c,,}, co-

JepKAT

d—1
Il (mij_f’l_i), g=d+d ... d",
j=al

CTIATAaeMEIX, 3HAYHWT, CTOJLKO M MHOrOWICHOB No0aBUTCA OT mpomaBeje-
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u v
HUA g B OTPEBOK fsi1y « » » ft- TAK KAK (v) < ¥ W pasIwIHHIX g MMeoT-

ca {d — 1)N , TO o0mee IMCIO MHOTOWICHOB fs4, . . ., ft He IIPEBOCXONAT
qucia

(@— DV W 4 ¢ — DEED,

Tak kak d — 1 << d — 2¢, T0 5T0 4HCAO <, €% (d — 2.<3)‘N"2 npH NocTa-
TouRo Gonnmom N, J[OkasaTeabcTBO 3aKOHYCHO,

§ 27. JloxanbHbIC TEOpEMhEl JOTAKA

3pecs OyfeT ycraHOBJIeHa JOKanbHas reopema Manbnesa pna xsa-
3MYHABEPCATHHEIX KJaccoB. IIpeamonaras, 9T0 YATATENH 3HAET OCHOB-
EH6 ompefle/eEra GOpManbHON NOruKy W3 ofmero kypca, MH naem Ger-
70e, HO BOOJHe 3aMKHYTOe H3JOMKeHUe.

27.1. AareOpamveckue cucteMsl. Ilycrs A — mmOmecTBo. DYHK-
U n DOepeMeHHHX, ONpefejJeEHad HA A W NPHHMMAKIAA 3HAYCHASA
73 MHOMKeCTBA |{MCTHHA, JNO0Mb} (COOTBOTCTBeHHO n3 A), HaA3HBaerca
n-apuuM npeduxamom (COOTBETCTBEHHO n-apnoii onepayuei) HA 4. MHO-

JecTBO A ¢ OTMOYCHHHIMY HA HeM OpefiuxaraMu PL% @ onepanufaMm
J§P (ng, mg — X apHOCTH) HA3HBAeTCHA aszeSpauneckoll cucmeroil,

a mepevenh CuMBONOB P, fi'B — ee cuenamypoii. Jipe anreGpamvec-

KHe CHCTeMH OfHOHK W TOHU jKe CHTHATYPH HABHBAKITCA U30MODPHHEMU,
ec/Id CYImEeCTBYET B3aMMEO ONIHO3HAYHOEe COOTBETCTBHE MEKAy HAMH, CO-
XpaHAIIee HpeARATH 1 onepanud. IIpuMepr anre0panuecKAX cCHCTEM —
IrpyniH, KOJbIa, IOAA, BEKTOpPHHE OPOCTPAHCTBA, YHOPAZOYSHHLI®
MHOKecTBa W T. I,

TlopMHOKeCTBO anrefpandeckoil CHCTEMH, 3aMKHEYTOE OTHOCHUTENLHO
BCeX CHTHATYpHHX ONepanui, HA3HBAeTCA nodcucmemoii, €CIU OHO pac-
cMaTpHBaeTcd BMecTe C MHAYRUPOBAHHHMHE Ha HeM OpOJHKATAMH W OIE-
panusMA, KOTOPHE MONYYalOTCA Cy:KeHHMeM CHIHATYDHHIX IpeuKaToB
¥ omepan¥il CaMoil CHCTEMHI.

Hak 0TMe4aJIOCh B OCHOBHOM TOKCT¢, COBOKYIHOCTH HIOAMHOKECTB
A;y, i 1, MAEOHecTBA A HA3HBAEGTCA €I0 A0KAALHNM NOKDPHMUEM,
cclrm 000l sieMeRT W3 A CONlepyKUTCH B HOKOTOPOM A; m mioOwe ABa
MHOKeCTBA A;, A; COnep;KaTCA B HEKOTODOM TpeTheM MHO)KecTBe Ap.
C n0oxanpHEIMU IOKPHTHAMUY TeCHO CBf3AHO Ccliefylomee MDOHATHE
¢uabTpa.

ycrb I — MHomecrBo. CueremMa F ero HemycTHX IOAMHOKECTB
HA3HBABTCA YeHmpPUuposarHoli, eCAd OHA 3aMKHYTA OTHOCHTEIbBHO KO-
HeuHHX mnepeceueHnit: X = F, Y F= X (| Y < F. Ilearpupo-
BaHHAaA cucTeMa F HaswHBaerca guavmpom Hay I, ecin OHAa BMecre
C KadHM CBOMM MHOKCCTBOM COJED/KHT BCe Cro HaJIMHOKeCTBa:
XeF, YOX=Y < F. Ouibtp, He COfep/KAIqUACH HH B KAKOM
GosbmeM, Ha3HBAGTCA MaKcumaabinxm. JIeTKO mpoBepsaercd, 9T0 yCao-
BHEe MAKCUMAaJbLHOCTY PABEOCHIABHO CNEAYIOMEMY: NIA KaKA0Tr0 1I0AMHO-
skecTBa w3 I nmbo oHO camo, 1mb0 ero NODOMHCHHW® HPHHAJMeuT F.
OueBujHO, BCAXYI0 NEHTPHDPOBAHHYI0 CHCTEMY MOMKHO JOHONHHTL MO
¢anbpTpa (HobamnAA K, HeH HagMHOKeCTBa BCeX ee MHOKecTB), a BCA-
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Kuit UABTP — MO MaKcumannHoro (MeMmMma I[opma). 3amerumMm, KcraTH,
970 [0 CEX IOP He M3BECTHO HM OJHOT0 MaKCAMaJbHOro GUIBTpa, mO-
CTpoeHHOIO 6Oe3 jeMMum I[opHa, 3a HCKIIYeHHEM MAaJIOMHTEDECHOIO
¢rABTpa, COCTOAMEro W3 BceX HAAMHOMKECTB ONHOH TOYKH.

Ilyere A4;, i = I,— noKanbEOE HOOKPHTHE MHOKecTBa A. na
KOUKAOro o € J noxomum

I,={i|iel, A;DAL.

Jlerko Bmperh, 4T0 mepecesemne I, [} 1 p CONEPIKAT HEKOTOpOoe I,
IlosroMy cucreMa BceX [, meHTpHMpyeMa ¥, 3HAYAT, CYIECTBYeT MaK-

cuMaJabHEEE ¢uABTp F, cojepiKaigWil dTy cucTeMy. Ecam Ha KaKzoM
A; orMedern opegmkar P;, 1o ofosHauuMm depesd P = lim P; mpepukat
HA A, onpemendeM:biif cAefyIOIIHM OPaBHJIOM:

P, y, ...)=Hmp A&
S{i|lz,y, ... =4 Pi(z,y, ...)=HN ma 4} & F,

Boo6me rosops, cy:xerne P na A; Be 0o0a3an0 cosmapats ¢ P;. Ognaxo
ecad B3ATHL OpefWKAT, 3aJaHHERU Ha A, Cy3WThb ero Ha kKamuoe A; #
3aTeM mepeiTu K Opegeny mo ¢UALTPY F B yKasaHHOM CMEICIe, TO, KO-
HEeYHO, OOAYIATCA MCXONHHH MpesuKar.

27,2, A3zpk HEcYucnennA mnpenumkaToB., AngaBur aAsmka HII co-
CTONT W3 OPEAMETHHX ¥ OPeJUKATHHX INepeMeBHHX, CKOOOK W ciemy-
IONEX JOrm9ecKdX CHMBOJOB (IepBHE HeTHpe HABHBAKTCA cedakaMl,
a nocllefHHEe HOB& — KECHMOPAMU):

7 4

6

HE

BJeYeT
paBHO

DAA BCAKOTO
CYImecTBYeT

we ] _J<>

Qopmyasi NII, me copepkammue KBaHTOPOB, OTHOCAIIEXCA K IIpefuKa
TaM, HA3HBAKTCA fopMysanl Yaxozo ucwucasenus npeduxamos (YUII)
Hecmorpa ma OegHocTh caoBapd, A3k HNII BeceMa cojepsaresneH
Hanopumep, Kaacc afeneBwmX rpyni 6e3 KpyieHHA MOKHO 33aJaTh CJIO
pyiomumu akcmomamm U1l — paske axcmoMamm YHUII — B oOHuHOR
curHAType -, 1, e¢ TeOPHH IPYII:

1) accommarmBEOCTB: (vz)(vy)(vz)((zy) z = z (yz)),

2) ompepeneHme efMHHIE: (vI) (ze = z / ex = z),

3) onpegesieAme OOpaTHHX DJIEMeHTOB:

(vo)(z iz = e A 2zl = ),

4) roMMyraTHBHOCTE: (vz){vy)(zy = yz),
5) OTCYTcTBHE KpydYeHHA:

(V) (z=e\/ TJ(x-..x7=¢)), nr=1,2,...

n
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IIpaBefieM erme HECKONBKO IPHUMOPOB. DHBADHHI mpegEKAT HA3H-
BaGTCA yacmMuyhuM nopadkom, €CHH ONA HErO0 HMEI0T MeCcTo

6) pedaexcuBrOCTB: (VI)(z < ),

7) aETECHMMeTpHYHOCTE: () (Vye Sy Ay < 2z - z = y),

8) TpamsaTHBHOCTE: (V) wy)(VIIES YA Y z— z < 2),
A aunelinnm nopadkom, €CIHW €Hle BHIIOJHAGTCA

9) ammeiHOCTL: (VZNvy)(z << ¥y V ¥ < 2).
IIpepuxaT <, ompejeleHHWE HA Ipymme, HABHBAGTCHA ycMolivuenM
OMHKHOCUMEALHO YMHONCEHUR, OCIH

10) (va)wylva)lz < y — 22 < pz A\ 22 < zy).
I'pynna BasmBaeTcsi ynopadouusaemoli, 6CAH HA HEl MOMKEO OLpegedHATH
NMHEHERA DOPANOK, YCTOMYMBLIA OTHOCHTENLHO YMHOKeHuA. I'pynma
HasHBaeTc Joynopadovusaemoili, ecim N06oH ee JacTHIAHIH mOPANOK,
YCTOWYMBHY OTHOCHTGJBHO YMHOMKOHUA, MOKHO OPOJO/UKHTH NO JH-
HOHHOTO HOPANKA, YCTOHYMBOTO OTHOCHUTEJbAO YMHOM(eHHA. JIerko
OOHATH, 9T0 WJIACCH YHOPAZOYNBAEGMBIX H MOYHOPAZOIMBAEMHX I'PYyNIl
BHIONAIOTCA B Kiacce BCeX Irpynn claenyrolMi axcuoMamu WII (mo
yxe me YUII):

11) yoopamoumBaeMoCTh:

@AP)(Vz)(Vylwa)(P (x, ) AN (P (2 )) AP (y,x)—>z=p) A
AP (z, YAP (y2) = P (z, 2)) NP (z, ) V P (y, o)) A\
N\ (P (z, y) = P (23, yz) A\ P (zz, zy))),

12) moynopARoYMBAEMOCTbD:
(VP)(P — y. 4. n.) —»
— (AQ)(Q — y.mm.) A (vullyo)(P (u, ) — Q (u, ?))))

B nocnemueit dopMyne pagu SKOHOMHM MeCTa MH He BHIIMCHBaeM sB-
HHA BHJ aKCHOM YCTOMYHMBOI0 YACTAIHOIO MOPAZKA M AKCHOM YCTOH-
YABOI0 JIHHEXHOTO0 HOPARKA —OHA JAeTK0 KOMOuEHEpYioTcA u3 6) — 10).

Hamomaum, 910 n00yi0 dopmyny HII MomHO KaHOHPMYGCKH Iepe-
HgenaTh B PAaBHOCHILEYIO el npedsapennyro gopmysy, B KOTOPOHX KBaB-
TOPH OpEefIIeCTBYIOT BCeM APYIHM JIOTHYeCKUM cMMBOJaM. llipemBapenm
HaA QopMyna HA3HBACTCA YrHUSePCAAbHOL, €CHU OBA COBCEM HE COREePIKUT
KBaHTOPOB 3, W npedmemho-yrusepcaabMoll, OCIH OHA He COAEPKHT
KBaHTOPOB 3, OTHOCAMMXCA K OpeIMeTHHIM nepeMeBHHM. MDopmyna HUII
Ha3LBaeTCA KeasUyHUsepcAIbROU, €CIM OHA NOoAy4aeTcA H3 mpej-
MeTHO-YHHBePCANbHHX (OopMyn Oes cBOOOJHEIX IPEIMETHHIX IepeMeH-
HHX HODAMEeHeHNeM TOJbKO CBA30OK ¢ MOCHeAYIOIMM HaBEINIWBAaHHEM
KBaHTOPOB V Ha cBOGOJHRE npejmKaTHEE IepeMeHHLIe (3TO Ompefe-
JeHA® HOCKOJIBKO OTInM4aeTcd OT OePBOHAYANBLHOIO OOPeneHeHHs
A. . Maasnesa (1959) u 6o mpepnomeno Hiameom (Cleave J. P, —
J. London Math. Soc. (1), 1969, a4, Ne 1, p. 121—130; Addendum.—
J. London Math. Soc.(2), 1969, 1, Ne 2, p. 384), HasBaBmUM TaKme
dopmyan Oyaeso-yHmBepcaltbHuMu). IIpuMepoM yHHBepcaJbHHX ¢(op-
MyJd MOIYT cAyXuTh Popmyan 1) — 10). @opmyaa 11) mpegmeTHO-
yHEBOpCalbHa, a ¢opmyna 12) paBHoCH/IbHA KBasHYHHBEDCANbHOM
gopmyne, nDodyyaiomelca unepeHEeceEmeM KBAHTODHHX IHIPHCTABOK H3
o6nacru JgeiicTeusa npucTaBkE (3Q) HemocpeZcTBeHHO 3a (3Q).
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27.21. Yopam e mne. [Ipocrue rpynnn BHASAAIOTCA B KJac-
ce BceX TPyl KBA3WYHHBEPCANHLHOW aKCmOMOH.

27.3, JIokanbunle TeopeMbt. PacCMOTPHM CHadajla OpefMeTHO-YHH-
BepcanbHEe QOpMYyJAH.

3734. Teopema, IHycmv @O — npedmemuo-yrnugepcatbrnas
dopmyaa. Ecau O ucmunna na Hexomopoi asze6paudeckolé cucmere,
mo ona ucmunna u na aw6ol ee nodcucmene, Ecau ® ucmunna ra nod-
cucmemar A;, 10K2AbRO NOKPHEANVWUT Aszebpauveckylo cucmemy A, mo
QO ucmunna u na A.

HoxkaszaTeanbcTso. YToOu n3bemaTs HYABHX «BCEOOIEX»
0003HaIeHHH, OTPAHATAMCA CAY9IaeM, KOTJa CATHATYPA CONlePKAT ONAH
CHMBOJI OMHapHOH Omepaunuy M OguH CHMBOJ S OHHApHOIO OpegHKaTa.

a) llycte A — anre6pamdeckad CHCTeMa JaHHOH CHTHATYPH, YAOB-
NeTBOPAWMAA OPeMeTHO-YHABepcaJbHOR akcmome M, A’ — mopacme-
TeMa CHCTeMH A4, T. e. TOAMHOKECTBO, 3aMKHYTOe OTHOCHTEJHHO OIIe-
panmy ¢ WHEAYIHPOBAHHOM omeparzedl M WHEYIAPOBaRELRM OPeqHKATOM.
Iloxamem, uto @ mcTmrEa Ha A’. llpegmonoskmm cHagama, 9470 O He
cofiepskuT KBaBTOpoB. Torfga yTBepsKaeHHe HEMOCPEACTBEHHO CA6AyeT
A3 OmpefefieHAA HCTHHHOCTH (HAMOMHEM, 4TO COTJACcHO OHpenelleHHI0
¢opmyna III Torma m TONBKO TOTAA MCTAHHA HA airefpauuecKo# cuc-
TeMe, eCjiu OHa HCTWHHA OpH JIOOHX 3BHAYeHAAX HPeMEeTHHIX W mpegn-
KaTHRX OepeMeHHHX, He CBA3AHHEHX KBaHTOpaMu). IIpepmonommm
Tenepb, uTo O COmepsKAT KBAHTOPH, H MpOBejeM MHAYKIHIO o0 BX IHC-
Ay. B saBECHMOCTH OT TOTO, KaKOM KBaHTOD HOCJHeJHHEH, BO3MOKHHE TPH
cayqaga: 1) @ = (Vi) V¥, 2) O =(/V¥, 3) &= (37) V¥, rae t —
openmetHoe, a T — npegmkaTHOe mepeMeHEHe. [loompepensas mpepu-
KaTel ¢ A’ Ha BCcé A mam, HaoGopoT, cyskasa ¢ 4 Ha A’ m Bo BCex Tpex
caydadgxX NPUMeHAA WHAYKTMBHOE OpefIlofIodeRne, MH NOIydaeMm, 4TO
‘D mcruHHA Ha A’.

6) IlycTs mopcncTeM A;, i = I, TOKAABEO NOKPHBAKT ajredpamd-
yecKyl cucreMy 4 m ypoBinereopsaiT dopmyae O, TpebyeTca fokasaTs,
910 @ mcturHa Ha A. IIycts @ copepxur cBoGoxHKe npegMeTHHE me.
POMEHHE® Z, I, . . . © CBOOOAHKE mpeAmKaTHHE mepemenHwe P, Q, .. -

®=®(, y,...,P, Q0 ...).

IIycte F — Kakoli-apnOyap MaxkcuMadoHuH $uasTp Han I, mocrpoen-
HHH OO0 JOKAJPHOMY HOOKPHTHIO A;, i = I, KaK yKasaE0O B KOHIe
m. 27.1. Ormernm Ha KampoMm A; mpegmkate P;, Q;, ... W TOMOMHM
Py = lim P;, Qy = lim Qi, ... [Ind noKasareancTBa TeOPeMH foc-
TaTOIHO YCTAHOBHTH, 9TO OPH JIOOHX B3Ha4eHAAX 2, y,... A3 A

iz, ... As, D&, ¥y ooy Piy Qiy...)=HuHa 4;) = F >
=>(D(:r:, Yy « « oy Py, QO?"‘)=H HA A. (’1)

Cobmpasncs BeCTH WHAYKIWIO OO0 9UCAY KBAHTOPOB, MOIYyCTHM CHadaja,
uT0 O coBCeM HMX He CONep’KHUT, W AoKayKkeM, 4T0 Torga BepHO (1) m 00-
parHaa mMoukanusa. Ilycrs (17) o6o3nagaer oOreuBenne BTAX BMIIH-
Ranuii. Eciu fopmyna @ me copeps;KAT CBA30K, TO BO3MOFKHH TpHM Ciay-
g 1) ® = (v (z,y,..)=v(x, ¥ ...)),2 =5 (u,v),3) O=
= P (u,v,...), I'I® u, v, ... — IPOA3BEEHEA C HEKOTOPOH paccTa-
HOBKOH cKOoGOK. B mepBmX aAByX caydasax (1) o4eBmpgHO, a B TpeTheM
cly4ae BHTeKaer w3 ompepenaemusa lim. ITycte Temeps @ mo-mpeniHemy
He COJePKUT KBAaHTOPOB, HO cOJep:KuT cBasku. Tak kak ¥ — Q pas-
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socuabee | ¥ \/ R, To 6ygem cuntaTh, wro @ COMOPIKUT TONBKO CBA3-
xz A, V, ~1, m poraxem (1) nEgyknme# mo mx umcry. B saBmcmmocTn
OT TOro, Kakad CBABKA NOCJHeNHAA, BOSMOJKHE Tpu clydaa: 4) @ =
=¥YAQ 5 O=¥Y\VQ, 6) D= "¥. B raxpom na mux (1’) yerxo
BHITEKAeT W3 HEAYKTHBHOTO OpefnoJosKe A 4 onpeaede R s fuanrTpa F.

Iipepmonomkum, HakoHeN, 4To @ comep:kuT KBaHTOPH, M AOKaNeM
yTBepsknenre (1) mEAyKOmed no uX dmcay. B saBHCEMOCTH OT TOTO,
KaKOM KBaHTOD HOCTeZHHHA, BOBMOJKHK TpW ciydas: 7) @ = (YH)¥,
8) = (Y1 V¥, 9). ©= (A7, rme t — opegmerHoe, a T — mpe-
fuKaTHOe mepemeHEHe. Pa3bepem caydaii 7). Ilpugagum ¢ pou3BoOIBHOE
sgadende Ha A. Hamo mokasats, aro ¥ (¢, 2, y, . . «, Pgy Qg --.) = H
Ha A. B cmiy mEAYKTHBHOTO HOPEAHOJIOMKEHMA [JIA BTOTO JOCTATOYHO
OpOBEePHTH, YT0 MHOFKECTBO

{ilt, z, y,... =4, ¥, z,y,..., P, Qi,...)= H na 4;}

npuHapae:xaT F. Ho 9To MEOMKECTBO COJepRAT nepeceye e MHOKeCTna
{...} m3 (1) ¢ MmuomecTBoM {i |t == A4;}, nosToMy Bcé noxasano. Temeps
pasGepem caydall 8). Ilycrs 7T, — mpom3BONBHHHA mnpemmkar Ha A,
T; — ero cymemue Ha A;. Kax ormevamoce B komue m. 27.1, Ty =
= lim 7T;. Hago mokxasath, 4TO

‘F(l’,y,...,To,Po,Qo,...)'::HHaAo

B cuny WHAYKTHBHOTO HPEeNHOJIOKEHAA JOCTATOYHO HPOBEPHTH, 4TO
MHO3KEeCTBO

{ilz,y,... =44, ¥ (z,y,..., Ti, Py, @, ..) = U Ba A4}

opusagne;xut F. Ho aro MmaomectBo copepsknr {...} us (1), mosroMy Bce
pokasano. PasGepem mocaepmmit coydai 9). Ilycrs mochnka B (1) BH-
ooanena. Torja ma Kamjo#d cmcreme A; CymecTByeT TakoH mpegmeaT
T;, 4TO MHOKECTBO

{ilz,y,... =4, ¥(z,9,...,T;, P;, @5, ...) = " ma A;)}

mpuragnexut F. Ilycrs Ty = lim T;. B cuny muagyKkTmBHOTO mpemmo-
nosxesuda ¥ (z, y, . . ., Ty, Py Qp, ...) = U HA A. Ho 2710 03Hagaer,
910 BHuOAneHO 3akiiodenne B (1). Teopema nokasana.

B KadecTBe HIITIOCTPALRH K BTOH TeopeMe O TMeTHM COPaBeIJIRBOCTE
JOKAJILHOH TeopeMH [JIA KJacca YOopAMOYMBAEeMEIX TPyHH — JOCTa-
TOYHO y4ecTh, 9T0 3TOT KJIACC OMpeessiercs mpefMeTHO-YHABEPCANBHO i
axcmomoli 11) m3 m. 27.2.

2732, Yopaxueenune. Ecna B rpymme G Kaskgasgs KOHEYHO
DOpO/KACHHAA HOATPYONa copep:kuT abesneBy HOPpMaNbHYI0 HOATPYLIOY
KOHEIHOTO RHAGKCA < 7, TO U BcA G cofiepskur abejleBy HOpMaJLHEYIO HOJI-

rpynny mEgeKca < 2.
PaccMOTpEM Temeph MIPOM3BOJMLHEE KBasmyHmBepcanbmnie ¢op-

MYJIEL, _
2133. Teopema (A. V. Maxwvnes). Ecau kKsasuynusepcarvnas

gopmuysa © ucmunna ne nodcucmemaxr A;, A0KALLHO NOXKDHEANOWUZ
asze6pauneckyio cucmemy A, mo @ ucmunna u na 4.
MorasarTenscTBo. Cornaceo omopefeJeHHi0 KBa3HYHH-
pepcanbroil OPMYALL
© = (YPy)..(7P,) D',
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rpe O cocTasaeHEa np¥ NOMONIA CBA3OK A, \/, ~, — H3 IPOIMETHO YHH-
pepcaiabHEHX Qopmyn Ges cBo0OQHHX DPEMOTHHX NePeMOHHHX, HO CO
cBo0OAHEIMI OPeAHKATHHME IePeMeHHRME u3 COACKa Py, . .., P,.
TomycraMm, uto @ mcTHHEA Ha KasIoMm 4;, H njoKaskeM, uro O mcruAHA
Ha A. IlpmpageM opemmKaTHHM nepeMeHHHNM Py, . . ., P, KaKHe-HH-
6ynn snavenna na A. Hajo nmokasars, uto @' meTmEEA HA A mpu Takoi
pHTEpOpeTanm® Py, . . ., P,, nmpmueM m3pecTHO, uro O’ MCTHHHA Ha
KaskfOM A; IPH HEAYOUPOBAHHHX 3Ha4YemEmAx Py, ..., P,. Hpyromm
cnoBamMu, HajIo J0Ka3aTh Teopemy nad dopmyan @', xorga Py, . . ., Py
CYATANTCA CHTHATYDHEIME npepuKatamu, /13 Havagba0or0 Kypca A0rmKH
H3BeCTHO, 9T0 (' MOIKHO IPABECTH K paBHOCHALHOMY By D' = A @,

o, =V ‘Daﬁ’ rae tIJOcB — OpegMeTHO-yHABePcalbHAA JOPMYNa, 3aHPH-
Taf [0 TPEJAMETHHM IepPeMeHHHM, HJIH OTPHUUAaHMEe TAKOH (GOpMYNH.
ficmo, 9To ecnm Ana peex @O, Teopema BepHA, T0 0OHA BepHAa u naa @',
Bce pT0o m03BOAAET OTPAHAMINTLCA PACCMOTPEHHEEM CHENYIOIEX CAYJIaeB:

HO=%V...VY¥,,
2) O = "1V ...V 1R,
NO="%V...VEVI2V...VTQ,

rae ¥, QB — NpeAMeTHO-YHUBEPCANLHNME (OPMYJH, B3aKpHITHE 10

OpenpMeTHHM IePOMEeHHHM, 7, s > 1.
Pasbepem Toabko caygad 3). IIycre @ ucTurHa HA Kaskpod A;, mo
noxkea Ha A. Torga Bce ¥, JOREH Ha A, BCe QB ncTEREN HA A. Ilo

BTOpOit dacTs Teopemu 27.3.1 Kampan ¥, #0oxEa Ha HEKOTOpOM A, .
Ilycrs 4; comepuT BCe 4, . ITo IepBOiM YaCTA TeopeMH 27.3.1 kaxnad
¥, n03kHA Ha 4;, KaXKpas QB ucTRAEHA Ha A4;. 3nawaTt, O JoKHEA Ha A3,

uTo mpoTABopeunT ycAosmio. Cayuaum 1), 2) paszbuparmTca aEamormIHO
¢ OYeBHJHHIMM YIOpOMEeHHAMH., TeopeMa AOKA3aHA.

B kavecTBe MINIOCTPAIMN K HOH OTMETHM CIPaBeTHBOCTH JIOKANb-
HOM TeopeMH AJf KJacca JOYOOPAJOMHBAEeMHX IpYON M Kiacca Opo-
C¢THX rpymn — cM. Popmyny 12) B n. 27.2 m yopaknaenne 27.2.1.

§ 28. O neanix aare0pamuecKnX WHCAAX

My mpefnonaraeM 37ech, UTO HAYAJLHEE CBeICHHA W TePMUHOJIO-
THA TEOPHE MOJeld W3BeCTHH wuraredio m3 o0mero Kypca aareGpw.

ITycts @ — anre6pamueckoe sammkanme mong §) panmomamsmmx
qncen. Juementn ns &) maswmBalorcs ascebpauxeckunmu wuciamu. due-

MEHT N3 Q Ha3pIBaCTCA YeablM anreﬁpamecnnm YACJAO0M, eCu OH AB-

AsercAd KOpHeM MHOIOWNIeHa ¢ INeJHMH KoopPuImeHTAMH M CTapIIEMm
xoa(ppunmenTom 1.

ITycte k — nmpoH3BOABHOE moje anrefpaMyecKmX ¥Hmcesd, MMeIOmee
KOHEeYHYI0 CTOIeHb (T. e. PASMePHOCTH KaR BeKTOPHOe TPOCTPAHCTBO)
nap moxem Q), k, — MEOKECTBO Beox HeauX anre6pamuecKux uncen uak.

28.1.i. Yupammernne. J[J[aa BcAroro o = k cymecTsyer

Takoe m &'7,, aro mo. & ky.°

28.1.2. Yupamuaeunne. &= 7.
28.1.3. JlemMma.' k; — nodxoavyo 6 k.,
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HoxasareabcrBo. Ilyers a,f k,, y— mpousBoib-
HEHii B3 3jxementoB « 4 P, af. Hago norasare, uro y < k,.
IlycTh

m—1

-1 _
o= Naot e, pr= X o b=l
1=20 7=0

JIerko NOHATL, YTO COBOKYNHOCTE O BCEBO3MOMHLBIX 3JJIEMCHTOB BHJA

I—1 m—1 ;
C i
Y Z T T A
i=0 =0
aBaseTcA nopgkoaenoM B k. Ilycre yy, ..., y; — Gasa afAMTHBEOI

IpyDnsl o B Y, = Z 8,V Gy E Z.. X apakTepucTHYOCKEH MHEOTO™
8

wjieH MaTpanH (d,s) 00pamaeTcsa B HyJdb B TOUKe y, HOATOMY y — Iejloe
anredpauvgecroe IUCI0. JleMMa JoKasaHA.
OueBHEAHO, NI BCAKOILO o & k CABHC Z v x0, & k, ABIACTCA

AEHefHHM upeoGpasoBanmeM npocrpamcrsa k map noxem . IlyerTs
% — X2PAKTOPHECTHIECKEN MEOTOWICH 3TOr0 npeodpasopanms, tra —

ero cief. bonee 0bmo, ecaim K — mognoie u3 C, L — ero pacmmperne
KOHCYHOH CTEeNEHH, TO [JJIA BCAKOrO o & L mpeobGpasoBaHme z —- 24,
z = L, nupeiitno gaj K m ero ciaep o6003HAYaeTcA depes tr (o} (om

NPHHAJIEKAT, KOHeYHO, noiaio K).
28.1.4. lemma. Ecau & e ko, mo ¥, — mnozowACH Kad Z..

HoxasarteancTBo. Ilyctbrn — crenens k mag ). 3adux-
capyeM Kakyio-ambyas Gasy k mag {) m comocrasmm kampomy y < k
MaTpHny § CABHra z — zy B 3TOH Gase. Q4eBHJHO, MOJNYYHTCA H30-
mopduoe Bromenue k — M, (). Tak rax ¢ — KOpeHD ypaBEeHEA HAJ

co crapmeM KosdppanuenToM 1, TO TAKOBH H XapaxTepHCTHIECKHE
KOpDHE MAaTpEun . Bemjy 28.1.3 kospdmumenTh MHOrO9IeHa Y, —
neane ajgrebpamdeckme uyncia. Beugy 28.1.2 omm aexar B Z.. Jemma
JOKA3aHa,
28.1.5. JlemMma. Hycmb oy, . . ., ®, — 6asa k nad Q. Mempu-

ya (tr (w;@;)) Heswpoxdena. Cywyecmeyem Gasa {m?} noad k nad @,
deolicmeennas K {®;}, m. e. ¢ ycaoeuex

tr (mim?‘) = 8.

NorasaTeabcTsOo. a) Ilycte, HANIPOTEB, MEKAY CTOMG-
uaME MaTpENH (tr (@) CymlecTByeT HETPEBHAJbHAA 3aBHCHMOCTDH

¢ KOapPunmenTaMu Oy €= (). Torpa
o = dayo; 0, tr (0j0) = 0 gusa scex 1 << i <Cn.

Tax Kar {@;©) — Tome Gasa k map Q, To 1 =) P;wiw npr noxxoga-

mux P; & @+ Buumcasaa cieq or ofemx gacrest, moaydum n = 0, 4ro
HEBEPHO.
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6) Hmeum o* B Bupe
®__
0; = 2":"*51‘01’ gi1E Q-

Ycaosue tr(mim”}) = §;; npespamaerca B cucreMy JEHeIHKHX ypaBHe-
HEit gisa &y, . . ., &y BBEAY @) OHA paspemuma. Jemma okasana.

28.1.6. TeopeMma. Addumusnas zpynna kKoavya k, KoOHELHO
nopodxcdena.

JloxasaTeanctso. Ilycts @, . .., ©, — 6aza k sag Q.
*
Beugy 28.1.4 MOoXEHO cuHTaTh, 4T0 Bce ; = ko Ilycth {(oj} —

nBoiicreeEHan Gasa. Beummy 28.1.1 cymecTByeT Takoe m = 7, uTO

Bce ma; = ky. Iycts Yy — IPOU3BOJBLHHM 3JIeMeHT U3 kg,

Y= Zvimi: Yi € Q-

* “
YMHOKAsA 9TO PABCHCTBO Ha me; Oeps oT o0enx acTel cirel, DONYIAM

my; = tr (m‘pm?). Tak Kak m‘y(:)}6 e ky, TO my; = Z. (nemma 28.1.4).
Mu BEJEM, YTO aifUTHBHASA [PyNOa KOAbNA k, ISKAT B Ipynmne ¢ MOPOK-

1
I[&IOII];HMH{? mi}, a noToMy cama KOHeYHO mopos;kaeHa (cM. 8.1.7). Teo-

pemMa pAOKas3aHA.

28.4.7) Jlemma. ITycmv K — nodnoase ¢ C. Jas acakozo pacwu-
penus LIK cmenenu d cywecmeyem mouno d usomopgpusmos L ¢ C, mooc-
Oecmeennwviz na K. Ecau o0y, ..., 63— smu usomopPusmsl, mo

try g (@) = a® .. .+ &% naa Kampgoro @ < L. (1)

Ecau {@;} — 6asa L/K, mo
det (tr; ;. (@;0,) = det (%)= (2)

Hoxasarensc¢Tso. a) JokakeM cHadasa NepBOC YTBEPK-
meame. Ilyets o &< L, f — MEBWMANLHHE MHOTOYJICH VIEMEHTA O Ha[
noaem K, o, . . ., 0y, — KopHE f B C. OgeBngHO, CyIecTByeT B3aEMHO
OJHO3HAYHOE COOTBETCTBHE MeXJy m3omMopdmamamm K(w)/K —C =
oToOpaskenusamn o — a;. 1lo Teopeme 0 UPUMUTHBHOM BaeMeHTe (CM.
[6], cTp. 165) L = K (@) npE mOXXOAAINEeM ¢, MO3TOMY BCE JIOKa3aHO,
Momxuo o6oiiTace ® 0Oe3 TeopeMdw O DNPMMHTMBHOM 3JIeMEHTE —

focTaTOYHO npeactasuTh L. B Buae K (yy). . . (ys) ¥ saMeTHTb, 4TO
KKIE maomopdmamM K (yy). . . (vi)/K — C uMeeT no mpeguymne-
my TouHO | K (P1). . (Vi+r) t K (y4)- . .(y))| nDpomoMxenmit mHa
K (y)- -« (Visd) 5

Tenmepp poxaxeM (1). Ecau L = K (@), T0 MEEAMaJbHKEE MHO-
rouwieH 3jiemenTa o Haj K mmeeT creness | L. : K |, a mOTOMY cOBOaja-
eT ¢ XapaKTePHCTHYeCKMM MHOTOYJICHOM NpPeoOpasOBAHNA Z—> z0O, BEK-
TOpHOTO mpocTpaHcTBa L Haj moxem K.

Ilo npepupymeMy @, . . ., a ¢ — B TOYHOCTH BC® €ro KOPHN,
oTKyfma # caepyeT (1), O0mmi cnydail CBOAHTCA K PAaCCMOTPEHEOMY
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¢ MOMOINGLI0 HOPMYIIH
try g (@)= | L: K (@) [ty (%)

Hoxaxem ee. ITycrs {w;} — 6asa L/K(a), {6;) — Gasa K(a)/K. Tor-
na {w;8;} — 6asa L/K m B meit MaTpuma npeolpasosamda z > o,
AMEeT KIECTOYHO-HATOHAJNbLHHIA BHJ, NPHYeM N0 JWATOHAJNH MOBTOPS-
eTCsd MaTpEna atoro mpeobpasosamua B Gase {0;}.

B) Jlokasxem, maxomen, (2). Beuagy (1)

. —_ o..0
bk (0,0;) = D ofa?,
1]

N09TOMY MATPHIA, COCTABJACHHAN H3 JIGBHX YaCTed 3TOro paBeHCTBA, eCTh
nponssefierne MaTpunn (©3) Ha ee TpaECHOEMpoBaBEyI0, OTCIOA H BH-

TeraeT (2). Jlemma Norasama.
Ana Beakoro maomopdmaMa @: L — C cymecTByeT conpsaycennulil

maomopdmam §: 2+ z%, 2 & L, rje wepta Hafx z¥ 060sHavaeT B3ATHE
KOMILIeKCHO-CONPSLKeHRHOro udcna, Ecam ¢ = ¢, 10 mH30MOPPH3M @
Ha3HIBACTCHA OdelicmsumesbHbld, B NPOTHBHOM CJIYy4a€ — KOMnNAEKC-
HblM,

Bepremca k nomo k. ITycte n = | k : Q |, s — memo peficTrrens-
HHX, & 2/ — 9YACNI0 KOMOJeKCHHX m3oMopdusmoB k — C, n = g -
+ 2t. Ilyes o0y, . . ., O5 — [OUCTBHTEJAbHHE, & Ospj, Og4yr « - -
+ « «y Ogyty Ogyt — KOMIJICKCHHE H30OMOP(H3ME,

PaccMOTpRM n-MepHOe eBKIMAOBO IpocTpaHcTBO R™ M oT0oGparke-
BHe O k — R", ompegenennoe Gopmyaou

a g, g q,
20 =(z1, ..., 2% Re(z **Y, Im(z ™, . ..

.. ., Re (z°5*), Im (z7*Y), z =k,

rae Re, Im — 0603Hauenns feHCTBETeALHON H MHEMOH dacTei.
28.18. Yopamuaenue. Orobpaxenme ¢ ects naomopdHOE
BIIOKeHNe aJJiETHBHOM IrpyNnH &k B aAfETHBHYIO rpynoy R”™,

ITycts Tenepn k*, ki — MyJpTELUIMKATEBEG® IPYIOUH TNOXA k H
KoabNa k. Ompepennym oTo6paskernme T: k* — RS+, nosaras

2= (In[z%, ..., In|z" ), z < ke,

28.1.9. ¥Ynpaxnuenue. OrobpaskernetT — romomMopdusM rpyn-
O k* B ajynTuBHY® rpyony RSt
28.1.10. Jl e mMa. Muoxecmao kg ducxkpemno ¢ R™, m. e. umeem

T
AULWL KOHewHoe nepeceverue ¢ awbum wapor uz R™. Mnodxcecmeo (k:)

duckpemno ¢ RS+,

JoxasaTeaxscrTBo. Ilycth @, . . ., ©y — 6232 aIETHB-
HOH rpynnu Koabna ky. Tak kak det (tr (w;w;) 5= 0 (memma 28.1.5),
TO CTPOKH

¢ O  Ost1  Ops1 Oyt
(mil’.-l’- (D?"s, wi ,(!)i, y . ]

gyt .
..,(ﬂ,‘, 'més*’), 1<l\‘§n'
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TuHefiHO HezaBMcHMH Haft R (1emma 28.1.7), a moTomy u crpokn 09, . . .

.« ., ©F nuHeliR0 He3aBUCHMH HAX R, T. e. cocTaBAAIOT 6ady eBKIMIOBA

nmpoctpancTBa R™. Boasmem B R™ Omoproromamsmylo Gasy {e;}, T. e.
6a3y ¢ ycaosmaMm

(0)%! ej) = Gi]"

rje Kpyriase cKoORE 0603Ha9a0T CRANAPHOe Hpon3Be/ieEne B R™,
MycTs

z2E kg, X = in(’)i’ z; = Z.

Ouesmnmo, z° = ;@7 n BBARY Hepasencrsa Komm — BymaroBcKoro

Jzj 1= 1(2% ) | < T2 - el

Ecnz 2% npusamiexuT 5eKOTOpoMy mapy 3 R%, T0 Ria MeaHX wumced zj
HMEeM JNmbs KOHeYHOe YHCIO BO3MOMKHOCTeH, OTHYAa CJeqyeT HEPBOO

yTBep;KIeHEe JeMME. Ecim Xe z k; M z' OpRHAAAGKRET mapy |z | <

< rBRHH, 10 2 OPMHAJUIe;RAT Mapy papmyca e” V;n R?”. Jlemma po-
KagsaHa.

284.11. Ynpaxuennme. fInpoM cymemmsa T Ha k; ABNAETCA

COBOKYIHOCTE BCE€X KODHEH M3 eHHMIH, CONep;KamrExcs B moxe k. 310
KOHOYHAA NWKJIWMIECKas rpymma.

Viasamme:iecmmz' = 0,10 |2° | < V.

28.1.12. Teo pe ma. Mysvmunaukamuenas gpyrnna xosvya k,
KOHEURO nopoxdena.

HorxazaTensncTsno. Benpy 28.1.11 pocrarouno ylemmrncs,

9T0 afAUTHBHAA rpymma A = (k;)" KOHEYHO NOPOKACHA, YTO MH B

cnenaem. Ilycte ay, . . ., @, — MaKCHMANBbHAA JINHEWHO He3aBHCEMASR
Hal R morcmerema ms A,

Al = {Zaiai 2= Z’, A = {Zaiai 10 < a; < 1}.

OvesniHEO, NS BCAKOTO 2 = A CcymEeCTBYeT 3allACH
z=2z'+z2", 2 el "= A"

Tak Kak r = 4,2’ = A, 10 m z° = A. Ho MrO0:KecTBO A” 0rpanmIeHo
B R°+! nosromy mepeceuenme A N A” xomeuno (memma 28.1.10). Cie-
RoBaTeNIbHO, WHTEKE ¢ = | A : A’ | xomeuen. Tar rRak g4 C A4/, 10 A

1

CONCP:KATCA B afIETHBHOM IPynne ¢ 110 pOKAaTOTIHMA 7 7 %o

Bruny 8.1.7 rpynna A romeuno moposxpena. Teopema noKasaHa.
OTMeTHM, 9TO HS IIPUBENEHHOTO OKA3aTeJIhCTBA BHITEKAeT, 9YTO
9HCT0 CBOOOTHEIXY MOPOKAAIOMUX rpynme A He' NPeBOCXOAHUT s - .
Boaee TOHKAMH) pacCyAeHUAME MOKHOYImOKasaTh, 4T0 OHO PaBHO
x® ) -
s + ¢t —1 n, sHavwHUT, k, — DpAMOe NPOM3BEJIPHAE KOHETHOHM IMKIAMTE~
CKOX rpynmhi | s -+ ¢ — 1 GeCKOHeYEHX NMEKIEYeCKHX TPynn (Teopema

[upuxie).
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OT PEOAKIHUMHU

Xenaa npeacraBuTh cebe ceronHAwWEee AHHO TOU MAM HHOH
o0nacTH MaTeMaTHKH, Mbl 0ObLIYHO OOpamlaemMcd K MOJKe CO CBEeMH-
MH HOMEepaMEK XYpHaloOB H/IH, 3KOMOMS BpeMsd, K COOTBEeTCTBYIOMKM
paznenam pedepatuBHoro xypHana. Ma crareét Mnl y3Haem, 4HTO HO~
POrO TMPOH30UWJIO B nanHOH o6nacTH, KakHe BONpPOCHI yAaloub pe -
WHTh, a KaKKe TpOABMHYTb, HO Iopa3/lc pexe - X TO /Iilib B CB§-
34 Cc TONYYeHHLIMH ABTOPOM pe3ylbTATAaMH - y3HaeM Mbl, KakKue
BONIPOCHl ABTOp peilaTh He YMEEeT, HO CYHTAeT HHTepeCHbIMU. Mex-
Ay TeM cBoaka “ceroanHdwHHx npobnem” HMeeT a/lg pa3BUTHY BCI~
Koi o6n1acTH HHYYTb He MeHbllee 3HAYEHHe, YeM CBOAKA OOCTHXKE-
Huli, a BHAMMBIE CBA3H Mexay To# MW papyro#fi 4yacTo oOMAHYHMBEL.
Bor noyemy pasyMHO BpeMd OT BpeMeHH NyS/IHMKOBATL CBOJKH aK-
TyanbHbix npofleM C yyacTHeM WHPOKOro kpyra aeropoB, ”Koypos-
CKad TeTpaan” - HMeHHO Takoif COOPHHK HepeuleHHBIX BOMPOCOB H3
o6nacTH TEOPHH Ipymr,

Hacrogamee uszauue ”KoypoBckoit terpanu” dgengdercd yerpBep—
ThIM, Meppoe BLiuIO B 1965 roay. HMcrekwee BpeMda mokasano, 4YTO
Haed cobpaTh B OAHOM MeCTe BONpPOChI, HHTEpacylliHe B OaHHOe
BpeMs paHHyI0 obnacTe MaTeMaTHKH, Bhno/iHe onpaBpana cebd. Ha
235 sanay TpeTbero uUazaHua B HacToduee ppeMd peule’m 75, [lo
obpaauy ”"KoypoBckoit terpanuH” BO3HHKNH "AHeCTpoBCckaf TeTpanb”
(1969) u "Cpeepanobckada tetrpann” (1968) - c60pHMKH HepeweH -
HBIX Mpob/jieM TEOpPHH KoJell X TEOPHK MOJYIpy I,

B nacrosimmeM uapnanun "KoypoBckad Tepapns” AQONoMHeHA Yya -
croio 4, Hactu 1-3 BOCNMPOH3BOAATCA MO TpeTbeMy H3ZaHHIO ¢ He-
60NMbWHMH penakUMOHHBIMH H3MeHeHUdIMH. KoMMEHTapuH K 3anavam
ofHoBiIeMbl H nononuensl, Kak U npexpe, 3aga4Hd, cHabxeHHble KOM-
MEeHTapueM, OTMeueHbl 3Be3foukof. Penakuua Gnaropnapur BCcex nuu,
COOG IIHBWIHX 3aMedYaHHd 1O npeabiiyWHM H3paHHaM,

Hoemie zapadu m KOMMeHTApMH HanpasasahTe no angpecy: Ho-
Bocubuapck, 90, Hucruryr maremaruku, "Koyposckas Terpaap”.
Bce mwapecTrHBEe yTBepxXxueHHSI 000 k-
Hb O b Tb CHAO X e H bl TOYHBMH CCHBH I~
KaMH Ha nNUHUTepaTyopy HnN U gpyrormue
HCTOU4YHH K M.






Yacrn 1. AEHb NPOBJEM IMEPBOIO
BCECOK3HOIo CUMNO3UYMA T10 TEOPHUHU TPYIN
(Koypopka, 1965)

C 9 no 17 deppana 1965 rona sa Koypoecko# Typucrtcko#i Ga-
3e non CeepanoBckoMm cocrodnca BcecosHblit CUMNO3UYM 1O TEOo-
puH I'pynn, opraHu3oBaHHnihi MecTuTyTOM maTemaruxu CO AH CCCP,
CsBepanoBCKHM oTAeNI@HEEM MaTeMAaTHYeCKOro MHCTHTYTa HMEHH
B.A.CrexnoBa 14 Y palbCKHM IOCYAQpPCTBEHHLIM YHHBEpPCHTETOM HMe-
uu A.MTopnkoro. B cumnosuyme ydacrsobano 69 uenosex u3 17
ropogoe Coserckoro Coioaa.

PaSora cuMnoauyMa npoxonuna B dopme , Gauaskolh, c onHo#
CTOPOHBI, K $OpMe MAaTeMaTHYeCKOR WKonsl,, c apyroik - kK dopme
TPAOUHHOHHLEIX anTebpaHdYecKHX KOMIOKBHYMOB. YHTAIMCH INHKILL JIe =
KUH# II0 pas3/IH4YHLIM HalpabBlIeHHAM TEOPHH I'pynn, npHYeM ang oT-
Ne/bHbIX BAXKHLIX HIH HOBHX pPe3ylbTAaTOB MPHBOAHIHCHL NOJHLIE OO0~
KasaTenbCTBA HNK CXeMbl nokasarenbcTrB. Kpome Toro, 6nuio cne-
1ad0 HECKONBLKO coobmeruft 0 HOBHIX pesynbTaTax, OTYeT O CHMIIO=-
auyme cM. B YMH, 20, Ne 4 (19865), 213-215.

Y nageiM 0KAa3a0Ch BKAIOMEHHE B MpOrpamMMy CHEUHalbHOTO
duga npobnem, koropri#t cocromica 18 dempand. [locraBnennsle B
3TOT NeHb BOMpPOCHI, KaK OpHrUHANLHBI®, TAK H H3BEeCTHHE B NTHTE-
paType, MO mo To# MM HuO# npHYHHe MpeACTABISIOmMUECCHE OCODeHHO
aKTyanbHbBIMH, COMNPOBOXAANHCH KOMMEHRTApPHIMH, a 3aTeM 3alHKChi-—
BARTHCh ABTOPaMH B 0co6yi0 TeTpaidb, 3aflHCb BOMNPOCOB PO H3BO AH=
nack M B Apyr¥e OHK Ha TMpoTSxeHHH Bce#t paboThl cHMMo3Kuyma,
EcrecrBerHo, 4TO nuuHbIe BKYCH &BTOpPOB CYEeCTB@HHO OTPA3HAMCDH
Ha cogepxaHuUH 3TOH Terpann.

OnHHM M3 CBOHX peweHHH# CHMNOIUYM MOPYUHIT OPTKOMHTETY
H3naTte “ Koypopckyie Terpann” ortaenpro#f Gpouwopoi. KoHedno, He
BCe cobpandble 3gecb NpobGieMmbl PABHOUEHHBI: ONHM K3 HUX HMEIOT
Yxe conuMaHnit BO3pacCT, H HX TPYAHOCTh B HOCTATOYHON cCTeneHu
OpopepeHa, ApyrHe BO3HHUKIH coBceM Henapuo. Kax 6bl TO HM GBINO,
5TH 3anayu OTPAXAIT HHTEpecChl 3HAYHTENBLHOR YacTH  COBETCKHX
TPYNNOBHKOB H, MOXHO HanedThCcHd, OYAYT XOPOUIMM CTHMYJIOM and
Janbhefwmux mMccnenoBaHuih B TEOpPHE rpynm.
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BOMNMPOCH

1.1. CymecTByi0oT 1B KOHSYHO-TOPOXACHHLIE NOJHBI® TI'PYINH,
OTAUYHbIe OT enuHN4IHOA? PapuocunbHBI# BONpOC: CYmMECTBYIOT 1d
KOHEUHO~-MOPOXKNCHHEI® NMPOCTHE NONHLIE I'PyNNbl, OTAHYHLIE OT €OH-

HUgROR?
10.A.BOTAH

1.2. llycre 0 - rpynna, F - cBoBonHag rpynna co cpobon-
HBIMH TOPOXAAIONMMU T, ,...,&L, , K - cBoGopsoe npouapeneHHe
rpynn G u F . YpaBHenueM (¢ HeH3BeCTHbIMH Zy,..., Ty )Han
rpy nno# Hal30BeM BuipaxeHue Bupa U (X,..,Ty ) =1 , rne ne-
Bag 4YacThb eCTh NeMeHT M3 K , He conpsykeBHbft B rpynne £ HH
C KaKHM 371eMeHTOM geG . I'pynny O nasoBewm anrebpandecky
3aMKHyTO#, ecnu noboe ypaBHeHHe HAN G wumeer peuicHEe B 3TOH
rpynne. CymecTByioTr nu anreGpaHdYeckH 3aMKHyTble rpynnei? Ecnu

Tpe6oBaTh, 4TOObl ¢ (&X),..sy Xy ) cOOLPKANO HEHIBECTHLIC TOMBKO
B NMONOXHUTelbHbIX CTeNeHax, TO TakHe rpynnm cymecrtsylor [118].
11.A.BOKYTb

1.3. (IIpobrema H.KannaHcxoro). MoxeT nu rpynnoBoe XoOlb~

uo rpynnb 03 KpyYeHHS COAEpXAaTb AEJIMTeNM Hynd?
1.A.BOKYTb

=
1.4, (MIpo6nema A.U.Manpuesa). CymecrTsyeT nm konnlo Sea
nenuTene# Hynd, He BIOXUMOE B Tell0, MYNbTHIIUKATHBHAS MOy -

rpynma HeHyneBbiX 3/€MEHTOB KOTOPOr'0 BIOXHMA B rpymnmy?
1.,A.BOKY Tb

1.5. (MaBecruaa npo6nema). CymecrByeT nu rpynna, rpym -
NOBOE KONBUO KOTOPOR He COAEePXHT aenurene#f Hynsa H He BIOXH -

MO B Telo?
1., A.BOKYTh

1.6. (A.U.Manpuen). BrnoxumMo nH rpynnoBoe KoJIbUO NPaBO -

yrnopAaudeHHON rpyRnabl B Teno?
N.A.BOKYTb

1.7. BepHo nm, 4TOo B npocTo#f KOHedHOR rpymne mio6ag abGe-

neBa mnonrpynna OTAHYHA OT CBOEro HopMamularopa?
B.MBYCAPKHH
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1.8. Onucarp NpocThié KOoMedHble T'PYNNLl, HMEIOMME MOArpyn—
my, COAepXAamylo LeHTPanu3aTOp AI60ro CBOEro HEeSNMHHTHOr'O de-

MEHTA,
B.MBYCAPKHWH

1.8. Broxuma nu (uloMopdHo) B nmpamoe npoussencHue Ko -
HOYHHIX I'pynn ¢akTop-Tpynna JOKanbHo HOPMANbLHOH Ipynrbl 0o

BTOPOMY WIEHY €& BEepXHero LEeHTpanbHOro psaa?
0. MTOPHYAKOB

1,10, Asromopduam (J rpymmn ff nasosem pacmen g0mHM,
ecnu And nwoboro 3NeMeHra geG BLIMOJNKASTCH coou‘uomeuuegg...

9 m{, rne 2 - nopsnok ¢ ., Byner nu HHIBUOTEHTHOH pas-
pemnuaa rpynmna, EMelomad per'ynapubrﬁ pacmenaqiomuit abBToMop -

$u3M npocroro nopdaxa?
I0.MTOPHYAKOB

*1.11, (3.Apruu). [po6reMa CONPSXEHMHOCTH ANg TPyANm KOC

B, ,roen>4.
MA.TPUHOAJTHAHTEP

1.12. (B.Maruyc). [Ilpo6neMa u3OMOppH3Ma TPRBHAILHOW rpyn-
ne aAng BCex rpynl € /1 nNOpoXaalomMHMU H /1 onpefendloidHMH CO-

oTRomeHrusMu, rne 1> 2 . M I.TPUHIUTUHTEP

1.13. (dx.Cronnuurc). ECiIR KOHeYHO=-ONpeAe/eHHAad I'pynna
TPHBHANbHEA, TO BCErna /1M MOXHO 3aMEHMThb XOTHd Gnl OQHO omnpe -
fenqomee CnoBo NMPUMHUTHBHBIM JMe@MEHTOM, He Hapywad TpHBHANb~

HOCTH Ipynnbi?
M A.TPUHONKRHIEP

®1.14, (B.Heiiman). Cymecrsyer nu 6eckoHedHas npocras Ko-

Hedquo~onpeneneHHas rpynna?
MIA.TPUHA/IMHTEP

1,15, Pemurn npobnemy HaoMopbpHaMa GeCKOHeqHOH HLHKAH -~
YeCKOll rpynne mig BCex I'Pynm y3n0B TeOpPeTHKO=IpynnOBbIMH Me-

Tonamu, B.Xaxeu [ 110] pewnn ee TononoraueckuMu METONAMH,
MA.TPUHOANHUHTEP

1.16. [lamo marypanbHoe uucio /3 . Y 3HaTh,Al1d KAaKHX NOAMHO-
wects IC{4,2,..,n} u ona kaxux snemenron Z; ,C€l, H3 KoMMmy-
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‘Y n“
TaHTa Ipymnmu (r = rp (a,,!,,...,an, 6,1 ITTLab.é:] ={) dakrop-
=

rpynna rpynnsi G no MHEMManeloff HOpManbHOH moaArpymne, co-
nepxamelt Bce l‘a‘-,.éc, T;1, ¢cel , 9pndeTcd rpynnoft 6e3
xpyuennd ( C.[lanaxupeakonynoc).d.Pananopr aoxasana, uro npul{l]=
= { pnannag daxTop-rpymnna scerga OGyner rpyunnofi 6es xpydeHud
Ci287].

MIO.TPHHONTHHTEP

*1.17. BunucaTe B SBHOM BuAe NOPOXARICHIHE 3MeMeHTH U On-
penendiomue COOTHOWECHHA KaKo#-HnNOynrs yHKHBepcanbHOfl KOHedHO-
onpeneneunoft rpynnu. CymecTBOBaHe TaKAX PpYNn noXa38MO
I Xurmamom [1121,

MAO.TPUHATHHTEP

1,18, (A.Tapcku#i), CymecTByeT JIH ANTOPMTM [UIH Ofpenese—
HUG paspellHMOCTH ypaptueHufi B cBobonHo#t rpynne? [Quas ypabHe -
HA# C ONHHM HeH3BeCTHHIM TaKoffi anropurMm cymecrtrsyer. Onucarb
CTPYKTYpyY BCeX pemeumli ypapHeHHH, €CAM OHO HMeeT XxOTd OB Of—

HO pelleKEe. I0.1.EPUIOB

1.19. (A.U.Mansuen). Kaxkue noarpynnsl (umenmuHoxecrsa) o¢op~
MYZbHO ompenennmMn B cBoSonuo#t rpynme? Kakwe mnoarpynnki OTHO-
CHTENBEO SeMeHTApHO ompenendMbl B cBoGogmEoR rpynne? B wacr-
HOCTH, 6yaeT N4 KOMMYTaHT GOPMYNbLHO (HNH OTHOCHTENLHO 3ile-

MeHTapHo) ompenenuMm B cBoSoamofi rpynne?
10.J1,EPIIOB

1.20. [ns xaxex rpyan (xnaccob rpymnn) pewerKka HOpMAIb -
HEIX AOArpyRn $GOPMYNLHO OnpenenlwMa B pelleTke BCex MOArpynn?
B nactTHocTH, He OyneTr nu pelleTka HOPDMAABHLIX NMOArpynn csoton-

HOM rpynns ¢OpMynbHO onpeaelHMa B pemeTke BceX €& moarpymm?
10.JI.EPIHOB

1.21. KoseyHo 1M MHOXECTBO KOHeYHHMX NMPOCTHIX I'pynm AO&H-

moro nepumosa /1 ?
M. HU.KAPTAINo/s10OB

1.22, Hccaenobars xOoHed4HYIO I'pyGmy, coaepxXxallylo [oarpymly
A , B3aUMHO NPOCTYIO C® CBOMMH COHpSX@MHLIMHE M TaKylio, H4YTO
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HHOCKC A B ee HOopManHaaTtope *3HaAYHTe/bHO MeHbie” noOpdnka

1Al .
M.U.KAPTATO/10B

*1.23. CymecTByloT /1 6€CKOR@UYKELIE NPOCTHle OKANLHO=KOHEeY-
Hble I'pynnbl KOHewHOI'O pasra?
M HU.KAPTAITIONIOB

*1.24. Bcakas nu GecxoHeuHas rpynma obnanaetr 6eCKOHeqHOM
abenepo#t noprpynmo#?
M.HA.KAPTAIIONIOB

1.28. PaspewmMiu NH yHHBepCANpHble TEOPHH Kjlacca KoHed -
HbiX Cpynn, Kjiacca KOHeYHLIX HH/ILIOTeHKTHBIX TPYynn?
M HA.KAPTAIIO/TOB

]
1.28. CnenyeT 1k M3 sneMeHTapHO# SKBHBA/IEHTHOCTHK KOHeY-
HO~-NOPOXN@HHEIX EMILOOTEHTKHX TIpynn E30Mopdu3M STHX rpymm?

M HA.KAPTAIION OB

1,27. On"caTh yHHBEepCANbHYIO TEODHIO CBOGOAMHX I'pyni.
M. U.KAPTATIONOB

1.28. Onucarb yHHBepcCalbHyl0 TeOpPHIO cBoGonHO# /I -CTyneH-

HO HMALIOTEHTHOH I'pPYnki.
M U.KAPTAIIONTOB

1.29. (Mpobnema A.Tapckoro). Paspeuwnma nu aneMeHTaprad

TeOpHd cBOGonHOK rpynnui?
M U.KAPTAIIO/NIOB

1.30. PaspewuMa /I yHuUBepcanbHas TeOpHd Dal3pellHMbIX

roynn?
M U.KAPTATOIOB

1.31., Byaer na ¢uEATHO-ANNpOXCHMHpYyeMad rpynna ¢ ycloba~

€M MAKCHMANbLHOCTH KOH@UYHEIM pACUWEPSOHMEeM NOMHIHKIHISCKOH
TPynfibI? M U.KAPTATIONOB

*1.82. Byner nm gmnpworeuTmoll noarpynna PpaTTHHH KOHE&THO—
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NOPOXACHHO# rpynmbl MaTpHU Haa mMonemM?
M HA.KAPTAIIO/N OB

1.33. (lIpoSnema A.HU.Manbuesa). OnHcare 'pynmy aBTOMOD -
puamoB cBoGonHol paspewuyMoO# rpymnmnbl.
M A . KAPTATIONOB

%
1.34. Bcgkag nu nonHuMKIMdeckas ynopanoweHHad pynna HMe-
eT usomopdroe npencrasieHide LelOYUCHCHHBIMH MaTpHUaMu?
MHA.KAPTAITIO/10B

1.35. 'pynna HazbiBaeTcd noynopdaO4YEBaeMOH, eC/IM KaXAbilt
YACTHYHBI# MOpdaoK 3TOR Ipynnel npoaonxaeTcd A0 JIHHeHHOTO no=-
paaka,

M
a) DByner nn poynopeHgouHBaeMo# rpynno#f ciieTeHHe NpoOHI—
BOJIbHBIX [OYNOPAAOYKBAEGMBIX I'pynn?

*6) (A.A.Manwunep). Byner nu Bcakas moarpymna poymopsdno-
qMBaeMOH I'pynnbl TAKxKE AOYNOPSNOoYHBaeMO# rpynmon?

B) (AU, Mansues, fl.Pyxc). CymecTByioT ¥ mpocThie JOyNO-
PANOYHBAEMBIC I'DYTNNbI?
MU KAPTANIONOB

1.36. Ecnu rpynmna G baxTOpH3yeMa O -NOArPYNNA&MH, T.€.
G= AB ,rne A s B - /2 -noarpynmnsl, TO 6yner nu cema
G P—rpynnoi&?

HI.C.KEMXAI3E

1.37. Byner nn Bcaxad moarpynna N0KalbHO-HHIbIOTEHTHOH
rpynnbl KBa3HHHBApHAHTHOH?
HI.C.KEMXAI3E

*1.38. Fpynmy, B KoTOpo# KaxnaW UKK/IUYEecCKas noarpynna das-
ideTCHd Y1eHOM HeKOTOpo# HOpMAalnbHO® CHCTeMb! I'pynfbl, HaA30BeM

N ~rpynno#, Byner nu ﬂp-rpynnoﬁ BCAKAad N'—r‘pynna?
1, C.KEMXA 13E

1,38, Bypmer n¥ cnado HwibnoTeHTHOR rpynno# nNpoHapeneHHe
JBYX HODM&NDbHBIX CNa60 HAALIVOTRHTHBIX MOArPYnn?
.C.KEMXAI3E
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1.40. Byner nu HWwib~-rpynno# nponaseaeMHe OBYX HOpManb -
HLIX HHIb-NOArpynn?

li.C. KEMXAA3E

.41, Hoarpynna nuHefigo ynopsano4yuBaemMoll Ipynnbl Ha3bIBa~
eTcd OTHOCHTeNnbHO BLINYKNO#, ecnu oHa ABNAAeTCH BRINYKIO# INpPH
HeKOTOPOM NHHe HHOM ynOpsAod4eHHH rpynnel, 3HAHHe OTHOCHTeNb~
HO BBINIYK/NLIX MOATPYNN NONE3HO NPH PACCMOTPEHHHA BOMNPOCOB OMNH-
caHHd CNOCOGOB yNopdao4eHHsd, TIOMOMOPDH3MOB, npoaonKeHusd
4aCTHYHBIX NOPANKOB H HACTHYHOI'O NONOJIHEeHHS YNOpAnoyHBaeMbIX
rpyinn, IIpn xakHx ycnoBHAX foarpynia ynopsagodYubBaeMoil T'pynnbl
fydeT OTHOCHTEeNbHO BBIMYKIOMH?

A.N.KOKOPHH

*
1.42. ByneT nu meHTp OTHOCHTENbHO BHIMYKIO# MOATPYyIbl
OTHOCHTE/IbHO BbmMykinofft moarpynnoi?

A.U.KOKOPHH

*
1.43. ByneTr nn HeHTpanH3aTOP OTHOCHTNbLHO BHIMYKNOH mopa-
FPpyniibl OTHOCHTENBbHO BLINYKJIbIM?

A.N.KOKOPHH

*®
1.44. ByneT nm OTHOCHTENHHO BLIMYK/IOK MOArPYNIOX MaKCH-
ManbHag abGenepa HopManbHad moarpynna?

A U.KOKOPHH

%
1.45. Bynet nu HamSonbliad noKanbHO~HANLNOTEHTHAT HOp-
MajlbHas MOoArpynna OTHOCHTENbHO BLINYKIOH?

A .U KOKOPHH

1,46. Ilpu xakHMx yclIOBHSX HOPMANH3aTOP OTHOCHTRIILHO BlLi-
Nyxnoid noarpynnel OyAeT OTHOCHTE/IbHO BBIMYKIIbIM?
A . U.KOKOPUH

X
1.47, MNMoarpynna 4 rpynns (; HasmBaercs CTPOro H30 —

THpopannofi, ecnu u3a a:"g;".:c [0 9"' :1:? € H cneayert
X -1 H I n

,9‘; .:cg‘; € . 'pynna co cTporo usonHpoBaHHo# enMHM4HOMR
noarpynno# HaseiBaeTCH -rpynno#, CywecTtsyilor nu 5 -rpyn -~

e, He ApnsomHecd ynopsno4eHHIMH rpyntnaMu? Mnu uHaue: 6y-

AeT nH crporo H30NMHpPOBAHHAA HODMA/bHAaS NoArpynna ynopsioyH-

BaeMol rpynnel oTHOCHTENbHO BBINYKJOH noarpymnno# ?
A.H.KOKOPHH
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*1.48. Byner am ynopfaaoxmBaeMol rpymnoft cpoffonHoe NMpPOH3I-
pefenHe ynopsno4Y#BaeMbIX rpynn c o6pennnennoft nmonrpynno#, Ap-
nsomefice OTHOCHTENbKO BLIMYyKIOH nmoarpynmofft B KaxaoM H3 CO-

MuOXNTEneH?
A H.KOKOPHUH

*1.40, ApTomMoppHaM nnruefino ynopgnodenMol rpynnb;’ua-a

3piBa@TCH COXpPaHdIOmMHM NOpPSROK, €C/IH H3 <L cnenyer <y .

MOXHO nM nuHe iHO ymopfAnodurh abenesy CTporo HI0IHPOBAHHYIO
-rpynnsl Tak, 9robn eé mopsnok co-

HOPMAJIbLHYIO ROATDYNNY
Xpaufinca non neAcraHeM BHYy TPeHHHX aproMopduamMoB Bcell rpyn-

ner? [omoxurenbusii OTBEeT HMa 3TOT BONPOC AACT BO3MOXHOCTD
CyMecTBeMuO yNpOCTHTb YCIOBHS yNOPAMOYHBAEMOCTH IpPYINbl

Mansuea-llonneporuna-Purepa.
A.U.KOKOPHH

*1.80. Byner nn ynopsinouHBaeMoH I'PYNNa COXpandiomHX No-
pPSNOK ABTOMOPOH3IMOB nHNefHO- ynopanoweHnuoft rpymmbl?
A.N.KOKOPHH

1.51. MMpn xaxux ycaoBHsEX rpynna maTpun Hag nones (KoM~

NJIeXCHbIX YHCen) ynopdaoYuBaema’
A.U.KOKOPHH

1.2 Onucarp rpynnsl, AHReHHO ynopsiaowMBaeMhie €4HNCT -~
BeHHbIM cnocoSoM (MpPOTHBOMOMOXHLIe NMOPAAKM He CHHTAIOTCH pas-

JHYHLIMN) ,
A.A.KOKOPHH

1.53. Onncars Bce cnocolnl NHHEHHOrO YNOpPANOYEHHMS CBO
Gonuofi HEANbnOTEeWTHO# IpPYRANLl C KOMEewWHBIM NAC/IOM NOpPOMAAIONIMX,
Kak HeTpyaHO BRAeTHb, ITOT BONPOC CBOANTCH K ONNCAHHIO LeHT -~

panbLABIX CHCTeM H3 H3OANPOBANNEIX MOATPY M.
A, H.KOKOPHH

1.534. Onncarb Bce cnocofbLl NUHefHOrO YNMOpEAOHYEeHHS CBO=~

GonHofi ABYCTYNeHHO paapemiHMoil I'pyNNs C KOMEMHBLIM YHCJIOM RO
DOXAAIOMAX,
A.H.KOKOPHH



Bonpocui 13

1.55, MMonyunrb 3neMeHTapHylo xnaccHpHkanuio JTHHEHHO YO
panodYeHHBX cBOGOAHBIX IMPYNN C QUKCHPOBAHHBIM THCIOM HOPOXNAa~

IO HX.
A . H.KOKOPHH

%
1.56. I'pynna HasbBaeTcd OoynopaaovduBaeMoi, ecnH Kaxabih

gacTHYHLIft NMOPANOK ee@ MOXHO NpPOAONXHTL [0 NHHe#Horo, Byaer

nu aoynopsgnosupaeMoll rpynno#f rpynna 6ea kpyueHud, ¢axTop=-

rpylina Nno UeHTpPY KOTOpo# sBAdercd AOYNOpaaodYHBaeMo# rpynmnoi?
A.U. KOKOPHH

1.87.

1.58. MNMoarpynna ynopsnoduBaeMo# I'pynnbl, Kaxabl# NHHek -
HLIl MOpANOK KOTOpPOH MOMXHO NPOOONXMTL A0 NHHeHHOro fopganka
pcelt rpynnel, Haawpaercd ( -noarpynno#. [Ipm Kakux ycnopusx

noarpynia ynopsgoduBaemoli rpynnk Oyagetr J -noarpynmnoii?
A UH. KOKOPHUH

1.58. Hayuwts cBo#icTBa MaKCHMANBHLEIX YACTHYHBIX NMOPHANKOB
B ynopdanodnBaemolt rpynne, OrMeTHM, HanmpHMmep, 4TO NpPH nOGOM
MaKCcHMalbHOM YACTHYHOM NOpAAKe ynopsaoduBaeMoli rpynnel eé

rufnepueHTpol OyayT NHHeHHO yROpSioodYeHHBLIMH,
A.U. KOKOPHH

1.80. MoxHO nH BIOXHTL ABYCTYNEHHO pa3pellHMYIO ynopsd —
AoYABaeMYIO Tpynny B NOJHYIO ynopfAno4YHBaeMyIlo rpynny? 3JT0
ABnfercsd ocnableHKeM H3BeCTHOrO BONPOCA O BIOXHMOCTH YMO —
PAgowMBaeMbIX I'pyfiNl B NOnHble YNOPAgOUMBaeMble rpynnul, UsBew
CTHLIe Cny4YaM MONOJHeHHS yNOpanOYHMBAeMEIX I'DYNN OCHOBAHLI Ha
bakTe BlOXEeHHd HHNLHOTEHTHOHN I'pynnbl 63 KPyYeHHS B TaKylo
X€ MONMyl, M, 3HAYHT, B ITHX cnyvadx cleudpuyeckHe OCOGEHHO-
CTH YNOpANOYMBAEMBHIX TpPynm He npogendworcd, [loNonHeHde yno-~
PA004YHBaeMbIX IpPynil CBA3AHO C BO3MOXKHOCTLIO NepeHOCA TEODHEH
Apruna-llpatiepa dbopManbHO-BEMEeCTBEHHEIX Nonell HAa GoOpMANbHO=~
BemecTpeHHrie tena, CpeneHusd o PopManbHO-BEIIECTBEHHBIX Te ~
nax umelorca B kuure (807 .

AU KOKOPHH

1.81. MoxHO nH ynopsinoumBaemMyi0 rpynmy BOXHTbL B ynops-
RoxwBadMyIOo rpynmy ¢ fmoaHO# MAKCHMANLHOM /TOKANbHO-HHUNBIOTEHT-
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HoM HopManbHOH moarpynno# (coorpeTCTBeHHO C NonHo#k MakcH -

ManbHOH abenepol HopManbHOH moarpynnoit)?
A.U.KOKOPHH

1.82, HayuuTb paspelinMble ynopsnouuBaeMble I'pyINkbl.
A.U.KOKOPHH

1.83. I'pynna HazmiBaercs MIOTHOH, ecnu oHAa He HMeeT CcOb=
CTBEHHBLIX HM3ONMHPOBAHHLIX MOArPYNI, OTMHYHLIX OT eAMHHYIHOH,

3%
a) CymecTBylor NnM NnoTHHE rpynne Se3 kpyJYeHus, OTIHY -
Hble OT NOKANbHO-UHKNHYIECKHX?

6) Mycre ondg n060# napsl Hee@AHHHUHLIX aneMeu'ron z, y
rpynnsl 6e3 KpyueHus f wmeer MecTo cooTHOweHHEe T 5= ,
roe X , f - He paBHbie HYNIO Uenble yHCna, 3aBHcdmue oT T ,

y . Byner nn G abenepo#?
B) [larp ONucaHue NIOTHLIX KOHe4HBIX Py,
Nn.rr-KOHTOPOBHY

1.64. I'pynna 6e3 kpydeHnd HasmiBaeTcd OTNenHMOH, ecnH
OHa MpeICTABHMA B BH[e TEODPEeTHKO~MHOXEeCTBeHHON CYMMBH aIBYX
CBOMX coOOGCTBeHHBIX moanomyrpynn. Byner nu Bcakas A ~rpynna
ornennmoii? [ina me A —rpynn cymecTsyeT npnmep Buroabaa ne-

OTAenuMON Ipynnel,
N.r.KOHTOPOBUHY

1.65. 3aMKHYT AHM kKnacc rpynn abenesnix pacliHpeHul aBe-

NeBLIX I'PyNN OTHOCHTENIbHO ONepaunud NpaMoii CyMMBbI?
J1.A.KYJTUKOB

1.68, Tlycrs 3agaHbl NepHonHdeckas aBeneba rpynna /7 H
HecyeTHOe KapanHaabHoe 4Hcho # . Cymecreyer nu aGenepba
rpynna Gea kpydesns [J = [J (7, #) co cnenyommMm ceoiicTBOM:
KakoBa 6rr HH 6rnuia aGenepa rpynna fed KpyyeHHd MOIIHOCTH
&< 44 , PABEHCTBO E.’Bl‘, (,4,7') = (] +HMeeT MecCTO TOI'Z& H TOlb~
ko Torna, koraa rpynna .A BaoxuMma B rpymny [J ?

1. 4. KYJITUKOB

* &
1.87. IlycTb 3anadbl KOHeuHO-ONpene/NeHHas I'pymna , CBO—
Gonnaa rpynna F , paur kotopol papen Mnnnuanbnouy Y HCny
MopoXAAKWHAX Tpynust (T , H roMoMopdbHaM Ipymmnb na O
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c AOpoM N . HaliTH NOAHYI0 CHCTEMY MHBAPDHAHTOB (AKTOP=IpyNbI

rpynnst N no Baammuomy kommyrtanry([F, N] .
n.49.KYJ1uKoB

®,.88. (A.Tapcknuit), Iycrts f - Kjacc rpynm, @df' - Knacc
BCeX roMoMOppRbHX 00pas3oB rpynn ual & . Bynet nn aﬁ' aK~

CHMOMATH3HPYEeMBbIM, eC/IH aKCHOMAaTH3HDPyeM ?
I0.U.MEP3/1AKOB

%
1.68. (B.H.[lhorkun). Kax nokasan M.U.Kapranonos [18],cy-
WeCTBYIOT NEPHOANIECKHS JOKaTbHO~HUNBNOTOHTHLE IPyANb, He 06—
nanaiomne ceolicreom KN | CymecTByOT nH NOKANLHO-HWIBIO —

TeHTHHe rpynner 6e3 KkpydeHus, He ob6nagapiiue CBOHCTBOM RPNT 2
10.U.MEP3/11KOB

=
1.70. MycTe P - DpocToe 4YHCho, G - Ipynna Bcex Ma -
TPHI BHAA

frpx PP
Py 1+pd )

rae «, 3, }, d‘ ~ panMoHalnbHbIe YHC/IA CO 3HaMeHarejleM, He ne—
namuMcd ga p . OGnanaer n & ceotictreom RN ? Ecnu na,
TO cBoicTBo XN me nepeHOCHTCH Ha nonrp;_:rmbx. Ecnu Her, TO

CyliecTBYIOT ﬁr -Ipynnbl, He dBASIOmMHeCH -rpynliamy,
10.U.MEP3J/IAKOB

]

1.71. MycTob 8 - ceasnas anrebpaHdeckasa rpynma Hag an-—
rebpandgeck¥ 3aMkHYyTHIM NoseM. KOHEYHO NH YMCIAO KNaccoB CONps~
KEHHEIX MaKCHMaAbHbIX paspellrMbIX MOArpynn rpynnwot & ? Ha-
BECTHO, 49TO nna anrefpaddecKH He3@MKHYTOMO Nonas 3TO HE Tak.
B ro xe Bpems kmaccuueckufi peaynbrar bBopena-lllepanne noka -
SLIBA@T, YTO OAMH cONmpSAxeHHHN KI4CC COCTABNSIOT MAaKCHMAIbHLIE
CBfi3Hbie paspewuMble nmOArpynnel rpynns f . Moxer GHITH,
ChOPMY 11 MpO BaHH Ll BONPOC CBHA3AH C HenpHcTyfHol Oo cCHX IHOp
npobnemoii KNacCHPHK AUNH CBASHHX Pa3petluMBbIX anrefpangecKux
rpynm,

B.II.MNTATOHOB

x
1.72. A.Xepunrom noxasaHo, 4TO CBA3HAS anrefSpandeckas
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rpynna sHaa anrebpaHdeckH 3aMKHYTHIM NoJeM pa3pelinMa, ecln
oHa obnagaeT pauMoHANBHHIM perynqapHoiM aBromopdpuamMoM. Cnpa -
Bed/IHB ¥ 3TOT pel3ynbLTAT ONY NPOH3BONbHOro mond? MoxHO no-

KaszaTb, 4YTO A1d9 NOnd HyJIeBoH XapaKTepPHCTHKH 3TO Tak.
B.IM1.TTJIATOHOB

*1.73. KoHeuHO NH HHCNO K1ACCOB CONpSKeHHBIX MAKCHM albHbL.
NepHOAHYECKAX MMOATPYNN B KOHe4YHO-TNOPOXAEHHOH UelOYHMCIeHHOMH
nuHe iHo# rpynne? [Ind paspetHMEIX HeNOYHCIEHHLIX Cpynn 3TO OO~
kazaHo A, U.ManpueBniM, a And nNeJo4YHCIEHHOA HacTH anrebpamyec-—
Ko# rpynner (rpynnel egHHMU) ycraHoBiaeHo Dopenem n Xapuii-

Haupgpoi,
B.IN.[TJIATOHOB

1.74. Onucare Bce MUHHMANBbLHEIE TOMNOJOrHYecKHe T PYIIMNbI,
T.©. HeAHCKpeTHLle TIpylnbl C AHUCKPETHHBIMH 3aMKHYTLHIMH MOATpyr-
naMi. MiUHHEMAanbHbLIE NOKANbHO~0HKOMMIAKTHLIE IPyNNbl ONHCHIBAKT~
cd 6e3 ocoboro tpyaa. B to xe Bpema B ofmeM ciydae npobGne -

Ma, BepoSTHO, CJOXHa.
B, II.ITNTIATOHOB

*
1.75. KnaccupuuHpoparb GeckoHedHble NMPOCTHIe NepHOAHYEC ~
KMe nMHeliHble rpynnsl, B HacTofdwee BpeMf H3BeCTHH GeCKOHeY -
Hbl€é CepHH TaKHX I'pynn Hajg npedelibHBIMH MONAMH, aHANOTHYHbIE
K1aCCHYeCKHM NpoCcTbIM rpynnamMm Jlu., bonee usactrHwii Bonpoc: 6Oy-
geT n¥ OGeCkOHeudHadl NpocTas NepHoaHdYecKad NHHeliHad rpynia
cuétHoh? CodopMmyndpoBaHHad 3apgada, paaymMeerTcd, cBf3aHa C 34 ~
nadef KnacCHPHKAUHH NPOCTLIX KOHeYHBIX Ipymnil, OOAHAKO A&NpPHODPH

HesICHO, HACKONbLKO 3Ta CBf3b TecCHaq.
B.IL.TINTATOHOB

1,76. CymecTByIOT NH TOMNOJOIMHYECKH NPOCThie /iCXANbHO—HWIF

ROTEHTHbIe N1oKanbHO—-0HKOMIAKTHBIE IpYINbI?
B.N.IINATOHOB

1.77,

*
1.78. Nycrs rpynna G ecrs NMPOH3BEOeHHEe aBYX NOMHBIX
aGeneBbix p —rpynn KoHe4HOro paHra, Byner nu & raxoii xe?
H.®.CECEKHH
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*1.79. [lycTe B rpynne onpeneneHa HOBaf onepauHs # , BH -
paxaomascs 4epe3 OCHOBHbLIE I'DYNNOBbIe ONEpPANHA TakK:

zny = wm’y”’... ™ g

HaBecTHO, YTO NPH K={ H m.'-{, n,=—{ B =y, /L,—/
(nepoe M NMpaBoe nenenHd) 4epe3 onepannio # BHpaxaworcs ofe
TEOPEeTHKO-IPYNNOBLIe onepanHd (yMHOXEHHe H B3fiTHe o6paTHOro
sneMenra), CymecTByloT nH onepaukd ¥ ¢ ykal3aHHbIM CBOACT =
BOM, OTMHYHLIE OT NeBoro M npasoro neneurh? HsapecTHo, 4TO ong
abenepa Cliyuasl oTBeT OoTpHuATelILHbi, Bnepsbie ara 3aaada yno-
magyra . Xurmanom n B.Hefimanom B 1882 r, B o6mem ciyuae

oxHnaercd OTpHUATEeNbRBIA OTBer,
10.U.COPKHH

»
1.80. CymecTBYIOT NnH IPOCTHE KOHEe4Hhie I'pyNbl, CHNOBCKAaf
2 -nogrpynna KoTophiX eCcThb NpAMOe NpOH3BeneHHe I'Pynnl KBarTep—

HHOHOB?
A.UN.CTAPOCTHUH

1,81, HasoBem wupHHOH I'pynnml & HAMMEHbIIYI0 MOIHOCTDb
74 = # ((r) co cnepywomum cBoRcTBOM: BCHKafl MOArpylHa, BO-
poxaaeMad XKOH@WHHEIM MHOXECTBOM M3 & , TopoxaaeTrcsd ero noa-
MHOXECTBOM MOMBOCTH £4¢%# .

a) Dyner nu Bcsikas rpynna XoHedHoH wupuHb ofnanarb ycC-
TOBHEM MMHAMAALHOCTH ANA poaArpynn?

6) Byner nm Bcfkas rpynnma ¢ ycnopHeM MMHHMAIbHOCTH AN
HOArpYNnN HEMeThb KOHEYHYIO WNpPHHY?

*B) Te me BONpOCH NMpH AONONHHTENbHOM YCIOBKM NOKANLHOH
KoHewHocTH (SCHO, 4TO IpyMNna KOHeYHOH WHPHHBI MEePHONHMYECKAS).
B wgactHocrH, 6yner NM nOKanbHO-KOHEYHas I'pyNna SOHeYHOH WH-
PEHLI wepuEkoBCcKO#? [lna psaa xapaccoB rpynn, HanpEMep, Ansg 10—
KANbRO-pannKalbHbLIX TpYNN, YCNOBHE KOHEUHOCTH WHPHEL H YCIO-

BHe MEHHMANLHOCTH ONg NOATPYNN pAaBHOCHIbHBI.
J.H.UIEBPUH

*1.82. [lpe cHcTeMbl TOXASCTBEHHBIX COOTHOWEHHH HA3LIBAITCS
SKBHBANIEHTHLIMH, ©CIH OHHM ONpPeN&RdioT ONHO H TO Xe MHOroofpa=-
3¥e rpynn. [locTpouTh GECKOHE4HYI0O CHCTEMY TOXAECTB, He SKBH~
BANEHTHYI0 nuxaxoff KouewHOft,

AJI.WMEJIBKHH
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1.83, CymecTByer 1M npocTras rpynna ¢ HeorpaHHieHHbIMH B
COBOKYNHOCTH MNMOPSAKAMH 3/I€MEHTOB, B KOTOpOH BLINOJNHAeTCA He-

TpHBHANBHOE TOMAECTBeHHO® COOTHOWeHHe?
AJT.IIMENDBKHWH

%
1.84. HaliTe ycnoBHe, Npm KOTOPOM HNONHAMKIHYecKas rpynna
 annpoxcEMEpyercs KOHedHbIMH P -rpynnamu. [lpennonoxu -
TenbHLI OTBeT: (f HMeeT HHUALIOTEHTHYW HOPMANbHYiO MOArpyN~

ny 6e3 Kpyd4eRHS HHOekca /D‘ .
AJT.IIMENDBKHH

¥
1,85, BepHO n1H, 4TO TOXAECTBEeHHbIe COOTHOWEHHS pAa3pelH -
MOi rpynnsl Kaacca 2 o6aapaior KOHedHoH Gasoit? [Ipennonoxurene—

Kbl OoTBeT: AAa.,
AJI.LUIMENIBKHH

1.86. Tor xe Bonpoc AJA NONHUMKIHYECKMX IpyIMN.
A JILLIMENBKHH

1.87. Tor xe Bonpoc OAnS MATpPWYHHX rpynn (xorg 6B Han

noneM xapaxrepHcTuku 0),
AJI.LIMENTBKHH

%
1.88. BepHo am, uro ecnm rpynla SBASeTCd MATPHYHOH Han
noneM HyneBOH XapakKTepHCTHKH H B HeH He BLINONHEeHO HHKAKO®
HeTpHBHA/IBbHOE TOXAeCTBeHHOE COOTHOWEeHHe, TO OHA CONEpPXHT He-

afeneBy cBOGOOHYIO MOArpynmy?
AJN.LMENABKHAH

*1.89. BepHo nu cnenylomee yrBepxneHme? [lycrte & - ceo-
Gonuaf paspewumasd rpynna, Q , b - ee anemesrs, NOpoXAAalomHue
B OOHY M TY Xe HOpMAa/lbHYIO noarpymny. Toraoa B G wanper-
cq rtakoit 3neMeRT L , uTO Stf - a:"aa: . (Ananor rteo -~

peMbl MarHyca o cBoGOOHBIX Fpynnax,) AJLLIUIME/IbKHH

*1.80. Moarpynny H I'pYy nIbl G naszomem 2-Gecxomeuno H3O-

nupoBaunoft 8 ¢ , ecnE M3 TOro, 4TO UEHTPAIN3ATOP 6’6 (A) He-
xoToporo snemenra A#{/ na H B [f comepxur x0Ts 6bl ORHY
HUBONIOUKIO K3 (7 H nepecekaercd ¢ A/ mno GeckoHeuHol non-

rpynne, BhITeKaeT, 4ro 06 (h) & H . [lycto 6ecxoHewHas npo-
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crad NMOKanbHO~KOHEYHas rpynna G ¢ 4epHMKOBCKHMH CHIOBCKHMH
o_noarpynnaMu o6nanaer co6CrBeHHO# 2-GeCKOHEIHO HIONUPOBAaH -

yolt moarpynmnok H , MpHE4éM HexkoTOpas CHNOBCKad 2-noarpynna
rpynnst G COQEepXHUTCH B H . Dyner nm rpynna &  wsomoppua
rpynne Tana PSL (2, £) Han nonem He9&THOH xapakre -

PHCT HKHK?
B.IM.1IY HKOB

OTBETH U KOMMEHTAPHH

1.4. Oa, cymecrayer 8, 94, 116).
1.11. PeweHna nonoxnrensHo L 39, 104] .
1.14. Oa, cywecteyer { 135] .,

1.17. Brmnucauer {97 .

1.23. Het, He cywmecrsyior [87] .

1.24. Her, He BcHaxkad. [IporHBOpedalmmnM NPHMEPOM CIIYXHT
rpynna B(m,n) , cBOGOnHads B MHOTroOGBpA3NH TIpyNn HeYETHO-
ro nepuona /t »4 381 C KOHeuHbIM YHCnHOM mopoxpawumux /7222

C49] .
1.28. Her, He cnenyer [15] .

1.32. [a, 6ynetr. bonee oGuwo: moarpynma ®PparTHHE THHeH -
HOH rpynnbl Hag KOHeqHO=-NOPOXKACHHON O061acTbio NeNOCTHOCTH HHNL-
noreurHa [ 53] .,

1.34. Na, Bcakas [80, 1331 . Bonee rtoro, ronompd noGoi
IONMUMKINYe cCKOR TI'pynnbl gonyckaer H3oMOpdHOE npeacrabB/leHHe
ueno4yucnedHoiMu Marpuuamu (457 .

1.35. a) He Bcerna, Hanpumep, cnnereunne Z‘L(Z v 2Z) ’

rne 7 - GecKxoHeuHas UMKIHIecCKad rpynna, Henoynopsgo4yupae -
Mo 267 ,

6) He Bcerpa [287].

1.38. Her, ne Gyner, delictBurenpHo, nmoGas rpynna G c
UeHTpanbHOH cucreMofi /'&} 06nanae'r cnoﬁcrsom /V , TAK Kak
nngq Bc8koro 9 us  cHcreMa rp( , MONONHEeHHasn

CAMHHYHO ¥ moarpynnoi H nepecedeHNUAMH cex noncum‘eM, GyaeT
HOpManbHO# cHcTeMol rpynmbi G , conepxame# (g) . apyro#
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CTOpPOHLI, HE BpCAKAad I'pynna ¢ uedrpanbHofi cHcTeMol o6Gnanaer
cBoHCTBOM ﬁ - AOCTATOYHO pPACCMOTPeThs CBOGOAHBIE T'PYMMLL,

1.41. CMm. HeOOSxoaHMBIe H OOCTAaTO4YHBIe vchnoBudg B [287] ,
crp. 35-43,

1.42. He mcernal 27] .
1.43, He Bceraa [213,
1.44. He Bcerpa [72].
1.45. He mcerna [727,
1.47. Oa, cymecteyor [7].
1.48. He Bcerpa [21] .
1.49. He Bcerna[ 7] .

1.50. He Bcerna [727.

1.83. a) [a, cymecreyor [3]. 6) He Bcernal 8] . Npu or-
paHH4Ye HUAX, YKa3aHHbIX B KOMMeHrapun x 1,24,

B(mn) = rp (a,....,amlA’Lf; Ae 0 ),

rae J0 - HexoTOpoe HHOYKTHBHO ONpelensieMoe MHOXeCTBU CJOB

or d,,...,4, [3]1. O6a ponpoca a), 6) pemaiorce B [3] npm no-
MOmH TrpyNNbI

A = (@,,...,a, & l0,d=da,, A= d.

14 & m, A%e g ).

Ona 6e3a kpydeHMs, He KOMMYTATHBHA H aiaf MmoObix eé Heennn;m -
HbIX 3NeMeHToB X , y CYmHEeCTBYIOT TakKHMe lesibic YHCNg ;’(—740. U¥0,
49TO :L-K= g ,

1.87. B {147 onucan anropuTM HaxOXAeHus MHBApHAHTOB ( KO-
He4HO-NIOPOXAEHHON aGeneBod) rpynmel /V/EF, N npu | F: Nl <
< 0O,

1.68. He Bcerna [88] .

1,69, Oa, cymecteyior £33, 7811.
1.70. Oa, onanaer U507 .

1.71., Oa, aro uscno roxeano (561 .

1.72. Her, ne cnpaseanms C52) : nerxo B#aeTs, NTO ABTO ~
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-1 Y
vmoppuam XL —d XA  npocToil rpynmbt SL (2, £) peryngpeH,

rie - moNle panHoHalbHbIX dYRKIIHA OT nepeMeHHOH ?.f Hag no-
neM H3 AByX snemertroB, X - MmaTtpHua, o6paTHOTpPaHCNOHMHPOBAH -

Had K X .a-dwg (4,2).

1.78. He Bcerpa. B camMom gene, pacumnpeHue H cpo6onuoit
rpynnbi ¢ 6asoi 4 , 5 nocpeacTBOM aBTOMoOpdH3Ma ca—+q° .
g._,g npeaCTaBHMO MatTpuuaMu Han Z . dneMmeHt caacpg'”af“
umeeT nopsaok 2 u rp (,) coBmagaeT co CBOMUM UEHTPaIH3aATO -
poM B A . Ilycte wrpux ofosnazaer HaoMoppH3M rpynnn /7 Ha
ed BTOPYIO KOHHIO H' . [IporuBopegamiM npuMepoM GyageT rpynna
G ., mopoxnenuas B /7 x H' snemenramu a,9,q’ @’ ,
[e#cTBHTEnbHO, OHA COOePXHUT nonrpynnu& =rp (q, ,C’,: ) ,/ze%,
KOTopble SBASIOTCS MAKCHMANbHLIMH NepHonHyeCKUMH (naxe BA X
Ecnu 7;1 , 7;,, COMpAXeHbl 3/1eMEeHTOM xy’ _H3 & , 1o C'f =
= 00 .cn9= cm , OTKYyna X € Ip ([‘0) ,ge m-a rp(cm).Tax KakK

xLy'€s , To cymmu nokadarened, ¢ KOTOpHIMA BXOOAMT B T,
Y (p nwbGoOR 3anucu), OOMKHLI copnanarTb, OTKyda s = /T .

1.75. Qa, 6yner [54 , crp. 579].
1.78. Na, 6yner C707] .

1.78. [la, cyuiecTsyloT, — HANpHMEp, B Kaacce 2-CTYNeHHO
MENLNOTEe HTHBIX IPyNN C KOMMYTAHUTOM KoHedHoro nepuona [1131.

»

1.80. Her, me cymecteyiwor L 36.] .

1.81, B) HNonoxureanHsie oTBeThl Ha BCe NoOCTAaB/eHHbBle BO-
BPOCHI nng N0KanbHO-KOHEYHBIX Ipynn BhiTekaloT ua [ 851 u [87].

1.82. Moctpoenw [1],[139].

1.84. llpeanonoxyrenbHnin O0TBET ONPOBEPrHyT s [ 6807,
1.85. [Na, sepuo [ 997 .

1.88. a, sepuo [ 1377 .

1.89. Hert, ue Bepuo [_ 847 .

1.80. 1a, 6yner [887].



YHacts 2. JEHDb NPOBJIEM BTOPOIO
BCECOIO3HOIro CUMMIO3NYMA 11O TEOPHH T'PYIII
(Barymu, 1968)

C 24 no 29 oxrabps 1866 rona B r.Barymu nmpoxoaun Bro -
poR Bcecowsunifi CHMIO3NYM NnO TEOPHH rpynn, OpPraHH30BaHHBIH
TOunACCKUM MaTeMaAaTHYEeCKMM HHCTUTYTOM HM. A. Paaman3e AH
pysusuckoit CCP, T6unucckdM rocyaapCTBeHHBIM YHHBEPCHUTETOM
H BaTyMCKHM rocygapCTBeHHbIM NefAarord4eCKHM HHCTUTY TOM UM
ll.Pycrapenu. B pa6ore cumnosumyma yuacteosano 88 uyenopbek K3
21 ropona Coperckoro Cowza, Oryer 0 cumMnozuyme cm, B Y MH,
22, Ne 3 (1967), 270-274.

3a Bpemg, npouwenuiee Mocne BHIXOAA B CBET NepBOro H3aga
uuss “KoypoBCcko# Terpaau”, HEKOTOphle 3anNHCAHHbIE B HEH BONDPO =
cbl OBLIIM pelieHbl, MO ApYyTHM HaMEeTHAHCh OIpeneneHHbie CABHIH,
O6cyxaenne 3THX, a TaKkxe pgaa HOBHIX 3anad, NoCTaBleHHbIX
ydactTrHHKkaMu Broporo camnoasumyma, coctoanoce 29 oxrabpa. Kak
u B KoypoBKe, TeTpadp HepeumeHHBIX BONPOCOB 3alonHanach Ha
HpoTSXeunu BCeH pafoThl CHMNO3MyMa, a 9acTh 3anad NoCTynuna
B pedakiHIio yxe Nnocne ero 3aKpbiTH4.

BONPOCH

2.1. Onucarb xOHewHbIe I'DYymNIbl, CHIOBCKAS O -noarpynfa
KOTOpLIX MaKCHMANbHAa,

B.A.5EJIOHOI'OB, A.U.CTAPOCTHF

2.2. Kpaaurpynmnoift HasbiBaeTCH CpymnnoHn Q(} B KOTOPOM
ypaBHeHUs @ = § , ya="*t onHO3HAUHO PA3PEWHMBI TIpH  MIOB bIX
a.£fe@ . KBa‘mrpynnm d (+) wu &(0) nooronun, ecan cyuwecr-
BYOT TPH HMOACTAHOBKH (T,e, B3aHMHO-OOHO3HAYHbLIX OTOOpaXeHHA
Ha ce6d) o , . MHOXeCTBa g Takue, 4yTro QLo Y =

=J""Rx.py) ang TbhiX T g€ Q . Ussectno [5], 9ro Bce
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KBaA3HCpyIbl, H30TONHbLIE rpynmaM, o0pas3ylOT NPHMHUTHBHBLIA Krnacc
ﬁ' . Mycts & - HexoTopwik NPHMHTHUBHBIA KNacc KBas3mrrpymm.
a) OnucaTeb Knacc rpynn, H30TONHBLIX KBA3HUTDYNmam usdZ N ”
6) [lpu xakux ToXaecTBax, xapakKTepH3Y IOIHX ﬁ, , BCAKag
rpynna OynoeT H30TOnHa HeKOTOpo# KBasMrpynne u3 2N ﬁ, ?
B) [Ipm Kaxkux ycrnopugx Ha 4 BCfKag rpynna, H30TOomHag

KBasHrpynne us3 ﬁ N , OygetT OOQHO3NEeMEHTHOMH?

! B.I.BE/IOYCOB, A.A.FBAPAMMS

*2.3. KpasHuunbnmo TeHTHOX (f" —~KBa3MHUNBIOTEHTHOH) Ha3biBa-
ercd KOoHe4YHad rpymnia, y Kkotopod nobbie gBe moarpymnbl ( MAKCH-
manbuble Noarpymer) A , B yooBReTBOPHIOT OOHOMY H3 YCIOBHIL

1) A= B,
2) B<A,
NN, (AnB)#ANB+NL (ANB).

CoBnanaioT Nu KAacChl KBASHHUALIOTOHTHHIX H / —~KBA3MHUIBIO -
TEHTHBIX Ipynm?

A.F. BEPKOBHUY, M .U.KPAB4YK

2.4. (C.4Yeis [1387], crp. 365). MycTe abenena rpymnna A

eCTb 0OOBeAHHEHHEe A=«<UQ A« , raoe ,{2 - nNeppbld HecYETHBIA Op-
agHan, A« - YHCThle noarpynnbl H3 A CO CneaywilHMH CpoicTBa-
MH:

1) Aor. - cBofoaHad aGenepa rpynna CY8THOI'O paHra,
2) ecnu A< , TO Aﬁ - npsMoe chnaraemMoe rpynmsl A .
Byner nu A ‘cmoGonuo#t abenemoit rpynnoi?

10.A.BOT'AH

2.5. Cornacuo B.U.Mnotkuny rpynna naasibaerca NR -rpyn-
10H, eCly MHO.XECTBO €& Hil/ib-3ICMEeHTOB COBNARAeT C JOKalbHO-
HUNBIOTE HTHBIM pPAAdKANOM HIH, YTO PABHOCHIBLHO, @CNH KaxXnahbiil eé
BHYTpeHHUE HUNb-aBTOMOpdU3M NnokKanbuo-ctabunexs, CymecrByeTr 1H
NR -rpyitna, ofnanaomas HHib-aBTOMOPPU3MOM, KOTODHIR HE §B-
18eTca noxkanbHO~CTabMIABHLIM?

B..BUITHLEP

2.6. B NR ~Tpyfne MHOXeCTBO 0000WeHHO HeHTpanbHBIX 3/1e-
MBHTOB coBnapaeT ¢ Hunb—sgpoM. He GypmeT nu cnpabeanuBo ofpar-
Hoe, t.e, He GymeT nu rpynma, B KOTOPOR MHOXECTBO 0606ueHHO

UCHTpanbHbiX 31eMeHTOB CoBmanaeT ¢ Hunp-sapoMm, NK —rpynnoi?
B.r'.BUIIALEP
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2.7. YCTaHOBHTb MOIIHOCTb MHOXeCTBa BCeX TNOoNHBeplanbHbiX
onepauuii, nedCTBylOWHNX Ha Knacce Bcex rpymn (noKa H3BeCTHO
YL, 9TO 3Ta MOMHOCTb OeCKOHedHa H He NpPeBbIMAeT KOHTHHY allb-~
HOH) .

O.H.TOITOBHWH

2.8. ([Ipo6nema A .U.Manbuepa). CyuecTBylOT AH accouuaTiB-

Hbie npaBWibHble onepaudH, odbnanampimiHe CBOACTBOM HacileACTBEH -

HOCTH IO OTHOWEHHI K mepexoay oT COMHOXRTene# K ux noarpyn-
>
mam:

O.H.'O/IOBHH

2.9. CywecTpyoT n¥ npaBHAbLMBIe acCoOUMATHBHLIE oONepauum
Ha Kfacce rpynn, yaoBneTBOPSOUIHE ocnableHHOMY Malblle BCKOMY
Tpebopanuio (T.e, YCNOBHIO CK/EHBAEMOCTH MOHOMOPPH3MOB COMHO
KHuTenet moboro npounspenceHud, poobwle rosopsg, B roMoMopduam
BCero NMPOHM3BEeOeHHd) ¥ He yOOBAeTBOPHICIIHE TPeBGOBAHUIO CKIe HBA—
eMOCTR 2NHMOPOH3MOB COMHoXHTeneit?
O.H.TOJIOBHUH

2,10. Joxasarb oM HANLIOTEHTHBIX pA3NOXEHHE rpynin aHa—
nor reopaMel Pemaka-UiMuara.

O.H.I'OJIOBHH

2.11. (HUaBecTHaa npo6nema). llycrs xaxnas coGcrBerHas
moarpynna KoueqHo# rpynnbl npeactaBiMa B BHAE NpPAMOTIo
npouspenedud xonnopo# N -noarpynmbi H XONNOBOI a’ -TOATPYN -
mel, a cama rpyma (f B TakoM Buge He npeaocrapumMa. byoer nu

f rpynmno#t limuata? OAng T -paspemwuMbiX ¥ 9 —0TRENHMBIX
rpynin 3anada pelleHa,
Yaactuuxku Comennckoro
anrebpan4yeckKkoro ceMHHAapa

2.12, MNycrs H - NOArpynna rpymbl G . Hafitu nHeoOGxonu-
Mbie ¥ (WIH) JOCTATO4HBIE YyCNOBHS ONf TOrG, 4TO6BI (MOYTH) Kax-
abie nBa snemedra ua H conpaXeuHnie B G , OBIIN CONMpPSXKEeHLI

ue H
M OA.TPHHITUHTEP

P
2,13. (HaBecTHasa npotnema). llycTte B nepuonndeckoéi rpym-
ne & xaxouh @ -snemMenr llepec TAHOBOYEH C KaXAbIM 7' -ane-
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mertToM, Pacnmapaercs mb B npamoe nponaaeneuue MaKCHMalb~

yoi % ~NOACPYNNBI H MakCHMAalbHO @' —monrpynme?
c.l.UBAHOB

2.14.

H
2.15. CymecTBylOoT N rpynnsl 63 KpY4eHHSH, y KOTOpPHIX dpak-
TOp-rpylna mo HeXOTOPOMY d/1eHy BO3pacTalomero UeHTpPalbHOTo
psfa SBASETCH NMepHOAHIeCKO# C OrpasHuYeHHbLIMH B COBOKYMHOCTH

nopaikaMu 3/IeMeHTOB?
NA.KAPACEB

*2.18. pynna & Ha3biBaeTCd OHHUTHO-ANNPOKCHMHPYyEeMOH
oTHOoCHTennHo compaxexHoctd [22], ecnu nobue nBa eé anemeH-
Ta conpsixeHsl B [ Torna m Tonbko Toraa, Korna B KaxnoM KO-
HeYyHOM ToOMOMOpdHOM oOpa3e rpynmnbl G conpsxens ux o6paabl.
Byner nu & ¢uunATHO-annpoKCHMUPYEMO# OTHOCHTENbHO comps -
KEHHOCTH B CAeNyOMHX caydasx: a) (& - nonHuMKnuieckas rpyn-
na, 6) {# - cBoBoaMas paspemumas rpymna, B) & - rpynna
(BCex) uenouHCneHHLIX MATpHU, TI) G - KOHEe4HO-TIOPOXOeHHAas
rpynma MaTpHu, a) (r- KOHe4HO-TIOPOXASHHAS NABYCTYNEHHO pas3-

pemMMas rpymma?
MU .KAPTATIO/10B

x

2,17, Bepud au, 49ro cnnereuue A 1B nOByX rpynn, GHHHT -
BO-—-annpo KCHMHPY @eMbIX OTHOCHTENBHO CONPIXEeHHOCTH, TOrga H
TONBLKO TOrAa camMo JMHHTHO- aNNpPOoKCHMHPY @MO OTHOCHTEIbHO CO -

NpaxexHoCTH, Korna nubo abeneBa, nubo B  xoueuna?
M. H.KAPTATTO/10OB

%
2, 18, BuYyHCnHETH, PAHTrH $AKTOPOB HHXHErO HEHTPANBLHOIO pS-

Aa cpobopnHoil pasperyMoO#t rpynnbi.
M.H.KAPTAITO/10B

2,19, Anngiorca AH QHHUTHO-OTASANMBIMH KOHEYHO-IIOPOKAE H-
Bhi¢ noarpynnu cBobofHo#l paspemumMoft rpynnbi?
MU.KAPIr'ANNOJIOB

*
2,20. BeprOo nu, 9r0 cnnereuud Azﬂ HA]Z/.B! 3NeMeHTapHo
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SKBHBA/IeHTHE MeXOy cofoift Torga H TOAbKO TOraxa, Koraa rpym =-
bl A , [ snemMeETapHO SKBEBANGHTHLI COOTBETCTBEHHO IpYyHmam
M.A.KAPTAIIOJ/IOB

*2.21. a) (HaBecrnas 3anaua, - cM,, BHanpumep, [58 , crp.
359] ) ComnanawT n¥ Kknacchl 63poBBIX ¥ GHTTHRATNOBLIX IpyImt?
6) Ecam mer, To coBnagseT M nepecedeHHe xjaacca 63po -

BhIX pyNnn H Knacca RI* ~rpynn ¢ xaaccoM OGHTTHHIOBBIX rpynn?
. C.KEMXAI3E

2.22. AGCTpakTHOE TEOPeTHXO-Ipylnnosoe cpoficTeo 2 Haabi-
Baerca panHXanbHEbLIM (B HaWeM cMbicne), ecnd B awbolft rpymme
nonrpynna 2 (G) , mopoxnexmEas BCEMH HOPMANBLHLIME 2 ~
noArpynnaMHi, caMa fpasgercs 2 -noarpynnoft (Ha3nipaeMofl 2 —
panExanoM rpymnbei & ). PanrkanbBoe csoficteo 2 HaanBaercd
CHNBpHO DanRKaNbHLIM, GCNH AnS BCHKOH rpymmG dpaxTop-rpyn-
na 6/ 5(G) Re conepxur HeeNMHHIHHX HOPMANLHLX ) —FOArPYMNI,
a) Sfieagerca nE ceofcCTBO RN panHKaIbHLIM, CHALEO panu-
XANbHbIM?

o
*6) flenserca nu cpoficteo N  panuxanvHbM?
H.C.KEMXAO3E

2.28, Moarpynny // rpymum & mnasosem xpasmcySmEsapu-
anrHofi, ecnu wepea // npoxonHT HOpMAanbHAS CHCTeMA& TpyNb
G . Mycrs - Kjacc Tpynl, 3aMKHYTEHR OTHOCHTE/bHO B3H—
THR roMoMoppHLIX 06pa3oB. Ipynny & masomem X °(£) -rpynnot,
eenu pcaAxkHft e®@ Hee MHHIHNHA romomMopdunfi o6pas obnagaer He—
enuENYHOR XBASHCYGMEBApHAKTHOM & -noarpynnofi. Owesmnno,
xnacc K (£) wupe, wem panmkanbhbie xnacch Ky (Z) n P (L)
B cMmuicne A.[ Kypoua,
0 —
a) Cosmanaer nu xnacc R () -rpynm ¢ xnaccom ANerpynn,
ecii £ - xnacc aGeneBbix rpynn?
6) Mpr xaxex £ ceoficTso Pq(ﬂ) 6yneT CHNLbEO PANKKANL-
HBIM?
.C.KEMXA3E

2.24, YnopanouupaeMsl NH SHrenesbl rpynns 6e3 KpydeHHS?
A.U.KOKOPHH

2,25, a) Onmcare rpynmbl, fNHHefHO YNOpPSAOYHPAEMLIE XOH@®-
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xnm gECAOM cnocotos [80] .

¥6) CymecTByOT nu rpynns, nuHe#iHo ynopsfAoYHBaeMEble CIeT-

unM 9ECOM cnoco6os [24] ?
A.H.KOKOPHH

2.28, OxapaxTepHIOBATb MYIbTHIIHUKATHBHRIE TPYNNbl YNOP =

noyuBae@MBIX Ten kax adcrpaxTHne rpynnm [80] .
AN . KOKOPHUH

2.27. Jlumefino ynopsanodensag rpynna Ha3biBaercs y-npocroft,
ecan B mell HeT BRIMYKNHX HOPMANHHLIX NOArpyan. YAOpSnoYHBAE —
Mad rpynna Ha3nBaeTcd Y-npocroil, ecnu APH nioboM nuHEEdHOM
nopgaKke oHa y-IpocTas,

a) OxapakTepH3oBarb rpyNnk, KOTOPLI® MOryYT GHThL Caeia-
HEl Y=HNPOCTHIMH,

6) OxapaxTepu3opBaTb ¥Y-npocThlie I'pylNm,
A.H. KOKOPHH

2.28, Beaxyo nu ynopsnodHBaeMyio I'pyINny MOXHO BIIOXHTH
B nOynopsanoYHBaeMyo rpynny?
A H.KOKOPHH

2.29. I1.I.KorTOpOBEY n0OKA3a], 4YTO KJacC KOH@WHLIX I'DynH,
nobaa co6cTBeHHAd UHKIMYeCKAR NMOArPYANAa KOTOPHIX CORGPXHTCS
B cobcTpernofi HOpManbHOR moArpynne, CoBNaRaeT C KIACCOM
rpynn, nwbas cofcTpeHHAS LUHKNAYECKAS NOArPynMma KOTOPBLIX CO=
AEPXHUTCH B COOGCTBEHHON HOpDMANLHOR noarpynne NpocToro HHAe K-
ca. CoBnanaer nH Xnacc KoHeuHHX rpynn, nobas co6CTBerHas
abejieBa noarpyma XOTOPHX CON@DPXKHTCR B COGCTBEHHOH HOPM Ak~
HO# noarpynme, ¢ xnaccoM rpynn, nwobas coScrBemuasg abeneBa
NOArpynma xOTOpHIX COAGPXHTCH B COSCTBEHHOR HOpMANLHOA NOA-

'Pynne mpocToro EHaexca?
n.r . KOHTOPOBHUY, B.T.HATPEBEUUKMH

‘2.30. CymecTByoT A¥ KOHeYHHI@ I'PYRNbl, B XOTODHIX HEKOTO=
Pas cunopcxag P -noarpynna HOXpLHIBA@TCHE OTAHYHEIMH OT He&
CHIOBCK MMy P -HOArpymMIaMH?

Nn.r.KOHTOPOBH4Y, A, UCTAPOCTHH

1
2,31, Bcaxad nm rpynna, nonyckapomas yHOPSAOUeHHe C KO-
WeMHEIM wmCIOM BLITYEMHX NOArpYNN, NPeNCTABHMA MATPHLIAMH HAA
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nonemM?

B.MKOIILITOB

2,32, /-'F ~-KBA3MHWIbIIOTEHT HOfl HaA3LIBAGTCH KOHedHad rpyn-
na, NMOPEOOK KOTOPO# NENHTCH Ha NMpPOCTOe YHCNO S H y KOTOpOH
nepeceyene NIO6bIX ABYX PA3MMIHBIX MAKCHUMANbHBIX NOATPYNN C
nopankaMH, OenAmMMHCE Ha O , HEe CaMOHOPMAaAH3YeMO HH B O4-
Holt ua arux noarpynn, Byner nu mempocroft 7P -xBazummIBLNO -

TedTHAas rpyunmna?
MHU.KPABYYK

2.33. Byner nu npgmoe cnaraemoe npamoit CymMmbl mMoayneft
C KOHeUHBLIM HHCIOM nopoxpalm#x npaMoft cymmoft monyne# c
KOHeYHbIM HHCAOM nopoxpawomux? Moaynu paccMarpHBawTCg HaR

H8 TepPOBLIM KOJNBLUOM,
B.UH.KY3bMAHOB

2,34, Ilycte &ITI(P) o603HagaeT npaBbiffi npou3Boaublii dyH-
KTOp $yHKTOpa npoex'ruanor‘o npenena. Oﬁpa'rnbtﬁ cnex'rp abene -
BrX rpynt & masbBaeTCH AUMKIMYABIM, €CIH rrl. Pl¢ -0
npu P>0 . Yxasarb HeoGXORHMbIE H nocTaToMHbIE YCNOBHA Ong
ALHUKIHIHOCTH CMEKTpaAa KOHe4HO-NMOPOXASHHBIX TPy, Y cnopua

NOMXUL] BLIpAXATHLCH B TepMHHAX I'pynn H npoekuuit crnekrtpa,.
B.U.KY3IbMHHOB

2.35, NycTop j - alLUKIHYHBEIH CHEKXTP KOHeIHO-NOPOXKAESHHBIX
rpynn. ByneT nH audKNMYHBIM CHEXTP @_{ , Tae Kaxabil
cnektp §  coBmajaer co cnextpom ¢ <

B.U.KY3bMHUHOB

*

2.96. ([Ipo6nema ne Ipoora). Byner nu cpobonuoX aGeneba
rpynna Bcex HelpepbiBHBIX LellOYHCNeHHbIX (QyHKLUHE Ha OHXKOMNIAaK=-
Te?

B.1. KY3bMHHOB

2.37. Onucarb (npocTbie) XOHedgHbIE rpynnbi, BCe CHIOBCKHE
JP =UnOArpynnbi KOTOPHIX ANS He4eTHHIX [P UHKIHYeCKHe ( UHKTH-
geCKHe npPoOCTOro mnopanxa),

B.0.MA3YPOB

*2.38. {Crapag mpoBnema). Knacc xosmen, BIOXHMBIX B acco—
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puaTHBHLIE KONbLa C neneHHeM, yHHBEpCANbHO AKCHOMATH3HPYEeM.

f{pngeTCHd AX OH KOHEYHO- aKCHOMATH3HPYES MbIM ?
A.U.MAJIBLEB

2.39, CymecCcTBYOT TH He KOHEeIHO=-AKCHOMATH3HpYEeMble MHO-
roobpa3Hs

®*a) rpymn {apo6nema Hei#mana),
6) accounaTHBubIX Koneu (mpo6nema lllnexra),

i‘13.) xoneu Jin?
A HL.MAJTBLIEB

2.40, [ -teopuesn { { -teopmefi) xnacca @ (ynHBEep -~
canbHbiXx) anare6p Ha3bBaeTCH COBOKYNHOCTbL BCeX TOXAECTB (KBa-
3HTOXNECTB), HCTHHHHX Ha BCex airefpax kmacca Z . CymecrT -
ByeT /M KOHEYHO—-AKCHOMATHIHPYeMOE MHOroobGpasqe

a) rpym,

*
6) noayrpynn,
B) xonen (accoudaTHBHBLIX, NHEBLIX),
I -teopus {( £ -Teoprs) koTOpOrO HepexkypCHBHa? 3amedanue:
HeTPYOHO YKalaTh peKypCHBHO-aKCHOMATH3HPyemMoe MHOrooSpasHe
noayrpynn c enuHHuedl, / -teopus KOTOpOro HepexypcudbBHa (CM.

rakxe (417 ).
A.A.MAJIBLUEB

2,4]1. Byner nu KOHe3HO-aKCHOMATH3HpYeMbiM MHOToObGpaane,
HOpOXNeHHoe

a) KOHeYHBIM ACCOLMATHBHLIM KONbLOM,

6) xoueguniM Konbuom Jinm,

B) xomedHo#t KBasurpynnoit?

r) Kaxopa MuHaManbHug MO IMHOCTH NOJAYrpPYyNNLI, MOPOXAA =
me#f He xoHedIHO-aKCHOMATH3UPYeMOe MHoroobpaaue? [lo nexoro -
PbiM CPepfeHHaM 3Ta MOUWHOCTL Gonbme 2, Ho ue Gonbue 6,

A.U.MAJIBLIEB

2,42, Kaxopa cTpyxTypa rpynnouna xBa3uMEON0o6pasmufi
a) Bcex momyr pymm,

6) Bcex konemn,

B) BCEX ACCOUMATHBHLX KOnem?

Cp. [42] .
A.H.MAZIBIIER
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2.43, Hazoeem rpymny & FN -rpynnofi, ecnu
)’t}G / j£+i G - cBoGonmnas aGeneBa rpynna H EJ’& G =

= { , raoe J,f-'l'f & -D(;G,G] . Mioroo6pasue % rpynn nasosém
S -muoroobpassem ( 3 -abcrpakrHoe cmoficTBo), ecnu I -
ceobonuble rpynnesl o6napnaloT CBOHCTBOM .
a) Kaxue cpoficTea b COXpPAHAIOTCSH NPH AepPeMHOXSHEH H
nepecedeHHE MHOroo6pasuit? Coxpausercs nu cpoficreo FAN ?

.1
6) Byayr ne FN -MHEOroo6pasmsME BCe MHOroO6Gpaansd,
NOMy4YeHHKE NepPeMHOXEOHHSMH H NepecedYeHUSMHE H3 HHWIBHOTEHT -
HBIX MHOTOOGpa3ull 93,.322 coss ? ( 77, - abeneBn rpynns).
A.U.MAJIBLIEB

*2.44, Mycre ! ., B - nonMmoroo6pasus MuUOroobpasnd
rpynn 9% . R - upouspenenvem ! na & nmasupaetcs (LB
N, rne X B - o6umuuoe npouspenemme. HcenenoBaTnp Te
MHoroo6paaua rpynn 99 , nns xoropeix 7 -yMHOX@HNEe KOM-
My Tarusuo, CymecTpylor nu Heabenephn #00 Cc KOMMYyTATHBHBLIM

g -ymHOXeHHeM M GeCKOMeuYHOHl peeTKOR HOAMROICO6pasmfi?

A.N.MAJIBLEB

2.45. NoxasaTs MAH ONPOBeprHyTb CAEeOYIOHIHE TI'HNOTe3bi

a) (®.Xonn). Ecau cnopo § xoHedHO3HAYHO Ha rpynne 5’,
TO BepbanpHag noagrpynna 0’6 KoHegHa,

6) ($.Xonn). Ecau MmaprumanbHas moarpynna E’G HMeerT
B KOHexHbl# MHASKC /7T , TO nopsnok U KoHedew u nenmr
HeKOTOpy10 crelleunb MM ,

B) Ecin (G xomeuna, to mmnexc |G:0%F| xouesen.
[dns nunefiubix rpynn sce TpH rEmOTe3n cnpasenpnmes [ 48],
I0.U.MEP3NAKOB

*2.48. Bynem roBopurs, 4T0 rpynma nouTH pcs o6nanaer He-
KOTOpHM CBO#CTBOM, ecfiH OHA COOEPXHT HOPMAalbMYI0 NOArpynny
KOHeJHOT'0O HHAeKCa, ofnajalomylo 3tuM cboficrBoM, Hafita ycno -
BHR , IPH KOTOPHIX KOHEYHO-NOPOXAEHHAS MATpHYIHaAd rpynmna iod-
TH BCHA ANNPOKCHMHPYETCH KOHEYHBIMH L —-IpyHnnaMi no HeKOTO -
poMy O .

10. U.MZPANTAKOB

%*
2.47. KakoBnl Bce aenepw TI'pynun, PpemeTKa BCex SHAOMOP
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¢Ho AOMYCTHMEIX HOATDYNN KOTOPBIX SIBIS@TCH genpio? [Ans He =
peqyLUHPOBAHHBIX MEePHONHIECKHX TPyNIl H PeyLUHPOBAHHLIX I'pynH,

epHOARYECKaf YACTh KOTOPHIX OT/IHYHA OT HyJ/f, BONpPOC pelleHx,
A.[TI.MHILIKHHA

2,48. (Tpo6neMa fl.Muuensckoro). Mycre § =~ ceasxas TO-
[O/IOrHYeCcKas I'Pynna, JoKanbHO yAOBJETBOPSIOMAH HEKOTOPOMY
TOXAQ@CTBEHHOMY COOTHOIEHHIO 700'- {, rae U ~ oxpecTHoCTS
epuEmnsl B ( . Bepso mm, uTo TOrga f& =/ 2

B.MM.[TJIATOHOB

2.49, ([IpoGnema A.Cenwbepra), [lycte G - ceasmas OJTY —
npocTas NHHe#kHAg Trpynna /14, cOOTBeTCTBYOllee CHUMMETPHYEC =
xoe mpoctpaHCTBO KOTOpod HMmeer paur Gonmme 1, 7 - Takag
nackpersas moarpynna (7 , uro G /7" umeeT xomeusn#t o6BeM.
Byner ax /  apupmeTHweckol moarpymnmo#?

B.II.IINTATOHOB

*2,50, (TumoTesa A.CensSepra), Ilycte / - Takas nuck -~
peTHad moaArpynna cBf3Ho# rpynnm Jlu & , 4TO GAXTOP—-NpPOCT =
PAHCTBO G/]' HBXOMTNIAKTHO, HO HMeeT KOHe4HLId Oo6beM B Mepe
Xaapa. Torpa /° COOEPXHT HeTPRBHMANLHBLIN YHANOTEHTHHH 3me-
M@HT,

B.I1.[TJIATOHOB

*2.51. (Ilpo6nema A.Bopeng - P.Cre#ntepra). Mycrs & -
nonynpocras anrefGpasyeckad rpynna, R’G - MHOXECTBO KJIAaCCOB
COMPSXEHHLIX yHHNOTEHTHHIX SMemeRToB ., Byner mu Xp ko~
HeYRmM? [Ing nond Hynepod xapaXTepHCTHKH 3TO nokasadHo Koc -
TaaToM~Bopenem-Ceppom,

B.I1.TTIATOHOB

i2.52. (ITpobnema Bproa-HUpaxopu-Mauymoro). [MycTs G - no-
dynpocras anrefpauveckas rpynna zal J0KAanbHO~KOMIAKTHBIM
Blonne pecBsizubiM moneM, ByayT nu MaxcuMAanbHble XOMIOAKTHBIE
noarpynnu (7 pa3sGHBaTLCH B KOHeWHOe HHCIO KI1ACCOB conpst -
XeHALIX? OuneHUTHL 3ITO HHCNO,

B.I1.ITNMTATOHOB

2.53. OnucaTe MaKCHMAaNbEN® NOArpYHmbI I'pynnel §L (ﬂ, é)
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Hal NMPOH3BOJABHBIM GeCKOHeYHLIM NO/IeM { .
B.IL.TIJIATOHOR

*2.54, CyuwectTByloT 14 B SL (R,f) MAKCHMANBHALIE NOATPYN -

nbl, He SABAMIOMHecCH 3AMKHYTHIMH B TONOJIO'HH 3apHCCKOro?
B.II.ITJIATOHOR

2.55. OnpenenHTh MakCHMANbHLIE NOArpyunfNbl Tpynnel SL (n, 2§
n=3, 2Z - xonbuo nenbix uncen, Cymecteyor nu B O (71, Z)
MAKCHUMAJbHEIe MOArpynnbl 6ecKOHeyHOr'c HHaekca?

B.ILIIJIATOHOB

2.56, KnaccrbuuuposaTs ¢ TOYHOCTBIO J0 H3oMopduiMa aGee
NIeBbl CBA3HEIE anrebpanyecKkHe yHUNOTEHTHLIe /NEHeHHLIe I'PYIIIb
HA[ ToNeM NOoJNoXHTenbHo# xapakTepucruxkd, [Ang ciAayuas nons Hy-
nepo#t xapakTepHCTHKH 3TO He mnpeacTaBnsgeT Tpyaa, C apyrof
cTtopodnr, K.lllepanne pemwnn npobiteMy kilaccupHkKalHH yKa3aHHbIX

r'pynn ¢ TOYHOCTBIO OO0 H3OT@HHH.
B.TI.TITATOHOB

2.57. llpoGneMa 3KBHBaANeHTHOCTH ABYX MATPHIU B IIPOH3BO/b-
HOM mnonynpocTo#i anrebSpanuecxkoit rpynne Haa ajreGpadyeckd 3aM-

KHYTHIM IIOJIeM,
B.[1.[NJTATOHOB

*2.58, Mycte (# ~ BexTopmoe mnpocrpascteo, /” -~ ero rpyme
ma aBTOMOPGH3MOB, / HA3LIBAGTCH /NOKAABHO GHHHTHO CTAGHIAL —
HOHA, ecnu angd Kaxao#h e® KOHedHO-~TOPOXKAeHHOH nmoarpynmnel 4 B

G wumeercs xoHeuHmH cTabuibEbI oTHocHTennHOo A  psa, Ec-
MM XApakTepPHCTHKA NOMAYA paBHa Hymio K /  JIOKajibHO (QHHHTHO
crabunnia, To /  eCTb NOKanLHO-HWILIOTEHTHas rpynna Ges
KpyueHus, BepHO /1, 4TO K&XJaf I0KAILHO-HHILIOTEHTHAS I'pyll-

na 6e3 kpyueHHs MoxeT OhThL Tax peaiif3oBana?
B.U.[IJOTKHH

*2.50. MMycre I - npo#3BonbLHAS HHALMNOTEHTHAS TPYNNA, HME-
olag Kinacc HannnoreHTHOocTH 7—1 |, Bcerna nm oHa gonyckaer
TOYHOE TNpEeACTABNEHHe B KAYECTBEe I'pyNnbl aBTOMOPGU3MOB He KO-
Topo# abeneBolt I'pynnbl cO CTAGHALHLIM OTHOCHTennHo /  panoM
AnuALL /T ?

B.H.IIJIOTKHH
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2,60, BLinenuTsr HeKOTOpLI® HMHTEpeCHbIe Kiacchel anredpan —
qeCKHX CHCT@M C TeéM CBOHCTBOM, 4TO Kaxnas rpynna MOxeT
GbiTh NMpeACTAaB/leHAa KaK I'pyliia Bcex aBTOMOpPH3MOB noaxoass -

mrefi anrebpaHueckol CHCTeMbl 3a0aHHOIO KJacca,
B.U.TUIOTKHH

2,61, Ilycts G - BEKTOpHOe MNpPOCTpPaHCTBO, " - ero né -
TepoBa I'pynna aBTOMOpOH3MOB, NPHYEM Kaxab#d 3JeMeHT H3 7’
YHHIIOTeHTeH, Bepuo n#, uro takas / =~ cTraGuibHas IpyAna ap-

TroMopdH3MOB?
B.U.ITTOTKHH

2,62, Ecnn (& - KOHe YHOMEpHOEe BEKTOPHOEe NPOCTPaHCTBO
Han momeM H /| - ero rpynma aBTOMOP(H3MOB, KaxAbli 3eMeHT

koropo#t crabuneH, TO H pca / crabunbHa (3,Komuuu). Bepua

nu treopema Konuusaa nnsg nNpocTpaHCTB Hal TenaMu?
B.H.IIJTOTKHUH

2.63. Hycrs I - rpynna aBToMop(u3MOB BEKTOPHOI'O Npo-—
crpascrea O wman nomem Hy/eBOl XapakTepHCTHKH, H AONYCTHM,
YTO BCe SIEeMeHTHl M3 /  YHHUIOTE HTHbI, NPHYEM NOKA3ATENH yHH—-
MOTEeHTHOCTH Or'paHHYeHbl B COBOKYyNHocTH., ByneTr nH Takas [/
NoXaNlbHO (HHHTHO CTaABGHNBLHOHA?

B,U.IIJTIOTKHUH

2.64, ObpasyeT NH MHOXECTBO HHI/Ib-3/IeMEHTOB KOHEeYHOMeEp—

HOA nuHeAHON rpynnul HAg TeJOM @& OKANbHO-HHILIOTEHTHLIR pa-
OHKAa?

B.U.TNTOTKHUH

*®
2.65. O6nanaeT n¥ npucoenHHeHHAd I'pDYNna panHKANbLHOTO
(B cMbicme [Ixeko6cona) konbla meHTpanLHO# CHCTEMOH?

B.U.TINTIOTKHH

2.88. Onmpenengerca nu K -rpynna pemeTxkoll CBOHX mog -
'pynn? CymecTByeT nE rpynnoBo# M30MOpdH3M Taxko# IpyNmbl, 10—
POXnaomuii 3apadHpii €@ pemeTOYHEIH HIOMOPPHIM?

N.E.CA0OBCKHA

2,67. BhIICHHTL YCNOBHS, NpPH KOTOPHIX /I - HHALNOTEHT -
BOe npoHaBepeHHe YUCTHIX HHILIOTEHTHBIX rpynn (Tex HWIH HHBIX
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K/1AaCCOB) onpenensercd cBoed pemeTkoil moarpynn. Bonpoc pewa-
eTcd NONOXHTENBHO, C/H 3TO Npou3BeneHHe cBOBONHO OT Kpyue —

HHU 4,
N.E.CA0OBCKPMH

2.68, HUTo MOXHO CKA3AThb O pPelleTOYHLIX H30MOPPHU3IMAX YUC-
TO# paspewuMol rpynnui? He 6yper nM Taxag rpynma cTporo om -—
penensrecg cBoell peweTko#? [lnd cBoGoaHBIX pa3pemwMMbIX Ipynn

3TOT BONPOC, KAK H3BECTHO, pemaeTcd NONOXATEIbHO.
N1.E.CA0OBCKHUH

2.80, Mycts rpynna & ecTL nmpouapeneHHe CBOHX noarpynn
A u B , kaknas M3 XOTOPHIX HHALAOTEHTHA C YCTOBHeM MHHH-
MANMLHOCTH. [l0KA3aTh WIH ONpoBepruyThb, uTo &) ( paapemnma,
6) monHbie YaCT¥ NOArpPynH u B nepecTaHOBOuYHLI MO3JEMEHT-

HO.
H.».CECEKHH

2,70. Mycrtb rpynna G eCTh NPOH3BeNeHHe CBOHX Nourl pynm

A u B , Kaxnaas W3 KOTOpPLIX MOKAILHO-UHKIKYeCKaa 6e3 kpyue-
nug. JdokazatTe, wTo nu6o A , 1ubo B o6napaer meenuunyuof

DO;IrnynnoR, nopManbrolh B & . Onucars rpynnei, daxTopulye -

Mbleé TakKHM 00pasom,
H.¢. CECEKHH

2,71, CymecTeyeT M4 KOHeYHO-NOPOXMEHHAA NpPAaBOyNOpAno -
YyyBacMas I'pynna, copnagamilag co CBOHM KOMMYTAHTOM H, Bclei-
CTBHe 3TOro, He ofrajamlomas coficreom AN ?

A.MCMHPHOB

2.72. Mycre F - xoHeuHO-mopoxieuHas cBOGOAHAS TI'pYNNa,

- €¢ HOpManbHAg noarpynmna, V - 3HAOMOPGHO OAONMYCTH =

mas noarpynna rpynne N . Byner nu xonboeo#t rpynna F/V
ecnd $paxTop-rpynna F/N xonpopa £92] ?

A.MCMHUPHOB

2.73. (UamacrHas npobnema) CymecrByioTr n¥ SecKoHeUHELIe
rpynnoel, 8ce cobGcrBeuHsle NOArpYNNLL KOTOPHIX NMPOCTOrC nopdaka?
A.N.CTAPOCTHH

2.74. (HamecTras npo6nema.) Oumcarb KoHEYHLIE rOyans C
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pas3peliHMbIMH LeHTPAH3ATOPAMH HEBOJIIOLHH,
A.UL.CTAPOCTHUH

2.75. llycrbr nepHoauweckad rpynna & conepXHT GeckKoHeyHoe
MHOXECTBO KOHEeYHbIX MOoArpynn, obtmee nepecedyeHHe XKOTOPLX CO-
AePXHT HeenHHHuHble 3jeMeHThl. ConepXATCH /MK TOrda B G ue-

eAHHUUYHBIA 3IeM2HT, 'eHTPAMH3ATOP KOTOpPOro 6eckOHeqeH?
C.IT.CTPYHKOB

2.76. Mycte [ - romomopd aGenepolt rpynnmsi A . [Tpu ka-~
KHX YCIIOBHSIX A  maxcumanbua cpenn J10KanbHO—HANBLNOTeHTHEIX

noarpynn rpynne /7 ?
O.A.CYIIPYHEHKO

2.77. Mlycrs A R B - abenepbl rpynnel, [IpH xakux yclnoBH~
X BCAKOe PAcllupeHHe A ¢ nomommpio B anasercd HAMLIOTEHT-

Hoit rpymnno#i?
O.A.CYITPYHEHKO

2.78. KoHeunnl unu 6ecKoHeyHn MHOXeCTBa BCex paspeuly -

MBIX M BceX a6CONITHO MPOCTBHIX TEOPETHKO~IPYyNNOBLIX YHCEN ?
CymecTByioT n¥ cocTaBHble, HO He pa3pPelllUMbIE TEOPeTHKO-IpY -
noprnle gyucna? [ns onpepenenuit cMm. L797 .

[1.U. TPOSUMOB

*
2.79, CywecTsyoT nu nondeie {(NpocThie NOAHbIe) IPYHNNbBl C

MAKC HMAZIBHBIMH TOATPYNIAME ?
MC.UANTEHKO

2.80. UmeeT nu npou3ponnHasi rpyina ¢ HOPMANH3ATOPHLIM

YCloBHeM OTAHYHYIO OT eQuHHUbL! abeneBy HOPMANbLHYIO MOArpynny?
C.H.HEPHHUKOB

2.81. a) CywecTByeT nH TAKOl axcHOMaTH3UPyeMbil Kiaacc
Pewerox £ , uTo peweTka BCeX NOAMONYrpyNnn HOAYTPymnbl &
H30MOppHA HeKOTOpO# pewerTke H3 TOr'da H TONbKO TOI'aa,KOoI'=-
na SBNgeTCcd cBOOOAHOH rpymno#t?

6) Tor xe BONPOC nne CBOGOAHLIX abeneBbIX CpyIHI.

AHamoruYHbie BONPOCHL! PeWeHbl NOMOXKHTEeNLHO O LPYnn 63
Kpy4eunuqa, HemepuonHueckux rpymnn, abeneBbix I'pynn 6e3 KpyHeHHs,
abesteBLIx HenmepuonUye ckHxX rpynn, ynopsnoisBaeMbix rpynn ( coot-
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BeTCTBYIOLIHe KIACCHl pPeuleTOK OaXe KOHeYHO-AKCHOMATH3HPYeMBl),
TaK 4¥TO, B YACTHOCTH, B cPOPMYIMPOBAHHBIX BONpPOCAX MNOJYIpynny
S cpa3y MOXHO cuHTarh r'pynnof#i (coorBeTcTBeHHO abenepol

rpynnoi) 6es Kpy4yeHud,
JI.LH,1IEBPUR

2.82, MoxHO n¥ rpynnsl ¢ /I ~M YCIOBHeM OHrens

fa:,z,...,g:l-i

ONpPeHAeNnHdTh TOXAeCTBeHHLIMH COOTHOWRHHAMH BHaa (= , roe U ,
U - cnoBa 63 oTpHLIATebHbIX cTeneHed nepeMeHAwmXx? [as /77 =

= 1,2,83 3T0 BO3MOXHO.
A U UIUPLHIOB

2.88. MycTh nepuonmueckas rpymna npeancTaBuMa B BH@
Npou3BelleHHs ABYX JIOKalbLHO-KOHeYHEX Noarpynn, Bynmer nm &

10KalbHO—XKOReHYROH ?
B.I1.LIYHKOB

2.84. TlycTe noxanpHO-KOHeWHAS I'pPynna G’ NpeacrabBigerca
B BHOe IPOH3BefeHHd ABYX JIOKANTbHO—HHILNOTEHTHLIX MOy M.

Byger nx ( nokanbHo-paspewHMoR?
B.[I.ILWYHKOB

2.85. (A.I Kypom). IlycTs é - HeKOTOpHH KMacc rpynm,
3AMKHYTHI# OTHOCHTeNbHO B3ATHS roMoMopdHbx ofpaaos, X, (&) -
MHEHEMAaNbELIE panuxkaneaeit (no A.T.Kypowy) knacc, comepxamuit

é . UsBecTrO, 4TO x?o(ﬂ} COCTABRJAIT BCe I'pynner o¢ = CTy=-
nerz Ban £ H TOMABLKO OHH (Snecb X = 1,2, .., ., ). CymecT~
ByeT NH VIR Kaxmoro o rtaxo# xmacc £ , uTo Pofﬁ) cocrap~

AKOT CPYNNB TOYHO HAHHOR o -# cTynesu mandl  ?
K.K.WlYKHH

2.868. (A.I'.Kypow), OnucaTb BCe paguxank B KNACCe XKOHOY~

HBIX rpynn,
K. K. I{[Y KUH

2,87. Ona Bcsko# neppuaso#t rpymnu f  ® noboro nop AnKoO~
BOI'0 4HC/Ia (9 CyWecTBYeT BO3pACTAKIlas BHONHE ynopsaouyeHHas
nocnenoBarensHOCTS | H, &} nepBHYEMX rpymn /A, , o6napaomas

cBolficrBamn: 1) = -
)& Ha , Hec, HopManbha B A, IS KAXOO
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ook < &, H a Ll A /’/“_ Ond Kaxnoro npenelnLHoro qH%cnalés;
9) ans xaxno# H: CymecTBYeT H30MOpHHIM Qd ’ /-{c_;—c- Auifzc,
npuwaem H, B = IntHy . roe Aut Hy . Int Hy - coorser-
cTBEHHO Tpylha BCceX H rpynna BHyTPeHHHXx aBToMopduamos 1. ;
3) pna xaxioo# maph o < 3£ G HOPMATH3ATOP NH (H, )—/—7:(“,
a LeHTpPA/NIH3aTOp GH (Hd )= 1. P
[locnenoBaTenpHEQCTh Ha HA3LIBAIOT Gawne# apromMopdus -
MOB MepBHYHOA Tpynmbl {r BoCOTH 6 (cp. C132 , crp. 8. Ec-
1H CylIeCTBYyeT Taxoe NOpAAKOBOe YHCIo Z , 4TO HZ'“H‘E"H ,
ro T HA3nIBAaKT colbcTBeHHOH# BhIicOTO# OAawmHu, UmMeeT nu cober-
BEeHHYIO BLICOTY 6Aalisg aBTOMOPGH3MOB MPOH3BONLHON MepBHYNHOX

rpynnbi? [Ans MOHONKTHEIX MEpBHYMLIX PPYNNn OTBeT YTBepPAHUTeNbHLIH,
K.K.1lY KUH

*9.88. s -nogrpynna / rpynno G usasuBaercs e& xon -
noBOH 77 —MOArpPYNNOH, eCNH MId BCAKOro OET  BCAKAf CHNOB-
ckad [ -nogrpynna rpynmbi /1 saBnsercs cunoscxoft /D ~noarpyn-
moit ¥ B 5 (cm., wanpumep, [32] , crp. 508). flpngeTcs MH Kax-
nas XON/IoBa 7 =NOArpynRnAa NPOH3BONLHOA TIPyNnk €& MAKCHMAIb-
HOA 9T -noorpynmnoi?

MHU.3UQUHOB

OTBETH H KOMMEHTAPHH

2,3. Her, me cosnapawor, - HanpHMep, rpynna

G = rp (20 y, 2,2 lx‘-g‘-zz-f""- 1,
Cz,yJ=2, CZ,20=0y,2]=1, ﬁ".z*t-—-—-y, ﬁ"yﬁ=x"‘z/”)

T ~KBaSHHUNBNOTEHTRA, HO He XBA3HHHNLIOTe@HTHA, B camMoMm pe-
1e, G/Cb(G) "-—"A(4) , TO3TOMY nepecedenue MOORX OBYX pas -
THYHEIX MaxkcHManeEuX moarpynn A u B us & paeso P(G) ,

OTKyna
N, (ANB) £ AnB#~Ny (AnB),

T.e. [y zf' ~-XBa3uRunbnorenstua, C apyro# croponsl, ecni A, =
rp (zxazgzi t)o Bj- rp (Z!t) » TO NA (AanI ’=A!n'31=(t’ *
enoparentyo, He xpasumEnbmoreurua. (Coobmeno B.[l.Ma -
3YpoBbiM, )
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2.13. He Bcerpa. PaccMmoTpuM rpynny ABA(m,n) H3 KOM~-
Meutapas X 1.63. B mefi @ - nesTpanbHLIi 3TeMeHT. l'lyc'rblo -
npocroe 4YHcno, #He pengmee /T . [IpordBopevamiyM NpHMepoM Oy-
ner rpynna G=A / (a!f") NpH_ '}Z={P} u mopxondmem XK . B
caMOM pgene, FCHO, YTO (d)/(dp ) - e& MaxCHMannLHad P —non~
rpynna. [JonycTam, uTOo npH nwoGoM K

Al@d?") = @) @?y x H, [(@P),

rae Hx - noarpynna Ha A . Toraa

P‘
d)YNH =(d" ), ([d)NH = 1.ree H=NH,.

Tak xax /{ 6e3 xpyyeHHS M U30MOpPHO BKIANLIBAETCH B NEPHO —
RHYECKYi0 Tpynmny A/{a’) >~ B(m,n) , toH={ . Orcona cne-
ayeT #3oMopdEAd RIOXHEMOCTH I'pYHIBI B NeXapTOBO NpOH3BE -
neuse abeneBLiX rpynn A/H . Ho aro #esoamoxmo, Tax xax A
He KOMMYTATHBHA, o

2.15. [1a, cymecTnyor [2], ~ Hanpumep, rpynmna A (rm,n)
3 xommeurapus x 1.63: B weti & ~ nearpanprbft 3nemenr, a
A(m,n)/(d) ~ B(m, n) . noatomy daxrop-rpynna rpynnsiA(mnm)
Ho €& neHTpy HUMeeTr KOHeuHbld mepHon.

2.18. a) [Oa, 6yner (62 .
6) Oa, 6yner (647 .
B) He Bcerna [57, 84, 6831].
r) He scerna [57, 64, 632.
n) He Bcernma [247 .

2.17. Her, se Bepro [ 83].
2.18. Cm.[74, 127].

2.20, Her, He BepHO - npsMue cnjeTeHHdA 3JeMeHTAapPHO 3K-
BHBAJIGUTHLIX TPyRN MOTyT He ObLITh 3NeMPHTADHO ISKBHBAIGHTHBLIMH,
B To xe Bpemd npdMbie CNNeT@HHY YHHUBOPCANLHO 3XBHBAJE HTHBLIX
rpynnl yH#pepcalLHo 3kBHBanenTHHl [ 76 .

2.21. a) Her, ue commapaior (102 .
6) Her, we cosnapmaet [65] .

2.22. 6) Her, He smnserca. Hampumep, rpynnma ol (n,Z)
npu nocraroudo GonbwoM /12 3 copepxuT HeaBenery KOHeUHYIK
BDPOCTyK I'pynny, a NoToMy He ob6tiamaeT cpolictBom /&~ . B To
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we BpeMsd, xak ykxasaso B [22], crp. 64 , oHa gpnseTcsd NpPOU3IBE~
AeHHeM CBOHX KOHI'DY 3HI~NOAIPY NN m0d2 H mﬂd 3, ofnanalomux
leHTPaNbHbIME CHCTeMaMH, a noroMy u cpoictBoM N (cMm.xoMMeH-

rapufi x 1.38).
2,25, 6) [la, cywmectsylor { 87] .
2,30. [1a, cymecTBylor npH mo60M NPOCTOM P £387].

2,31. Het, He Bcakaa. Hampamep, rpynna c nopoxnpalonmHmi
a ,5,!.0,6/, n=0 *4,%*2,..., H OnpeNensiomuM 1
HOUIGHU IM B d

La,, éf] =C, a, =4,,,, 5/! =0pys
L2,.8m 1= [Jfﬂ gm]""" [¢,a,]=L¢ 6/1]={ , ndm,

n,m=40,6%4,%2, ...,

paspetluMa, ynopaAoYMBaeMa C KOHeYHBIM YHCJIOM BbillyK/biX RO~
rpynft H He AaNNpoKCHMHpYeMa (HHHTHO, a MOTOMy ¥ He Npexcra -
BMMA MaTpHuamH Hag momem [81] .

2,36, a, 6yner [ 30 , TpeTme uanasuel.

2.38. Her, ue sBnsercs. B camom nene, w3 [101, ctp, 281],
BhlTekaeT ABHOE 3aflaHHe 3TOI'0 Kjacca CHCTEeMO# aKCHOM {A U
U 1'U U..,, raie A - ycroBue oTcyTcTBHS nenuTeneli Hyns,
qn ~ HeKoTopbit xoHeywblit HAGOP KBA3HTOXOECTB, CBA3aHHLIA CO
CKalgapH-IMK MATpHUaMu crenedud /1 . Jlio6ag xoHeyHad [OOCHC =~
Tema {A} U ,U...U « ompenenger Gonee wupokui xnacc, TaK
kax ell ypnosnersopsior Bce (2k—2) -dmpwr (cm. [101], cTp.283),
a B C1007] ana mo6eiXx f</ri</t noctpoed {(smn—1) —-bup Umn )
He BIOXHMMBIA B Telno.

2,89, a) [a, cymectrywor [51] . Cm. Taxxke 1.82.
B) [a,cymectByior [ 1407] .

2,40, 6) [a, cymectsyer [[46] .

2.41, a) [da, 6ymer ([ 34, 1177.

2.43. 6) Oa, 6yayr [C11].

2.44. [la, cymecTByWT, -~ HanpsMep, MHEOT'006pasue J0~% X
rne (f - muOroo6pasue afejeBblXx I'PyNn NpPOCTOrO nepﬂonafja’d
(coo6mduo 10.M.Fopuakobrim 21 mioua 1967 rona Ha KpacHOSpckKoM
XpaeBoM cemuHape no anrebpe (Kpachogspck, 21-24 mons 1867 r,)).

2.46. KoHeyHo-nopox/1eHHAg MAaTpH4YHAS I'pynna Had nojlem
HYTeno# xapakTEepHCTHKNI MOUTH MO BCEM [ MOYTH BCH ANNPOKCE=
i
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MHpyeTCs KOHeuubiMH O ~rpynnamu [19, 48, 551 . Komeumo~-no -
poxIeHHas MATPHYHAS I'pPyNna HaA NOjeM [OJIOXHTEe/lbHON xapaxre—
PUCTHKH 0 TOHTH BCH ANNPOKCHMHDPYeTCH KOHEYHLIMH L -~T'pyn -
namMr 55 , 77J. OboSmenust cmM. B [ 61, 1427.

2.47. XapakTepu3auus TaAKHX rpynn pasa B [957] .
2.60, Hdoxaszama B (177 .

2.51. [la, 6yner, eciu p > 5 u B HeKOTOpBIX APYrHX Cayua-
ax (1277 . B.[l.[InaTosoB coobwmHna, 4TO OH pacnonaraeT MOJOXH ~
TeIBHBIM pRWeHHeM AN o> . 3necs P - XapaKTepHCTHKA TNOJ4,

2.52. [a, 6yayr [98 , crp. 65]. Tam xe - dopmyna ansg
3TOr0 wHCIA,

2.54. [la, cymecTBylOoT, ecnu é -~ NO/le PALHOHANBHLIX YHCENn
B8] unu npousBonbHOe anrefpauyeckd 3aMKHYTOe MoOjle Hylepol
xapakrepucTuku [[67] .

2,58. Her, ue mepuo [ 717 .

2.99, Het, He Bcerpa: ponpoc paBHOCHN@H npotieMe o pas-
MEepHLIX noarpynnax, peuiegHo#t orpmnatensso (12971, dopmynz -
poBka 3TOl mpoOieMbi: Bceraga U /7l =g pa3MepHasi noarpynna
d G-Gﬂ (f 4+ Am) , rne A - passHocTHHA Hoean xoibua

mz@ , COBIAfaeT C /771 -M UEHTPAIOM Xﬂ? ? QOyeBHgHO,
{d G-} ~ uenTpanbHbif pad B 5 nos'romy Im G < d & . Ha-
pectHo (1147, gto O G/)’m (G/J/mG ) . Ecnam

drzG"'J’n , TO SICHO, HTO G/ BKragblBaeTcq B cTabu -
NH3aTOp paaa

Z6/8" = 8/8">... 5 47/ 4"

O6paTHo, NyCcTh JJ”G =~ / u [ BxnannBaercs s cTabuna3aTop

psana
A’ZA ;-oo?Anga,

rae A - abeneBpa rpynna, ITponomxum 370 BIOXEeHHe 10 IroMO -
Mopdusma ¢ ZG-———Erza’A Ouepunxo, 4 59= ,noaTOMyafz[r'= .
2.65. He Bcerpa [48] .
2,79, Na, cymecTByoT, — cM., Hanpumep, .73 7.

2.88. Her, ne gBngercqa, [lycTe % - MHOXECTBO BCeX Mpoc-
TheX yucen. CymecTByeT Hecu&THAs NOKanbHO—KOHeYHAS rpynna & ,
B KOTOpO# BCe CH/IOBCKHe noarpymnniur KodeuHnl [ 8171 [oarpynna
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H , nopoxnenmas cHNOBCKHMH NOArpynNnaMH TPynnbl ( , B3ATh~
MH 110 OOHOR Ang KAXAOTo HMpOoCTOro wucna, Syner xonnopofi W -
noprpynnoi B G . Tax kak H c9ersa, TO oma He cCOBHapaeT
co Bceit T —~rpynnoft G .



YHacre 3. JEHD IIPOBJIEM TPETLETO
BCECOIO3HOIro CHMIIO3HYMA 10 TEOPHH IPYHHN
(Xpycranpuasg, 1969)

Co 2 no 8 dempana 1980 rona Ha TypHCcTCKOR Gaze "Xpyc o
ranekas” non CeepnnoBckoM cocrosncs Tperul Bcecoiw3HbR cHM-
NO3¥yM IO TEOpHH TpynlN, OpraHH30BaHHbIA CBepnNOBCKMM OTRENe~—
HHeM MATeMAaTHIeCKOro mucratryra umeHa B.A.Crexnoepa, HucTaTy-
ToM MareMaTikg CO AH CCCP mn YpanbckuM rocynapcTBeHHBIM
yEupepcdiTeroM HMeHH A MJTopesxoro. B pabore caMnosmyma ysacr-
BoBano B84 genopexa u3 19 roponos Comerckoro Cowaa, Order o
caMnos3rymMe cM, B YMH, 24, Ne 4 (1868), 221-224.

B arofft yacTe HpHBOASATCA 3ana4dH, NOCTAB/AeHHHe Ha TpeTb-
eM CHEMNO3MyMe, a TaxKxe NpHAC/nadAnle HenocpeacTBeHHO B penax -
ngw “Koyposckoff rerpaax” nocne BHXOna B CBeT ee BTOpPOTro E3-
nAHHA.

BOITPOCHI

3.1. Onucare XORe4YHLI® NPOCTHIE TPYNNn, COoAepXamue Be
MAaxKCEMANLHLIE NOATDYRIE B3aHMHO NpocThiXx nmopankoB., Hempocrue

rpynnn C 3THM CBOACTBOM H3BECTHLI.
B.A.BEJIOHOIroB, A.U.CTAPOCTHH

3.2. KnaccwpuuapopaTr TO4mmE HenpuBonuMme (OeckomeqHO~
Mepable) mpeacTapleHAs HEALNOTEHTHOR IpyMmibi C TpemMs NOpOXAa—
OMMME 3 ,C ¥ onpepengiomXMH CoOoTHOWeHHaMu [4&. .

ac=ca, be=cé.
C.0.BEPMAH, A.E.3A/IEGEKUH

3.3. (H3pecrnag npoGnema), Onucars rpynny aBTOMOPYHI -

MOB cpofonuolt acconmarupmo#t anre6puw pamra n=2.
JA.BOK¥Tb



Bonpocu 43

3.4. (HapecTHnie npobnemuL) a) O6mas npobnema BHBOAHMOC-
T Toxnecrs, CymecTByeT & aNrOpHTM, KOTOPHR mo nioBoft cHCTe-
Me TpPYNNOBLIX CIOB f; yereg Tm (OT GHKCHPOBAHHOTO MHOXeCTBA
nepeMe KHbL[X .1‘1,.1:,,... } B oTnenbHOMY CHOBY BHIACHSN Oml,
cneayer nu Toxnecteo f={ u3 ToxmecTs f;={1,...,fm=1 2
6) YacTeas npobnema BHBOAEMOCTH TOxAec?B. I[lycrh s3ana -
utt cnosa £, ,..., fp . CymecTeyeT nH anrOpHTM, KOTOPHR NO mIo—
60My ChOBY BufcHsl OH, Clenyer NE TOXASCTBO f ==/ . e
'roxcnec'rsﬂ v“s'fm = { ?
J1.A.BOKY Tb

3.5. Moxer nH nonrpynna npapeaeHHOH# cBOGORNHOR Trpynnbl
6uTp nonHo#? B wacrmOoCcTH, MOXeT nH bBeplanbEas nonrpynna npy-
BeaeHHOR cBOGONHOA rpynnu OwiTh nonHo#t? IlpEMep nonaoR nepH -
on#qgeckof abeneBofl BepSanbHOR moaArpynnol nNpEBeneMmMoi cpobop -
R rpynns napan 6 emé onHO NOXAa3aTenbCTBO TOrO, 4TO Cyme-
CTByeT MHOrooGpa3He I'pynll, Ke 3a1aBaeMOe XOHEYHBIM YHCIOM TO=-
HAeCTB,

H.P.BPYMBEPT

3.8. Onucarr EepaspemiEMLIe KOM@YRbie Fpynnb, Kaxnas peasd-
pemEMas NOArpynna KOTOphX obnafaeT OAHHM K3 ClieNYOmEX
ceoficte: 1) 2~3amkmyra, 2) 2/-aamumyra, 3) aaomop¢na5(4)

B.A.BEHEPHHKOB

3.7. ABromopdrEsM 6 r'pyrmu G Ha3blBae TCcd anrebpaHyec-—
KEM, ecik ang nxoﬁoro aneMenTa g MERHMANbLHAS (G -QOonyCc -
THMag noarpynna ua (7 , copepxam . EMEeT XOHeYHOe HHC-

no nopoxpalomux, ABTOMOPOHSM G rpynnu G wHasupaeTcs € -
aBTOMOPOX3MOM, OCNH Ong MIOGHX (¢ ~AONYCTMMBIX NOArpymn A

" B , rne A - cobcreemmas noarpynma x3 S , B pasHOCTH
BN A matperca anemenr &£ , ans xoroporoL .61 € A . Bes-
KHR nm €@ -—-aBpTOMOpPDHSM sBASeTCH anrebpamueckum?

B.I'BUNALUEP

%3 8. Mycrs {§ - cBoSonHOe Npou3BenenMe CBOGORHLIX TPy

N B V - pepbanbrad NOATDYNNA TPYNIH G , OTBEYAI) -
nag ypa?aeamo xt= 1, [loxaaars, wro ecnu 2 ANV, 565\V
TO (ab) < V:

Jlerxo npomepirs; 4TO B Tpynne Bepucefina B(4 co) Bce
MeMeNTH IWrenesn (OrpamrdeNECOro EEaexca). B ciryuae noyioxm-
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TeNbHOI'O pelleHHs 3alad¥d MOXHO II0Ka3aThb, 9TO HE BCe 3/IeMEeHThl

usB(ll,aO) NOCTWXKEMEI, YTO pelnaeT K3BeCTHYiO Npoblxemy.
B.I'.BUNALEP

*
3.89. CywecrBylor nu 6Geckonedqnble nNepHoAHYECKHE I'PYMIbl C

MAaKCHMANLHOR KOHeyHOR moarpynmno#?
I0.M'OPYAKOB

3.10. Koneynoe nu 4YuCnHO KOHEYHHIX NPOCTHIX HeabeneBnix
rpynn copepxur cobcTBeHHOe MHEOroobtpasue rpynn?

IO.MTOPHAKOB
*3.11. dneMeHr rpynnei ( wnasuBaercs 0606 me HHO-ITIe P i
onuveckuMm [80] , ecam cymecTByOT Taxhe Iy geeay Ly € & , 4TO

x;, X, 0o x,;’ga:;t-f . CymecTByiOT ¥ KOHEYHO-NOPOXACHHLIE
rpynnb 63 KpydeHus, BCce 3JIeMeHTHI KOTOophix o506meHHO~NepHO -

auyeckKkue?
IO M I'OPHA KOB

3.12, (Hapecrrnag npo6anema). ByneT nu nokxanbaO~paspeumuMoH

nokannLbHO—-KOHeYHag rpymnna, obragaromas NONHOA cHnoBckoR Gaazol?
10.MTOPHAKOB

*3.13. PaspemyMa nx 3neMeHTapHas TeOpHA pelleTOX MOATPYNN

xoueynhx abeneBblx rpynnm?
I0.JI.LEPIIOB, A.U.KOKOPHH

3.14, HycTe (y - KkOHeuHa®m rpynma MaTpel CTeHeHE /i Ha.
TesloM ] HyneBo#l xapakrepuCTdkd. [loxasarn, uro (7 o06nanaer
paspemwkMoOR HOpmanbuolt noarpynmo? A , umnexc xoropo#t B &

He TNPeBOCXOIRHT HEKOTOopOoro 4YHCIHAa ‘f(n) » H& 3aBHCHAINEro HH OT
G , vEor 7 . DroT BOmpOC CBS3aH C TeopHed npencramie HARN

KoHeuHmX Trpyan (uuaszxc lypa).
A.E.3AJIECCKHH

*3.15. Bynem rosoputn, uro rpymna & U -Bpnoxuma B knace
rpynn 42 , ecnu i BCEkOR xomewHOR moamopnenx M C § makper -
cs takas rpynna A  us ﬁ , ato M H3oMopdpHA HEKOTOpO# noa—
MONQIH H3 . UsBecTHo, uTO B KOHeumO-oOmpeneneHHo#i rpynne,

[J -BroxumMOR B xOHeUHHEe IpyNNH, NONOKHTENLHO pemasTCs
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npo6nema paesencTBa crop, [loaTomy npencraBnfeTr HHETEpec BONPOC

o6 oTBHICKauuu ycnoBua#t [/ -BnoxHMOCTH rpynn B KOHeUHbIE CpyMHbI,
ByneT ng (] -BIOXHMOH B KOHEYHbI@ I'DYIIIHL.

a) Bcsxasg rpyina ¢ OoHHM ONpeNendiolldM COOTHOIEHHEM,

6) Bcsakasg rpynmna, nomyckaiomasg OaHO ompenensionee CoOTHO-
meHHe B MHOroofpassE pas3pemsMblX I'pynn paHHOR CTyneHH?

M HU.KAPTATIONOB

3.18. [Ipo6nema papeHCTBA CnOB B rpyine, gomyckaome# oaHO
onpefengiomee COOTHOLEHHe B MHOroo6pasuu /1 —~CTYN@HHO paspe -
WMHEMEBIX Tpymn, ;1 = 3

M. HU.KA PTATIONOB

3.17. Byner nu npocTot a) mexoMMmyTaTHBHAS rpynna, nHEel-
HO- ynopsinouHBaeMas nbyMs crnocobami, 6) HeKOMMYyTAaTHBHALA

ynopapoyupaeMag rpynina 5e3 HeTPHBHA/IbLHbLIX HOPMAIbHbIX OTHO-
CHTENBHO BLINYK/LIX MOACpYyNm?

AN . KOKOPHWH

*3.18. (B.He#tman [80] ). 'pynna U uasupaercs y HEBepCcarnb~
HoH nng kmacca 42

rpynn, ecnu {J conepxAT maoMopdHbt 06pas
Kaxno# rpymnsl B3 4

. CymecrByer nu cu&THaf rpynna, YHEBep-
canpHAf ANg Klacca CY®THLIX yHOPSANOYHBAe@MBLIX Ipymi?

A HU.KOKOPHH

3.19. (A.U.Manbues [40] ). CymecTByer nm nAng npoH3BONL-
HOR nuHeNHO -yNOPANOYEHHOR I'py bl G

abenepa nuHEHHO YHOpPE -
NOYeHHAS T'pynlia, HMeIMAN TOT Xe NOPINAKOBLIA Tum, uro u & °?

H

A U . KOKOPHH

3.20. Byayr na ynopapousBaeMbie Ipynnbl MHHHM Q1LHBIM

CAOMAaTH3HpYeMBIM KNacCOM, CORepXxalldM [noynopsao4YynBaeMhuie
IPYIAL?

aK-

A .. KOKOPHH

3.21, IlycTe £ - Kknacc onmOOCHOBHBIX MOpmenef CHI'HATY pbl
G . 8

- CBORCTBO, HMEIOMES CMHCH ANS MopeneR knacca &
£ g

~ KTacC NBYOCHOBHBIX Moneneff, y KOTOpPbHIX mepBo@ OCHOB -
Hoe mHoXecTBo M Gepercs u3 £ , BTOpoe COCTOHT H3 BCex

Nonmonene?t monens M , obnanaiomux CBORCTBOM , 8 CHFHA =
TYpa COCTOHT H3 3HAKOB CYICHATYPH &

H 3HAKOB € , & , HMe=-
Omux OBHYHLIA TEOPeTHKO~MHOXECTBEHHLIA CMBICN, JNeMeHTAPHYIO
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TEOPHIO KJAAcCCAa f 8 HA3OBEeM 3eMeHTHO- 3 ~noamMonennHoH
reopuek xnacca £ . Paspemuma nx

*a) snemesTHO-CepBaHTHO-NOATPYNNOBas TROPEA abenesHX
rpyun,

6) 3neMeETHO-CepPBAHTHO-NOArpPYNHOBAS TEOpHS abeieBHX
rpyan 6e3 xpy4eHHd,

»*
B) 3NeMeHTHO~ & ~AOArpynnoBas Teopas abenesnX IpyHn,
ecnE MHOXeCTRO & ~noarpynn nEEefiHO YyNOPSAOYeNO MO BKAIOU6~

ANIO?
A.H.KOKOPHH

3.22. NNycr & -16& ’ ‘E: | y-X- I} ~ NPOeKTHBHAS
CHCTeMa Baj HanpaBneHBLIM MHEOXecTBoMm J  cBo6onsEmX abene -
BHIX TPYNN C KOHEYABIM YHCTOM nopoxjawmkx. Bynetr nm {mS$+
() , ecnE NpoexnEx 9;': — 3 EMOPPE3MH H G‘sﬂ g ?» —

Pasnocannras dopMynaposxa, IlycTe xaxnoe xomeunoe MmO~
KECTBO BNeM@HTOB abenepoit rpynnu CONOPXATCS B CepBaHTw
Ho#t cpobGonHOft KOHeYHO-NOPOXAEHHOA moArpymne B3 A . Hmeer
nu rorna rpynna A npsmoe cnaraeMoe, E3oMOpbEOe 6@CKONeYR-

Ho#t nmxnmuecxo#fi rpynne?
B.H.KY3bMHUHOB

3.23.
3.24.

3.25. (HapecTHas npoGroma.) Komeuno nm uscmo xOHeYALIX
HPOCTHX Ipynn, NOPSAKHE XKOTOPLIX AeAdTCs TOYHO HA TPH pasnae-
ERIX HPOCTHIX uACHAa? ﬂx.'l‘ounc?a noxasaln, YTO eC/IE upocras
rpynna HuMeeT Hopaaox p“gﬁ T » TRe P, g y ¥ -~ npocrue
YHCNA B P <G <T , 'I'OP-Z, g=23 s 7 = 5,7,183 mnm 17,
HaBecTabie NPOCTMe Ipynnn Taxkax nopaascss BECYepIHBAIOTCH Clio~
ayomems: PSL (Z,m ), =35, 8 8, 17,PSL(3,3).U(3),

U, ().
B.X.MA3Y POB

3.28. (9.I'pocc [100] .) Bepuo nm, 9T0 XOHewEas rpymna
nepuona p"‘qp EM@eT HHIBMOTeHTHYO ANHEY & o(+/p ? Onsa
<=/ Bnn @={ gro pepeo[ 108]) . Hunwnoreurnas anusa -
YHCNO GaxToOpoB CAMOI'0 XOPOTKOro psafa ¢ HEALINOTORTHLIME (Gax—
TOpaME.

B.A.MA3YPOR
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3.27. (OAx.Tomucon (1347 .) Byner nm npocras xomeuHas
rpynna, ¥ xoTopoi cpea® MaxcEMAanpERX NOATPYNR @CTh NRALIO -~
TeHTHAs, MoOMOpPNA oamdit ma rpymnn PS8 ( 2,g) ?

B.0.MA3YPOB

=
3.28. Ecnu B xpseumoit 2-rpyane {7 ¢ NEKANISECHNEM HQHT-

poM nwbas abenera HopMAanbLEAdA NOApyNna HOPOXAGSTCS NByMS

sneMeHTaMu, To Syner nu nobas aSenema NMoarpynua a3 §  fo-

pPOXKAATBCH TpeMH SNeMOETAMHA?
B.[0.MA3Y POB

x

3.20, Baxunifi Kpyr BOnHpoOOOB OTHOCHTCH X H3YWCHENX TEOPEe=
TEXO-T'Py NNOBLIX KOACTPYKUHA B Xnacce MarpRYEMX rpynn. Mespm-
Mep: NpE XKAXHX YC/AOBNSX CIUIeTeHRe MATPAYHLIX Ipynf HAn HO —

neM caMo NpeicTABAMO MATPHRUAMX HAQ nonem?
0. ALUMEP3NNAKOB

3.30. AGeneBa rpynna 6e3 KpydeHHS Ha3biBaercda ¢axTopHO~
pacmenngeMofi, ecar B mobo#i ee dbakTop-rpynne nepmogrdecxas
YACTh BLIJGNSBTCH nNpaMbiM cnaraemoiM, Kaxosrl Bce $axTOpPHO =
pacmenngemiie abenesn rpynnu (xord 6n B cny2ae I'pyHn KoOHeuY-

soro paura)? Yacrmumnme peaynsrath cm. B L 59, 80J).
A JI.MMIIHHA

3.31. KaxoBn xeo6xonHMbe H AOCTATOUYHLI® YC/NOBESN, NPH KO-
TOPhIX BCSXas CepBaETHAS NOAPyNNna BNONHE pa’amoxamMoll abene -
ROt rpynnsl 6e3 xpy4YeHEN caMa Bnonme paanoxeEma’ Hexorophie
[NOCTATOUENE yCnoBHa nomydem Bapom (32, crp. 1801, MNpoxaa-
xo [128] u Bamrom [141] .

A.TI.MMUIKHHA

3 32. (M.He#tmar,) [lokazatTs, YT0 cBobOAHOEe NPOH 3BEeNEeHHEe
nByx cBeOOAHLIX rpymx ¢ obfnpeaAnHeHHOR XORQUHO-NOPOXNQHEHOR nop-

rgynnofi me sBasercd npocroff rpynmooit,
ALU.MONIOABAHCKHH

8.88, Bynyr nE E3aoMOp$EN ABe IFPynnsl, xaxnas H3 KOTOPBIX
3anaercd ONBHM OINpPeAGAKIOMHEM LOOTHOMCNEEM n S3/AMEeTCH INOMO-
MopbaEniM o6pa3om aApyro#? Hapecrem npaMep asyx HEH30MOPPHEIX
rpynn, romMomopdro orofpaxalmmxcs Apyr Ha Apyra, oaEa H3 Ko-
TOpHIX 3apaeTcq oaAmEM cootmowemmem (93] . Moxmo noxasarte,
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ONlHAKO, 4YTO Apyras OJXHHM COOTHOUWEHHeM 3anaHa OLITh HE MOXET,
O.A.MOJIJABAHCKHWH

3.34. (Hapectrnas npobnema,) [lpo6nemMa conpsxemHOCTH O/4
I'pynn ¢ OnHHM ONpefeNdiOmHEM COOTHOmemmeM, B cnyuae, xorna
rpynina obnagaeT 3nNeMeHTaMK KOHeYHOI'O NOpAnKa, aNrOpPHTM YKa-
3an HepiomMamoMm (1237 .

0.1.MO/JABAHCKHNH

3.35, (K.Pocc.) IlycTs #a rpynne G sapamu e TOMOMO -
TEE 6 M ¢ , Tak 4To o6pas’oBaniCh NOKANLHO-KOMNAKTHLIE TO -
MONIOFHY9QCKHe [ pPyTIibl 86 H 6'5 . Byayr nn 86 H Gz. TONONO -
rHYeCKE H30MOP}HEI, €CNH MHOXECTBO 3aMKHYThIX MOATPYINH ¥y HMX
oAHO 4 TO xe? OrbBer yTBepaHTenbHbLIA, €ClH 86 BIONHE HEe -~
CB93HA H/IH €@ CBA3HAS KOMNOHEHTA eNHHHNE Heabenepa, a TaK -

Xe B psne apyrux cnygaes [ 1287,
I0O.HMYXHUH

3.38.

3.37. [TycTh BCe KOHEYHO-NOPOXAEHHLIe NOATrPYNNbI /IOXANDHO=
KOMNAKTHOR rpynnu & NPpOHMWIBLIOTEHTHEI. MOXHO N yTBepPXAarTh,
YTO BCAKasg MAKCHMAjNLHAS 3aMKAyTag moarpynna u3 & conmepxur

KOMMY TaHT G ? [Ing MaxXCHEMAaNbHbLIX OTXPLITHIX NORrpynn 3TO Tak.
10.H.MY XHH

3.38. Onucarp BCe TOMONOrMYECKMEe Ipyniib, He HMEIOHHe
COGCTBEHHLIX 3aMKHYTHIX moprpyni, HWspecrem npamep meuumknugec-
KO# rpynnel ¢ Takum cBofictBoMm [47] .

10.H. MY XHUH

3.39. Onucare koHeunhie (mpOCThIe) rpynnsl C cCaMOUeHTpPA -
au3yomefca noarpynno# mpocTOro nopsiaka, _
B.T.HATPEBEUKHK

3.40, (WU.P.ladapesuu,) IMycre §L (2, Z)A n §,(2.2) -
nononuenus rpynns 3 (2,2 ) , OnpefefiiseMble COOTBETCTB@HHO
BCeMH MOArpynnaMBE KOHeYHOTO HHAEKCA H KOHIpy 3HI-NOArpynna —
mu, ¢ 1 S, (22— 8L (2 Z) - ecrecTBerum roMomopduaM.
HapecTro, ato Kez - BeckoHeuyHas HEXOMMYTATUBHAS Cpyl ~
na (X.-I1.Cepp). Byner nun Kez ¢ cBO60AHOR NPOKOHEYHOR

rpynmnon?
B.IL.TITA TOHOB
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3.41. Byner nu nokanbHO-KOHe YHOR KOMNAKTHAA NEPHOAHYEC—

xkag rpymnna?
B.II.ITAATOHOB

8.42. (T'unoresa Kmesepa-Turca [138] .} IIyctb {r -onuO=
cBs3Hag -onpenene HHAs MpocTag anrefpandeckas rpymnna,
E! (G) - monrpynna, mopoxneHHAS YHHMOTEHTHBIMHE /g -37eMeH-
ramr. Ecmu £4 (G)+1 , 10 Gé =-Ei (6) . WspecrHo noka -
3aTenbCTBO NS é -paanoxumux rpynn (K. lliepanne) “P -anu -

4OCKXOT'0 Mons (B.[l.IMaaTodoB).
B.ILIJATOHOB

3.48. IlycTe s - GeckoHedHas MOIHOCTb. [pynmny ; maszo-
BeM # -—HANHUNLIOTEHTHOH, ecnH Kaxpnag LHKIHYecCKaqg noarpyn-
na 3 [} ecTh UneH HEKOTOPOro BO3PACTAKMEro HOPMAILEOTrO
paga, AOXORsmero Ao (; # HMeOmero MOWMOCTb, MEHBLYIO # .
HeTpynso nokasarb, 49TO KIACC #f ~HANHHUIBIOTE@HTHBHIX TDYIII
ecTh paaMkanbRHH kiacc, Bepwo unm mer, =wTo ecnk #, Mz -
nBe 6e@ckoHeYHLle MOHIHOCTH, m,4mz , TO CyYmeCTByeT rpymnna

, KOTOpas mz -HAOHWILIIOTOHTHA H M, -nonymnpocra?
BE.U.[TAOTKHUH

3.44. IlycTe rpynna nopoxpaeTcs CBOMME CyOUHBADHAHTHLIMH
paspewmHMbIME MOArpynnamMu, Bypnetr nu oHa noxanbHo-paspeulHMoR?
B.U.ITNTOTKHUH

3.45., llycte X - macnepcrpennni® panwkan. BepHO nH, 4TO
ecne (§J - nOKanpLHO-HHNBLNOTeATHAS rpynna 6e3 Xpy4enHs, TO

Q(G) - HE30NWpOBaAHHAd nmoarpyniua B G ?
B.U.ITTIOTKHUH

3.48, CymecTpyeTt n®m rpynna, B xOoTopoRl mMeercs 6onbme
OnHO#, HO XOHEYHOE YHCIO0 MAKCHMANBHBIX JOKAITbHO-pPAa3pelHMEIX
HOpMAanbHLIX NHOArpynm?

B.U.[TNTOTKHH

3.47. (HapecrHag sapava.) BepHO unm HeT, 4TO Kaxnas
NOKAnNLHO-HHNBNOTEHTHAS I'pynina ecTh romomopdunifi obpas no -
KanbHO~HANLIOTEHTHOR Ipymnw 6es3 Kpy4YeHHS?

B.U.TNVIOTKHUH

3.48. MoXxHO mOKa3aTh, YTO OTHOCHTENbHO YMHOKEHHS KIAC-



80 YJactp 3

cOB HacnenCTBeHHule paamkans obpaayior nonyrpynny. Hurepecnoil
3apnayet gpaseTcs OTLICKAHHE BCeX Hepal3NOXHMEIX 3N1eMeHTOB

aTo# monyrpynnsl. B 4acTHOCTH, OTMeTHM 3a0a4y OTHICKaHHHA HE -
DA3NOXHMEIX panHKaloB, COQepPXAlHXCH B Ki1acCe NOKANIbHO~KOHEU~

HHX O ~Tpynm.
B U, IINMTOTKHH

3.48, UmewTcs AR COOTHOWEHHS B NONyrpynne, NOpPOXASHHOR

BCeMH Hepas’aloOXHMBIMHE panjvKanaMy’?
B.U.IINTIOTKHH

3.50, llycTs G - rpynna nopsaxa pgﬂz , (p,m).—: 7, P -
NIPOCTOe YHCNO, ~ anrebpasdecx# 3aMKHYToOe none xapaxte -
pHCTUKE £ . BepHo ni cnenywmee yTBepxnesue: ecnud ¥ - pao-
MEpHOCTh HEepPAa3NOXUMOI'0 NpPOeKTHBHOrO MOAYNns, OTBedanlero
l-npencTaBieHAI0 I'pyINbI & , paBHa p“ TO G obnanaerT

XONINNoBoO# P ~-noarpynnoft? O6paTHOe TpPHBHAIBLHO,
A.N.CAKCOHOB

3.51. Bepuo nu, 4T0 BCcfxas XoHeyHag Ipynna  , oBnanaio-
mag T'pynno aBToMOpdH3IMOB 2/ , peryndpHo neficTayoueh Ha
MHOX@CTBE KIaCcoB CONPSXEeHHHX 31eMeHTOB rpynum (r (T.e.
ocTapngome# HA MeCTe NHUbL eAWHWYHHA Knacc), paspewuMa?
[po6nema u3pecTHA B Ciy4ae, koraa 2 - nakniEveckas rpymnna,

NOPOXNeHHAS pPeryNapPHLIM aBTOMODPOHIMOM.
A .U.CAKCOHOB

3.52. MoxHO n¥ 3anarb CHCTeMo# XBABHTOXOSCTB OT XOHeY=
HOT'O 4YHCNA NepeMeHHHIX KBA3NMHAOroolSpasNe, HOpOXNeHHOE CBO=-

6opao# rpynmo# paura 27?
A.MCMHPHOB

*3.53. OecTprGyTHBHA NH peweTKa L(ﬁ )  noammorcoSpa -
auli MHOroO6pasns %4 HENBIOTE HTHLIX rpynn CTyleHH &« 47 Ho-
BEeCTHO, 4YTO peueTKa [,(ZZ ) amcrpaSyrapua [115] .

A.M.CMHUPHOB

3.54.
3.55. flpnsercda nu GUEapRO paapemimmas I'py ma, Bce afe-



Bonpocel 51

7eBbl MOAPYNNbI KOTOPOH HMeIOY KOHe4YHbIH paHr, nOoKanbHO-pad~—

uMO?
pett C.II.CTPYHKOB

X
3.56. BypeTr nu 2-rpynna, yaoOBAeYBOPSIOIAS YCAOBKIO MUHH -
MANBHOCTH aNg abepeBHIX NOArpynn, noOKanbHO-KoHe4YHOU? [Qng ne-
pHOAHYECKHX I'pYIN He4Y8THOTO NMepHOAA AHAJOTHYHEIA BONPOC pe =

maeTcs oTpunaTenplo [ 40] .
C.II.CTPYHKOB

3.57. YcTaHOBHTHL 38KOHL pACNpeNeNeHHs HepaspellHMbIX H
NPOCTHIX TEOPEeTMKO~IPYNNOBLIX YHCON B HATypanbHOM pany. [Qns
onpenenenust cm, L7807 .

MN.U. TPOSUMOB

*3.58. llycrs (¢ -~ koMnakTHas HynbMepHasi TONONOrHY@CKAS
rpynna, BCe CHAOBCKHE /O -NOACPYNNLl KOTOPOH# DAAIOKHMEI B HDs-
MO® MpOHU3Be[eHHe UHMK/IHYeCKHX moarpynn nopsaka O . ByayrT nu
BCe ee HOpMaAllbHbIe MNMOArpynisl AONOJHAeMbl, T.e, Haligercd.nu ang
mobolt 3aMKHYTofl HOpPManbHOW NoOArpymnel F  Takas 3aMXHyTas
noarpymna A , aro G=FH, FNH=1{"

B.C,HAPHUH

*3.50, Ilycrs H - HepaspemHMmas MHHEManbHags HoOpMmanbHas
noarpynna kowewHo#d rpynnu & . Mycre A  ofnamaer muknwwec-
KO# cHnoBCKOMH £ —noarpynmol amg xaxaoro mpocToro P . mens -
mero |G : H| . doxasare, ato A ofnanaer no xpaiiHe#i mepe on-
HEM fomoOjHeHHeM B Ipynne (& .

JILA.WLWIEMETKOB

3.860. B paSore [[82] BBeneHo moHgrHe /2 —ANUHEb TPOH3BOJIb-
HOR koHewHO# rpynmul, MccnepoBarb 3aBHCHMOCTB Mexnay P —anKHo#
KOHeqHOH rpynnbl U yusapuaHtamMu C,. , . , M Op., ee CH/IOB -
CKoii [P —moarpynme, P £

JT.A.LUIEMETKOB

3.61. llycte @G - aBromopdusm nmpocToro nmopsinka O Kouew-

Wi rpynnet ¢ , uMeome# xonnoBy 7 -MOArPYANY C HHKIHIGCKH —

MK cunoBckumu noarpymnamu. [ycTh PE % . Bepro nu, aro () (G)
OSnapaer mo kpahkuelt mepe onmoll xonmopoft % —noarpy mmo#?

J.AUWEMETKOB
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3.62. (MaBecTHas npoGnema.) [)y -Tpynno# Ha3uiBalOT KO -
HeqHyl0 I'pynmy, BKOTOpoO#t niobbie nBe MaXCHManbHele 7 -noarpyn-

nbl conpsixedpl. Bcerna nu pacuupeune Jr -rpynusl € NOMOMUIBIO

D ~rpynnu gsngercs L, -rpynnoi?

d N.AUNEMETKOB

3.63. BepHo nH, 49TO BCaxas XoHe4YHas NpocTas rpynma Hme-

er abeneBy CHAOBCKYX moarpynmy?
J.A. 1008

*
3.64. OnHcaTb KoHe4Hbl@ RMPOCTLIe I'PYyNOBI C CHAOBCKO# 2-fnof-
rpynmno# cnenylomero 'runa. . a1
-1+2

o (af la°=4'= /, tat = a ), n>2.

B.IM.IIYHKOB

OTBETHl U KOMMEHTAPHWH

3.68. Onucausl. Ecnn B rpynne G , yOoBneTpopgiome# ycCropH-
am sagaun, cymecrtsyeT noarpynna H , usomopbuas § (4) , To
HOpMANbLHA® MOArpylNa 4eTBepTOro mnopsaaka 3 H  cosnajaeT co
cBOMM leHrpanuaaTopoMm B (J . KoHeuHble rpymnmel, comepxamue
NoArpyNnmny 4YeTBepTOro nopsiaka, COBNAAAKILYI0 CO CBOHM LeHTpallH-
3aTopoM, onucannl B [108 , 35] .Ecnuxe B G ser noArpynm, H30 -

mopduux § (4) , o H3oMOppRA OoAnMOR U3 I'pynn, OMHCAHHBIX
B 387,
3.8. He MoxeT 6niTh OdOKa3aHo (B8] : ecnu A , B - ceobon-

Hhle rpynabkl ¢ 6azamu a”az u U,, 0, , TO, Hanpumep, Ga3Hc-
HLIe KOMMYTATOpL!

a =[Cag,.a,a1,Ca,all,
b = Eté,g §,1, r:£ £,1]

He NneXaT B V Ho (@ f)* E.V B camoMm pene, nycth _3 -~ CBO -
bonHad 6epucaﬁuosa rpynna flepuona 4 ¢ K cBOGOAHBIMH nopox(na-
omuM. B [1430 noxaszano, uro a) ecnu M - nonrpynna, nopox -
HeHHAas Z snemeHtamH cBoBoamok Gasw rpymnwe S TO

LYJLJH Bg]‘- XJfH .BK ) 6) 3KB =7 . HYCTb qepTa
o6o3HagaeT roMoMOpPPH3M -—o—(,/y ~ . Jlerko BHAeTHb (CM
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HanpuMep, TaM xe), 4To & , £ - snemenrn BTOpPOT'O MopfAdKa
B E- M, 3HAYHT, AOCTATOYHO YCTAHOBHTh MX NMepeCTaHOBOYHOCTh
(vorna 6yaer (@6)?=1 ). Beuny a), 6) [Z,6,]1 =

- TT u; (Ez‘,, Ez, 7) , Ple {; - KOMMYTaATOpH Beca >_7, Sip~
HO cooepxaljHe TpeTH# aprymeHT. [IpUMeHHB annomcfbnsmaf,—*a, ;
a,—a, , lgf'_"'g , TIOJLY YHM [Zz‘,gl - _”-U‘; (G,,3,,0) . 3meco
Kxaxnoblft COMHOXHTEJ/Ib COOEPXHT NOAXOMMyTAaTOp BHAOA

— hst)

fwf (ahﬁ'z) ) g] , KOTophlfi BBHOy a), 6) paanaraercg B
nponasenciue KommyTaropos eca z 71 ot W (Z.d,), U, 52 ,
ABHO COHepXAallHX nepBH#l apryMeHnr. TakuM o0pasoM, kaxpoe

7 (ﬁ,,é’;, ) paanaraeTcs B NpoH3BefeHHEe KOMMYTATOpPOB Beca
> 12 or E,,a:,, 20z Orcionpa u U3 6) cnenyer, 4TO

(@ 61=1.
3.0. a, cymecthylor [ [2].

3.11. Oa, cymecteyior C131] . [Apyro#t apumep:
1 P2 -2 -1 -2
6= ro (06 la"b2=6", 2% =a™").

Nerko puaerh, uro N = p (dz. 572, ((.267)2 ) - a6eneBa HOpMann -
nas moarpymna B v aGly ~ Zz & Zz . Ecnx dzlﬁzm(af)mﬂ

=1  TO Mmocne CONDSAXEHHS IMEeMEHTOM (7 MO’y dHM

alfé'zf"- (af)-z” - , OTKyna a£= / . Tak xak cyuecTBy-
er ogeBuaHH# romomopbusm F—— HolZ , mochinaomui 2 B
yucno 1, To { =0 . AHanoruaso /ML=, =  , 4, adamTt, N -
cBobonnasd abenepa rpymna pahra 3., Keaaparel snemMeHTOB, He Je=-
xamux B N , He paeHel 1; HaAnpumep,

@-a* "™ (b))t =
- az. a-l(azfg.Zm (ag)m)aoaz’fgm [05)21_04(1-2%{.

3uauur, (r = rpynna 6ea kpydermus, Tak kak xsgnpar nioboro ane-
meuta & ua O nexur n N y TO _z'z(xz)a (.1‘2) (.:t‘z)aﬁg {,
(Coobiweno B,A,HypkHHbIM,)

3.13, Het, He paspemnma [257 ,

3.15. Mlycte 3] - kBazumuHoroobpasue rpymm, ﬁ - ero noge-
Knacc, 3aMKHYTHI# OTHOCHTE/NbHO B3ATHS MOATPYNN H KOHEYHbIX NpH-
MbIX mpouaBefeHuit. ['pynna, koHewumo-onpeneneddHad B J4L , Toraa
Toabko torna {J -Broxuma B knacc £ , xorma oua aniIpOKCHMH =
pyeTcd rpynitamMi us f (A.U.Bynkuu, B,A . lTopbyHoB, ue onybnu -
koBaBo), Orcoga MOXHO H3BNeYb OTPHUATaNbHOE peumeHHe BONpoOcAa
a). [IpuBenem enié KOHKpeTHbIe NPOTHBOpeYAallHe NpHMepbl, OCHO -
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BaHUble Ha Apyrux coobpaxenuax. ['pynna Ga(afﬂa" gza« =
= 53) Hexonpora [93] H moroMy He SBAdeTCH 2-CTyNeHHO pa3pe-
wumMoili. BoabMmemMm B Hell sneMmenTn £, ,.2‘;,:!'2,1_‘3,$4 C YCNOBH -
eM w-Err,,xz],Esz_;.x,ﬂ# / , no6bapum k HuM 1 K o6parHbie
3/71eMBHTH, a TAKXe BCe Ha4YalbHble OTpe3Ku cioBa U B andaBHTE
{:rL} H Bce HAYallbHble OTpe3KH CloBa a’b6?af3 H Kaxmo -
ro 43 cnos I; B andapure 1(1,5} . O6o3HAYIUM NOMYy4Ye HHYIO MO -
nens uepes M . Ecnu M BxnapmBanach 66 B KOHeqHYIO I'PyIny
. , 1O Go 6rina 6ul, ¢ OOHOH# CTOPOHBI, Me TAllHKIHYECKOH IpyIl=~
noiﬂ a ¢ gpyro#i - cogepxana 6bl 31eMeHTH C ycnoanem[[_‘x,,:z}j,
Ex_,,.’r"ﬂ-# { , 4TO HeBO3MOXHO, 3HaA4HT, ne U -mnoxuma
B KoHedHuple rpynnel (oTpuunaTennHoe pemeHHe Bonpoca a)). Tak
xax rpymna (/G  npu monxomsmem x Takxe nexondopa [93] ,
YO Mo Tem xe npuuuHam oHa He U/ —BrnoxuMa B KOH@YHbIE IpyRNEI
(oTpunatennrHoe pemexde pomnpoca 6)),

3.18. Her, He cymecteyer [20 , 131].

3.21. a) Her, ne paspewuma [25] ,
B) HeT, we paspemuma U 267 .

3.28. He pcerna (6] .

3.29, [lns cnnereuufi Bompoc pewes B L 107 .
3.53. Her, me nuctpubyrrsua C4] .

3.56. [1a, 6yneT C88] .

3.57. [1a, 6ynyr L1681 .

3.59. Ooxasano (75 , 837.

3,64, Onucannt C807 : aro B Tounoctk rpynnm 28 (3,9)
mpa ¢g=3 (mod 4) , PSU(3,9) npug=4(mod4) uMy,



Yacts 4. AEHb MPOBJIEM YETBEPTOIO
BCECOI3HOIo CMMIIO3UY MA TIO TEOPHUHU T'PYIII
(Axagmemropopok, 1873)

C 5 no 8 deppansa 1973 rona B Axkapemroponxe noa HoBocu-
6upckoM coctosancsd YereepTuit BcacoloaHbll CHMIO3HYM MO TEOPHH
rpynn, oprain3dopaldublii UacTHTYTOM MaTemaTHKH Cubupckoro or-
nenesus AH CCCP u HoBocubGHpckuM rocynapcrtpeHHbIM YyHHBEpCH-
retoM. B pabore cuMnoamyma nmpuHumanu ygactHe 98 yenopek u3
20 ropoaoB Coperckoro Coio3a, a Takxke aABoe HHOCTPAHHBIX Yd&-
ueix. Otver cMm, B YMH, 28, Ne 3 (1873), 235-239,

7 ¢eBpang cocrosnics TpagunuoHHbi# [eHn npobnem, Ha KOTO-
POM YYACTHHKH CHMIIO3HyMAa NpOCHAyuwand Aaoxkinan-kKommeHtapuin "O
Koypoecko#t Terpank”, a 3arem B obueli AHMCKyCCHH NOCTAaBHIH P
HoBrIX BomnpocoB. O6cyxnankch Takxe Bonpochl ang *Koyporckoi
TeTpafH, NpeAnoXeHHble 3apybexHbBIMH CHeUHANHCTAMH — YacThbiO
3anHcaHHble ABTOPAMH B CllellHaNbHYl0 TeTpaab BO BPeMS# HX Iipe-
6niBaHns B Axapemropoanke (4.54, 4,55, 4,56, 4,85), wacTpio - npu-
CnaHHhle MO Mo4YTa, Bce 3TH BONPOCH U NyBAUKYOTCS HUuXKe.

BOITPOCHI

4.1, HafitTH GeckoHeqHylo KOHe 1HO-TIOPOXAGHHYI0 I'pymiy C TOX—
flecTBeHHLIM COOTHOUWeEHHeM BHaa XXf = 1,

C.U.A15H

4.2, a) Haftru 6eckoHeuHYI0 KOHEYHO-NOPOXOCHHYI0 I'pyNny Ie-
puogpa <£ 100 ,

6) CywecTBYOT nH TaKkHe Ipynnkl nepwona 5 ?
C.U.A1AH

4.3. MoCTpPOHTL XOHeYHO-ONpPEeOeneHHyIO rpynny C Hepaspeu -
MO npoSnemMoft paBeHcTBa, B XOTOPOH BLINONHSETCH HeTpHBKANLHOE

TO
Xgecrpo, C.“.AHHH
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4.4, [TocTpoHTe XOHEYHO-ONpPEAS/JeHHYIO I'pDYNIy C Hepaspeu B~
Mol npoGneMoill paBeHCTBA, y XOTOPO# BCe HeTpPHBHANbKHIE ONpeje-
nsiomue cooTHouweHus umelor sun A*=1 . Ipo6nema umrTepecyer
TOMONOTOB,

C.U.ALLSAH

4.5. a) (IIpo6bnema Munuopa[122]). Bepuo n®, uto mpous -
BONMLHAS KOHeYHO-NOpOoXAeHHad rpynna uHMeer nK60 creneHHOHN, W=
60 nokasarenbHuIl pocT? JTO BepPHO, HanpHMep, ANS NBEHeHHbIX
rpynn 1370 u croboaunix GepHcaltnoBLlXx rpynl HeadTHOI'O NepKoOa

= 685,

6) Pewurnh npobreMmy Munsopa ons XOHeIHO-OIpe le/leHRHIX
rpynn.

B) [oxaszarb, 9TO BCHYXAS KOHeYHO-NOPOXIACHHAL rpynma ¢ He-
paszpawinMolt npobaeMolt paBeHCTBA HMeeT NOXKa3arelnbHbift POCT.

C.U.ANAH

4.6. (¢.Xonn,) Byaytr nu B MHOroo6pasuu merabenepnlx rpynu
NpoeXTUBHbIe I'pylINbl CBOBOAHLIMHU?

B.A.APTAMOHOB

4.7, (HssecrHas 3agaua.) [1/19 KaKHX KOJbUEBLIX SMUMOPPEI~-
mob R —R' coorseTcTByomufi rpynnosoit romomopduam SL” (K} —
8L, (R') saBnserca smumoppuamom (mpu duxcupoanHom 23 2)°?
B 4acTHOCTH, A8 KaKHx Koney A  BLIDONMHHeTCH pPaBeHCTBO

8L, (R)=E, (R)
B.A_APTAMOHOB

4,8, Suppose & 1is a finitely generated free-by-cyclic
growp. Is (0 finitely presented?

I BAYMC/IAT (G.BAUMSLAG)

4,9, Let & bve a finitely generated torsion-free nilpotent
group. Are there only a finite number of non-isomorphic groups
in the sequence «(G.x’(,... 7 Here « G denotes the automorph =
Asm: group of § md "' = & (x?G) tor n=1,2,,..

I.BAYMCJ/IAT (G.BAUMSLAG)
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4.10. A group / is called locally indicable if every non -
grivial finitely generated subgroup of & has an infinite cyclic
factor group. Is every torsion-free 1-relator group locally in -
dicable?

F.BAYMCIJ/IAT (G.BAUMSLAG)

4.11. Let F be the free group of rank 2 in some variety of
groups. If F 1is not finitely presented is the multiplicator of
F necessary infinitely generated?

ILBAYMCIJIAT (G.BAUMSLAG)

4.12. Nycts ( - xomeysas rpymna, A - rpynna e& aBTo -
MOppH3MOB, cTabunHaupyluwas pan

b= 0,26 2...% L~ P)

Bepro ni, uwro A  uunpnotentHa® fipr n1=1 270 Tak.
A.I'BEPKOBHY

4.18. dokaszaTs, 9T0 KoHeyRas HeabeneBa /P -rpymna ponyc-
KaeT BHeUWHHUH aBTOMODP(¢H3IM nopsakKa p .
A.I. BEPKOBHY

4,14, i1t £ Dbe a prime number. What are the necessary and
sufficient conditions for a finite group & in order that the
group algebra of ¢ over a field of characteristio o be indecom-
posable as a two-sided ideal? There exist some pon-trivial examp-
les, for instanc)e, the group algebra of the Mathieu group Mﬂ is
indecomposable when p is 2,

P.EPAY3P (R.BRAUER)

4,15. lLet G ve a finite simple group whose order ig divisi-
ble by & prime number o . Suppose that the order of the centra-
lizer {'(x) 1lies below a fixed number 7 for all elements x of
order p in . Does there exist an upper bound for the order of
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(+ which depends only on ~ 17 A similar question has also been
suggested in [107] .

P.BPAY 3P (R.BRAUER)

4,16. Suppose that £ 1s a class of finite groups, meeting
the following tow requirements: 1) subgroups and epimorphic. ima-
ges of 4 =groups are "] -groups, 2) if the group =TV 1g the
complex-product of its £ -subgroups U and V (neither of which
need be normal), then € L . It% is a set of primes ,

then the class of all finite % :groups meets these requirements.
Are these the only classes £ with the above properties? I 4

£ 1is some such class and if % is the set of all primes which
are orders of groups in £, then one may show that £ contains
every soluble 7 =group.

P,.B3P (R.BAEF)

4,17. It 9 is a variety of groups, denote by 7 the class
of all finite % -groups, How to characterize the classes of fi-
nite groups of the form @7 for 4 a variety?

P.B3P (R.BAER)

4,18, Characterize the classes £ of groups, meeting the
following requerements: subgroups, epimorphic images and groups
of automorphisms of £ -groups are £ -groups, but not every coun—
table group is a & -group. Note that the class of all finite

groups and the class of all almost cyclic groups meet these requ-
irements.

P.B3P (R.BAER)

4,15, Denote by O the class of all groups G with the fol -
lowing property: if ! and V are maximal locally soluble sub -
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groups of 7 , then U and Y are conjugate in G (or at leaat
1somorphic). It is almost obvious that a finite group ( belongs

to & if and only if G is soluble. What can be said a~out the
locally finite groups in & ?

P.B3P {R.BAER)

4,20, lycte F - ceobopHas rpynna, N - eé& HopmanbHas
noarpynna. BepHo nH, 4TO AeKapToOB kBaapar N m -ceoanrca x N
{ T.e. cywecTByer alr'OpuTM, KOTODPLIA MO MPOU3BO/bLIOHR mape CroB

HJ; , u}é us F CTDOHUT CclnoBo =/ TakKoe, 4T0 W € N roraa 1t

TONIbKO TOrga, Korna LU; e N # “E eN )? TMoaoxurenbHuli oTBeT
Ha STOT BONpoC (Haxe ANA Clydas KoHeyHo-nopoxaenHolh N ) or-
pHUATe/NbHO pelan Gbt CledylOulyl0 H3BeCTHyio fipobneMy: CyuecrBy-
I0T NH KOHeYHO-ONpepneneHHwe rpyfans, npobisemMa papeHcTBa B KO —
TOPbIX HMeeT (IPOH3BONBLHYIO HAall2pen 3aAAHHYIO DRKYPCHBHO-TNepe -
YHCAUMYIO /T{ —CTeneub Hepal3pellHMOCTH?

MK.BANTHEB

4,21. 1ot G be a finite group, » an o0dd prime number, ~
a Sylow p -subgroup of G , and the order of every non-identity
normsl subgroup of G 1s divisible by p ., Suppose P has an ele-
ment & which 18 conjugate with no other from # , Does .r belong
to the center of & ? For p=2, the answer is positive [1067.

IL[TJIAYBEPMAH  (G.GLAUBERMAN)

4.22. (J.G.Thompson). Let G be a finite group, A a group
of automorphismgsof & such that |A! and |5]| are co-prime. Does
there exist an A —-invariant soluble subgroup of & such that

C, (H)=17?
I.\CNAYBEPMAH (G.GLAUBERMAN)

4.23. Let G be a finite simple group, 7 some element of
a prime order, and o« an automorphism of  whose order is co-
prime with G + Suppose « centralizes 66 (T).Isx={ ? Porl|T|=2,

the answer is positive [105].
ILTNTAYBEPMAH (G.GLAUBERMAN)
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4,24, Suppose 7 1is a Sylow 2-subgroup of a finite simple
81'0“1’:; S;ppose 7 has a nilpotence class 2>/, Tha best possible
bound for the exponent of the cemter of 7. is 2" ', This easily
implies the bound 2 r(n-r? for the exponent of 7 ,however, this is
almost certainly too crude. What is the best possible bound?

b) Is it possible that 7 is the direct product of two pro-
per subgroups?

¢c) Is 7'=@(7) ? This would answer a).

d) Pind a "small number" of subgroups 7, ,..., 7, of7 which
depend only on the isomorphism class of 7 such that { N, (7),...

N (7 )} together control fusion in 7 with respect to G (in
the sense of Alperin). . )

4.25.Are there only finitely many simple groups which con-

tain a self-centralizing subgroup of prime order p>5 for a gi-
?

ven g ot A.TOMAWMUAT (D.M.GOLDSCHMIDT)

4.26. The group 4 1is said to be quasisimple if Hi= H
and H/Z(H) is a simple group. A finite group # is said to be
in standard form with a standard component / if . is a normal
quasisimple subgroup of 4/ and the Sylow 2-subgroups of G, (L)
are cyclic or generelized quatermion groups.

a) Characterize the groups of Lie type of odd characteris-
tic by the centralizers of involutions in standard form with
standard component of Lie type of odd characteristic,

b) Characterize the groups of Lie type of characteristic
2 by the centralizers of elements of order 3 in standard form
with standard components of Lie type of characteristic 2.

A.TOPEHUITEHXH (D.GORENSTEIN)

4.27. Onucarb ApPOCTHIE KOHEYHBbIE 'PyIIHI bl G

e Buae G= ABA , rne

» peacCTapHMEuIe
, B - abenesm NOAr Py,

H.I1. AOKTOPOB
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4.28. [lna 3apaHHOrO nOAAd ,é’ xapaxrepnc*raxnp?(? oxapak-
TepU3OBATE /10K &NbHN-KOHEYHbIE TPyYINbl C MOJYIPOCTBIMH I'pYyNNOBbI-
MH anrebpaMid man ﬁ .

A.E.3AJIECCKHH

4.29., KnaccupunuponaTe HellpHBOOHMbIE MATpH4YHbLIE IpyNnbl HaR
KOHEeYHbIM MNOJIeM, NMOPOXAeHHbIE OTpPaXEHUSMHU, T,e. MATPHUAMH C
xopnaropo# doproih d&d? =1,1,...,1),

A.E.3ANNECCKHUH

4.30. Onucarp rpynnel (KOHeyHble I'pynnbl, abeleBnl I'pynlkbi),
aEAgIOmUEecd I'pynnaMd BCeX aBTOMOPOHAMOB TOMNOIOrHYECKHX Ipynm.
MHU.KAPTATNIO/I0B

4,31, Onucarp pemeTxy XBa3HMHoroofpas3fit 2-CTyNneHHO HU/Ib-
NOTeHTHLIX I'pynm.
M HU.KAPTAITONOB

4.32. MpobSneMa conpaxeHHOCTH ONK MeTabeaeBblx I'pynm,
M HU.KAPTAITO/10B

4.33, lMycTb ﬁ - XNAcC TIpyloll ¢ OAHHM ONDSAeNdAIOIWHM COOT-
HOWIEHHEM B Mnor‘ooﬁféaann fl =CTYN2HHO paspeluMIX TPy,

a) lpm xaxux ycnopusx , —rpynna ofnanaeT HeTpPHBHAAbL -
HIM HeHTpoM? MoxeT nu 6hITh HeTpHBHANBLHLIM USHTP @n ~rpynbi,
nz 2 , ne ponycxamomwell OBYX NOPOxAAICUIHX?

6) Onucarp abeneBbl MOArpyNNbl ﬁ:,z -rpynm. _

B) Hccnenopats nepuonnueckme noarpynnu £, -rpynm.
M H.KAPTAITO/NIOB

4,34. Mlycte ¢ - rpynnoeoe cioBo, ﬂa-- Kjlacc rpynmn, OI-
peaendeMblii cneayomwudM oO6pa3oM: G Eﬂa. B TOM ¥ TONBKO TOM
ciydae, Xorana CymecTByeT Takoe HATYpanbHOE YHCIO /T = n (G) ,
4YTO BCakHA 3emMeuT pepbanpHo# nmoarpynmnel UG npencrapnsercs
B BHOAe MpPOH3BeAeHUd /U 3HaA4YeHHUN cnoba ¢ Ha rpynne . Hasa
Kaxux ¢ knaccy éﬂ. NpHHaAnexXAaT BCe XKOHedHO-TIOPOMXIAeHHBIS
paspewnmMpie rpynne? He O6yner nu taxuMmM cnoBo zf(.:r,y)-x’y"xg?

M.U.KAPI'ATTION OB
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4.35. (A kmown problem). Is there an infinite locally fi -
te aimple group satisfying the miniwum condition for o =sub-
groups for every prime p 7

O.KETE/b (0,H.KEGEL)
4.36. Is there an infinite locally finite simple group &
with an involution [ such that the centralizer 05 {{) is a (‘J’er -
nikov group?
O.KETE/NbL (0.HB.KEGEL)

4,37. Is there an infinite locally finite simple group &
which is not linear such that for some prime p the ,-subgroups
of & either are of bounded derived length or of finite expo-
nent?

O.KETEJ/Ib (0.H,KEGEL)

4.38. a) Kaxue HaBecTHbie NPOCTble KOHEYHbIE I'PYyNNbl HE MO-—
I'yT BCTPeTHTBCH B Ka4eCTBe KOMIO3HUHOHHBIX $axTopop rpynn as -
TOMOPPU3IMOB KOHEYHBLIX TPyNn OpocToro nepuona? B gacTHOCTH,MO-
Ir'yT 14 BCcTpeTudThbca rpynnet Cyaykn? Ipynnoi Marwe? Tpynnsi Huxo?
dpyrue cnopaaudYeckxue rpynnbt?

6) OnucaTh KOMNO3HUHOHHbIE (GAKTOPHI Ipynn abBTOMOpPPH3IMOB
KOHEYHLIX ABYCTYNEeHHO HHIBLIOTEHTHLIX TPYNN MPOCTOro nepuoga.

B.O.MA3YPOB

4,39. A countable group U is said to be SQ-universal if
every countable group is isomorphic to a subgroup of a quotient
group of U .let 0 be a group which has a presentation withz>2

generators and at most z-2 defining relations. Is & 8Q-univer-
sal?

A.MAKBET, MM.HOMMAH (A.M.MACBEATH, P,M.NEUMANN]

4.40, Mycte C —~ ¢uXCHpOBaHHaAa HeeaMHHUynmada r'pynna (Ha =
npKuMep, C'-Zz ). Kax noxaszano B [45] , nna nwodéwx rpynn A ,B
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BCe pacuenngemple paClidpeHHds I'pyNnbl .B MoCpeaCTBOM I'pPYyHibl
A BxnapmBaworcs HeKOTOpPbIM eAHHBIM CNoCOOOM B MpaMoOe Npo -

uaspenenue A x Aut (B1L) . Kak ond B HeM pacnonoxeHs?
I0.U.MEP3/TAKOB

4.4}, Touka g xOMINEKCHOH MNOCKOCTH Ha3bIBaeTcH cBOOOa=-

HOW, ecnu MAaTpHIULI (2 2) , (f 0) MopoXaaKT CBOBOAHYIO I'pym =
{ z 1
ny. Kaxue Touxu cBo6oaHbl? BepHRo nu, 4To BCe TO4YKM BHe poMba

c BepmunamMu £2, X/ cBoGonmei? Maeecrno [119] , 4ro BHemHOCTB
*rnaza”, o6pa3oBaHHOI'O OKPYXHOCThIO |£] = {1 U kKacaTeilbHLIMH K

Hell ¥3 Toyek L 2, LUEeNHKOM COCTOHT u3 cBOOOAHBLIX TOYeK, Toraa

kak "3pauox” |Z| < 2!_ 3anofHed BCIOAY MNOTHO HECBOOOOHLIMHU TO—

YyKaMH.

0. M.MEP3J/IAKOB

4,42, Bepuo nH, 4TO
GL(n,R) =D (n,R)0(n,R)UT(n,R)-GL(n,Z)

npu nwbom r1=1,2,,.. ? O6oanauenns cm., Hanpumep, B [ 23]
CneacTBHEM 3TOIO PABEHCTBA NpH AAHHOM /7 SBNSAETCH MONOXH -
TeNnbHOC peleHHe npobneMbl MHUHKOBCKOIO O NPOH3BENEHHH/T TU-
asefinnix ¢opM [1201 , xoropas ansa /12 § ocraeTcs OTKpPHITOH,
0.1, MEP3/TAKOB

4,43. Onucartep aGeneBbl rpynnel 6e3 Kpy4YeHHS C KOHEYHBLIM
YHCIIOM ABTOMOPPH3MOB. 5
B.T.HATPEBELIKHHA

4,44, (HspecTras sanaka,) Onucarp rpymnnel ¢ aGeneBoil I'pyn-
not aBToMOpPHIMOB,

B.T.HATPEBEUKHUN

4.45, Let # bs a free product amalzamating proper subgro-
upsA and B of 7 and K respectively.

a) Suppose that #/ , K are finite and |A: H|>2,]|B:K!>»2,
Is & SQ-universal? See 4,39,

b) Suppose that A,B5,/,K are free groups of finite ranks. Is
& 3Q-universal? Or, contrastly, can & be simple?

[T.HOMUMAH (P.M.NEUMARN)
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4.46. HasopeM MHOrooOpasaHe r'pyln npenellbHbiM, €CAH OHO
He MoxeT DHITh 3aAaHO XOHeYHLIM JHCIAOM TOXOASCTB, A 1Kboe ero
cobcTBenHOe NoaMHoroobpasaHe xoHeyHo-Oasupyemo. U3 neMmbl
Ilopsa cneayer, uro nwGoe MHOrooGpasHe, He HMelOD2e KOHeYHOMH
6a3bl TOXAECTB, CONSPXHT HEXOTOpOe NpeaenbHOoe MoaMHoroofpa -
aue,

a) 3apnarb aBHO (TOXA@CTBAMM HIM Nopoxaalomel rpynnoft)
x0oTd 6B OAHO NpenennHoe MHOroobpaaue.

6) flBngeTcA nu MHOXECTBO NpenenkHblXx MHOroobpasm#i cyer-

HeiIM? HMaBecTHO, 4TO OHO OecCKOoHeYHO,
A.10.ONBbUIAHCKHUH

4.47. CywmecTByeT N4 Takad cHUeTHas CHCTeMa I'pynn, 4To nio-

foe MHOroofGpa3de I'pyln NOPOXAASTCH HEKOTOpOH ee HOHCHCTEMOHE"
A 10.OJIBUIIAHCKHH

4.48. flpnaerca nH XOoHeyHo-O0aaupyeMubiM ni00oe MHOrooGpasme
A -rpynn, T.e. noxanbEO-XOHEWHBLIX TPYMN, CAIOBCKHME MOATPYMbI

XOTOpbLIX abeneBnl?
A.I0.ONbUWAHCKHH

4.49. [lyctn G ’ G, - XKOHeYHO-NOPOXASHHBIE HKIBIOTEHTHLIS
rpynnel 6e3 KpydeHHd, NPUUEM Aut@ ~ Aut G . Cnenyer nu

oTCIONA, lrroG atG ?
B.H.PEM=CJIEHHHUKOB

4.50. KaxoBnl paspemiMble MHOroofpasus rpynn, BCe KOHe4HO-

NOpOoXACHHLIE TpPyNIkl XOTOPHIX GHHUTHO-ANNPOXCHMHPYEMBbI?
B.H.PEMECJ/IEHHHKOB

4,51. (Uaspectras npobnema L31].) flensiorca nu rpynnsl

Y310B GUHHTHO-ANNPOKCHMUPYSMBIMHU?
B.H.PEMECJ/IEHHHUKOB

4,52, llycte ( - koHeuwo-nopoxpennas rpymna 6ea xpyue=-
Kid, sgBasomasicsd pacuwupeHueM abenepoft rpynnsl nocpencTBOM
HUNBNOTEHTHOH rpynnel, Bynetr nu & nouru ans Bcex npocTHIX
qucen O MOYTH BCH AaNNpoKCHMUPOBATLCH KOHEHYHbIMU [ -Tpynna-

Mu?
B.H.PEMECJIIEHHHUK OB
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4,53, Kax nokaaan [l.[Tukxenn [124] , cywecTByer /1udilb Ko-
HEeYHOE YHUCNO HEH30MODOHEIX KOHEYHO-NOPOXACHHBLIX HHABLNOTEHTHLIX
rpynn ¢ OAHHM H TeM Xe CeMeHCTBOM KOHeYHLIX TOMOMOPPHLIX 00—
pa3oB, MoxHO N4 pacnpocTpaHuTh TeopeMy [lukkens Ha nMoAHUHK -

nuyecKHe rpynnH?
B.H. PEMECIIEHHHKOB

4,54, Are any two minimal relation-modules of a finite
group isomorphic?

K.POITEHKAMIT (K.W.ROGGENKAMP)

4,55, Let & be a finite group, ZP the localization atp,
Does the Krull-Schmidt theorem hold for projective ZPG- -modu-
les?

K.POITEHKAMIT (K.W.ROGGENKAMP)

4.56, Let R be a commutative Noetherian ring with 1, A
an R -algebra, which is finitely generated aa & -module. Put
T={UeMod (A) : 35 exact A -sequence O*P-vA(Q»U—*O, for
some n , with % a A:: for every maximal ideal #¢ of P} .
Denote by £ (7) the Grothendieck group of /7 relative to short
exgct sequences,

a) Describe £ (7) i in particular, what does it mean:[U]=[V]
in £(7) 2

b) Conjecture: If dim (mgx (R)=d < oo , and there are
two epimorphisms ¢: AV~ U, ¢:A"—V, n>d, and{UI-[V]
in &(7) , then Kevgp ot Ketv ¢,

K.POTTEHKAMIT (K.w,ROGGENKAMP)

4.57. llycrs rpynna [ ecrtn nponaBensHHe OByX cBOMX abe-
NeBbIX MHHUMAKCHBIX MOATrpYyNn A u B . ﬂoxaaaTbAnnu {%quoxBepr-
Hy Th cClenyloliHe yTBepxaeHHd: a) AOBO == { , roe 0=J‘65-

H aHanord4yHO onpeaeilgeTrcs Ba. : 6) KOMMYTAHT I'PyNibl b -mu-

nuMaxcHag noarpynna. B wacTHOM clysae, xoraa A u B ynosner-
BOPAIOT YCIOBHIO MHHAMAIBHOCTH HIIH YCIOBHIO MAaKCHMalbHOCTH, 06a

yTBepXAeHUSA CNpaBennHBbl,

H.$.CECEKHH



88 YacTn 4

4.58. [lycts xoHeunaa rpynna G ects npou3BeeHHEe CBOHX
moorpynn A u B , rne A aBenepa, a B nmunwmorenrna. Yxa-
3aTh 38BHCHMOCTb CTYNEHH PA3PEIHMOCTH PPYyNAH (7 OT cTyneHu
HHNBLIOTEHTHOCTH I'pynnul B W nopsnka eé xoMMyTaHTa. B chyuae,
xorna B nByCTYneHHO HANbNOTeHTHA, TAKAS 34BHCHMOCTHL H3BecCT-
na.

H.$.CECEKHH

4,59, (®.Xonn.) Hafitu nauMeHnmee HaTypPanbHOe YMCAO /L C
TeM CBOACTBOM, 4YTO i00yI0 CUSTHYIO I'pynny MOXHO BIIOXUTH B
NpoCTy0 rpyony ¢ A mopoxaawowlmi, Teopema ¢, Xoana, chopmy -
nupopannas 6ea nokasaTenncrea B L121 , crp. 86), ytBepxnaer,

yro 24 n < 9,
A.MCMHFPHOB

4.80. (d.Xonn.) Kaxy MOMHOCTD HMEeT MHOXECTBO NpoC-
ThHIX TPYNN C AByMd NOpPOXxAAlOMHAMA, OAHH H3 KOTOPLIX HMEeT Mmo-

panox 2, a apyro#i ~ nopspox 3°?
A.MCMHUPHOB

4.61, CymecTByeT nu nuHelnan ¢ynxuus f CO cleayomum
csoficTtBOM: ecnu B xoHeuHo#f 2-rpynne (3 xaxnas afeneema non=
rpynna nopoxnaeTrcs /1 anementaMd, to ¢ nopoxnaercs f'(ﬂ)

sneMeHTaME? Henpa3sl nu B3gTh f’(n)=?ﬂ ?
C.A.CBICKHH

4.62, CymecTByeT 14 MHorooGpaade rpynn, onpenelleHHoe KO-
HedHbIM 4YHCNOM TOXAeCTB, Y KOTOpOro HepasdpewdmMa yHHBepcallb-
HAS Teopuq?

A. TAPCKHH (A.PARSKI]

4.63. CymecrByeT nu HeaGenepo MHoroo6paaue rpynn (e
YaCTHOCTH, coaepXxamee MHOrooGpaaue pcex abeneBblX rpymnn) C
paspewiuMofl 3neMeHTApHONW Teopuei?

A.TAPCKu1i (A.TARSKI)

4.64. CymecrtByeT nu MHOroofpaadns rpyll, He AOHYyCKAONee
HeIpUBONHMON# CHCTEMBI OIpPenen sl X TOXASCTB?

A. TAPCKUIT (A.TARSKI]
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4,65. Conjecture: {pg- 1)/(p—1) never divides (g’o—l)/(q—- 1)
it p , g are distinct primes. The validity of this conjecture
would simplify the proof of solvability of groups of odd order

[103] , rendering unnecessary the detailed use of generators

and relations.
1. TOMIICOH{J .G . THOMPSON )

4.66. Let P be a presentation of a finite group & on m,
generators and 7, Tr¢lations. Phe deficiency def & is the ma-
xisum of M, — 1, taken over &ll presentations P .Let & be a
non-trivial finite group such that &= 6’ and the multiplicator
M(G) = { .Prove that def (Gn)-*- — 0o a8 1~ co, Here $ " stands

£or the mth direct power of & .
Ox.YAHronn (J.wIEGOLD)

4,67, et G be a finite o —group. Show that the (speci -
al) rank of the multiplicator M (@) of r is bounded in terms of
the rank of & .

Dx.YAWUTO/ (J.WIEGOLD)

4,68. Construct a finitely generated (infinite) characteri-
stically simple group that is not & direct power of a simple

group.
Ax.YAUTONO (J.WIEGOLD)

4,69, Let [ be a finite P -group, and suppose that IG'l"
>p*"(""” for some non-negative integer 7 . Prove that G is
generated by the elements of breadths > . The breadth of an
element x of G is 4() where IG:C(:I:)l-p f‘r’,

OAx.YAUronna (J.wWIEGOLD)

54.70. [lycte = =~ none xapaxTepucTuxu w2 , z = rpynna
gz:; paaoaa};qnﬁ T--2x+x (@, xe F, a#0) J oBoaHayaeMeIx
onamMu A= (g %) . Pacumpum Ofr no npoexrusHON mioc-

l;:)CTH, noGapus cumBonbl (f,&) 4 GeCkoHEWHO ynaneHHyl  Nps-

aylo. Torna npambiMH 6ynyT B TouHocTH nenrpanusatopbt & (A)

e M HTOB Aeg.. U cMexHbIe Xnacch no Ham L1303 . C

onee /= . CymecTsy -
ApyTHe I-pyAnbl % , AONOJIHeMEBIE 10 NPOEXTUBHOR Mioc -
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KOCTH Tax, 9TOGL NPAMBIMU GblIM B TOYHOCTH CMEXJbIE KNACCHI MO
UeHTpPanu3aTopaM 2leMeHntoB ua (f °?

I UWBEPATOETEP (H. SCHWERDTFEGER)

4.71. Mlycts A - HeKOTOpasa rpynna aBTOMOPPH3MOB KOHEY

Hott rpynner f u ( o6nanaer papom ~0ONYCTHMBIX NOATDPYMN

G= G, >G >...>G,=1{ C NPOCThIMH HHA@KCaMH ]Gi : Gé{-f' .
ﬂoxaaa"rb dro A caepxpaapemnua.

J.A,ILEMETKOB

4,72. BepHo 5nH, 4TO BCSKOe MHOroobHpasuwe rpynn, coboaHre
I'PYNNLI KOTOPOT'O ANNPOKCHMHAPYIOTCH HHUABMNOTEHTHLIMH I'pynnamMu
6e3 xpydeHHs, pas3peliMM0O HNIH COBnapaeT ¢ MHoroo6pa3HeM Bcex

rpynn? [ NonoxuTenbUOr0 OTBETA AOCTATOYHO MNOKa3aTh, 4YTO
BCaKoe MHorooGpasue anrebp Jlu Haa noneM paunHoHanbHBX 4YHCE,

He cojepxallee KOHEeYHOMEpHBIX NPOCTHIX anretp, paspeuudmo,
AJT.WMEABKHH

4,73. a) (MapecrrHas npotiaema,) CymectByer nu neabenepo
MHOT'0OGpasaue rpynn, BCe KOHe4YHble I'PYNNbl KOTOporo ateneBbl?
6) CywmecrtByeT nu HeabeneBo MHOrooOpasHe rpynn, Bce Ie =

PHONHYECKHE IpyNlibi KOTOporo abenepni?
A JJI.LUUMEJIBKHH

4,74. Bcsxaa nH 2-rpynna nopsaagxka > 2 He npocra?

B.IT.UIYHKOB
4,75, Ilyctob G - nepHoaudYeckaa rpymnmna, coagepxawasg HH-
BOJIOUHIO § , M CHIOBCKHe 2~NOArpPYNNkl T'PYNAbI ABNHIOTCH M-
60 nokanbHO-LUMKIHYeCKHUMH, NHOO oGOOGWEeHHLIMU IpynnaMid xparep-
HHOHOB. Dyner nam 002, (G) USHTPA/IbHbIM 31 MEHTOM 56/01(5)"
B.I1I.LYHKOB

4,76. Mycts [ - noxanbHo-koHeYHas rpynna, copepxamas

3neMeHT (! TMNPoCTOro MOPAAKA C KOHEYHBLIM unHTpanHSaTOpOMb (@.
Byner nu ( nourk paspemumoii? Wnu xors 661 o6nanaet nu 6'-

noarpynnofl xOHeYHOI'o HHAeKCAa, He coaepxamedt @ 7
B.ILLIYHKOB



Bonpochr 89

4.77. A.Rudvalis has discovered in 1972 a new simple group

R of order 214.3 3.5 ??.13.29. He has shown that X posses-

ses8 an involution [ such that Up(il =VxF  where YV is a four-
group (en elementary abelian group of order 4) and F x §z (8),

a) Show that R is the only finite simple group & which
possesses an involution ( such that G'G ({)=V*F ,where V is
a four-group and F =~ §3 (8):

b) Lett 7 be a non-abelian finite simple group which posse-
sses an involution ¢ such that 5'5(£)==Vx F ,where V is an ele-
mentary abelian 2-group of order 2" o127, and Fv8z (27) ,

m=3 Show that n=2, m=3,

3.AHKO (Z.JANKO)
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